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Abstract

A simple derivation of the form for the compact model of the quantum capacitance in a resonant

tunneling diode (RTD) is presented. The quantum capacitance is shown to reduce the resistive cuto�

frequency. The implementation of the model into SPICE is described. The distorting e�ect of the

strongly non-linear quantum capacitance on an oscillator circuit is demonstrated in a SPICE simulation.

The non-linearity becomes important for the highest frequency applications when the RTD capacitance

is comparable to the capacitance in the rest of the circuit.
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I. Introduction

The physics based SPICE model introduced in [1] and enhanced in [2] has been used

in high-speed digital, mixed signal, and analog circuit design of hybrid resonant tunnel

diode (RTD) / HEMT or RTD/HBT circuits. One interesting feature that is absent

from the model is the quantum capacitance [3], [4], [5], [6], [7], [8], [9]. Because of the

quantum capacitance, the capacitance of an RTD peaks in the center of the negative

di�erential resistance region which is precisely where one wishes to bias the device for linear

applications. Using quantum simulations as a guide, we derive an analytic expression for

the quantum capacitance, add it to the SPICE model described in [1-2], analyze its e�ect

on the resistive cuto� frequency, and demonstrate a SPICE simulation of an oscillator

circuit.

Our approach is to use physical device simulation, NEMO [10], to gain physical insight

and to provide qualitatively correct I-V and C-V responses for veri�cation of the compact

model for SPICE. Our test device is an InAs / AlSb RTD optimized for high frequency

response based on the original device of [11]. The device geometry consists of a 1.5 nm (5

monolayer) emitter barrier, a 7.9 nm well, and a 0.9 nm (3 monolayer) collector barrier.

The emitter is a 20 nm lightly doped (2x1016 cm�3) InAs layer followed by a heavily doped

(2x1018 cm�3) contact. The collector consists of a 75 nm nominally intrinsic region doped

for the simulation at 1x1015 cm�3 followed by a heavily doped (2x1018 cm�3) contact. A

calculated band diagram of the device is shown in Fig. 1. Figs. 2 and 3 show overlaid
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NEMO and SPICE simulations of the current-voltage (I-V) and capacitance-voltage (C-V)

responses of the RTD. We will, in turn, describe each of these simulations starting with

the NEMO simulation.

II. Quantum Simulations

The NEMO simulations use a nearest neighbor 2-band model of the InAs and AlSb

materials. The atomic positions are used with one s-symmetry state placed on the cation

and one p-symmetry state placed on the anion. This gives a Hamiltonian with alternating

positive and negative o�-diagonal coupling down the chain resulting in the coupled 2-

band model. It is necessary to use such a model since the electron is tunneling through

the AlSb closer to the valence band than the conduction band. Integration over the

transverse momenta is performed numerically. The coherent transport model is used, and

the electron charge is calculated self-consistently by iterating a Green function solution of

Schrdinger's equation with Poisson's equation [12], [13]. Deep in the leads, the Fermi level

is obtained based on the density of states calculated from the 2-band model. For our test

device, the computed full width at half maximum of the transmission at peak current for

zero transverse momentum is 7 meV corresponding to a dwell time in the well of 94 fs.

NEMO computes the capacitance by numerically evaluating

C = ÆQ=ÆV (1)

with a ÆV of 10 mV. ÆQ is computed by stepping through the device, one monolayer at a

time, keeping separate running sums of the positive and negative di�erential charge. The

total negative di�erential charge per unit area is calculated as

ÆQ� = a
X
j

(Æqj < 0) (2)

where a is the monolayer length and Æqj is the di�erential charge per unit volume on

monolayer j. The positive di�erential charge, ÆQ+, is also computed. As a check, two

values of the capacitance are printed out, dQ+=dV and jdQ�=dV j which should agree.

In general, for capacitance calculations, the convergence tolerance on the electrostatic

potential must be set to 1 �V or less at each monolayer to avoid noise in the numerical

derivative. A plot of the di�erential charge throughout the device at V=0.8V (immediately
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preceding the current peak) and V=1.0V (the center of the NDR region) is shown in

Fig. 4. Before the peak current, the well acts electrostatically as a continuation of the

accumulation layer in the emitter. The increasing negative charge in the emitter and well

is imaged by the increasing positive charge in the collector. In the NDR region, the well

discharges resulting in a positive di�erential charge in the well. This positive di�erential

charge in the well is imaged by an increased negative di�erential charge in the emitter.

The magnitude of this di�erential charge is related to the di�erential current and thus,

the negative conductance.

The NEMO results are used to provide a standard of comparison to verify the compact

model. NEMO has been shown to give qualitatively correct results for RTD structures

[14], [15]. The same shape and position of the quantum capacitance with respect to the

NDR region has been found both theoretically from a self-consistent a.c. Schr�odinger /

Poisson solution [7] and experimentally [4], [6], [8] by others. Our point is to show that

our compact model can reproduce a qualitatively correct C-V curve. The quantitative

peak and valley positions are easily adjusted using the input parameters of [2].

III. Quantum Capacitance Model

Using the NEMO simulations as guidance, we derive a simple compact model for the

quantum capacitance, implement it into TSPICE [16], and observe its e�ects on an os-

cillator circuit. For the positive di�erential regions of the RTD I-V, since the quantum

well acts electrostatically as an extension of the emitter accumulation, we continue to

use the standard model for the depletion capacitance. In the NDR region of the I-V, we

add to the depletion capacitance our model for the quantum capacitance. To derive the

model, we start with the de�nition implemented by NEMO, Eq. (1). The quantum capac-

itance results from the change of charge in the well. Therefore, we calculate the quantum

capacitance as

CQ = dQW=dV (3)

where CQ is the quantum capacitance per unit area, QW is the two dimensional sheet

charge in the well, and V is the applied voltage. The RTD current density can be written
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as

J = �QW=�C (4)

where �C is the escape rate through the collector barrier. Then

CQ =
dQW

dJ

dJ

dV
= ��Cg = jgj �C (5)

where g = dJ=dV is the di�erential conductance which is less than 0 in the NDR region.

This is the form of the quantum capacitance that we use in our SPICE model. For

our device, and for many experimental devices, this expression is, for practical purposes,

equivalent to the expression found in [9].

The e�ect of the quantum capacitance on the resistive cuto� frequency is obtained from

the analysis of the circuit shown in Fig 5. The resistive cuto� frequency, the maximum

frequency of oscillation, which is the frequency at which the real part of the impedance is

equal to 0 is given by

f =
1

2� jrj (CD + CQ)

s
jrj

Rs

� 1 (6)

where r = 1=g is the negative di�erential resistance and CD is the depletion capacitance.

Multiplying through the factor of jrj in the denominator results in

f =
1

2� (jrjCD + �C)

s
jrj

Rs

� 1 (7)

This shows how the quantum capacitance reduces the maximum frequency of oscillation.

The escape rate through the collector is simply added to the jrjCD time constant of the

negative di�erential resistance and depletion capacitance.

IV. SPICE Simulations

What is actually implemented into our SPICE model is given by Eq. (8)

CQ =

8><
>:
jgj �h=�C (g < 0)

0 (g � 0)
(8)

where we have introduced one new parameter, �C , into the list given in Table II of reference

[2]. Physically, �C = �h=�C is the full width at half maximum energy broadening of the

state in the well resulting from leakage out of the collector barrier. In this model, �C is
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a constant. The NEMO simulations indicate that �C is nearly independent of bias over

the NDR region. It changes from 5.72 meV to 6.04 mev, or approximately 5.5%. For

our structure, it should be nearly identical to the existing parameter, �, the full-width at

half maximum of the resonance. The conductance, g, is calculated analytically from the

physics based current expression in [2]. Given the compact model, we then choose the

parameters in Table I to give the best �t to the NEMO simulations shown in Figs. 1-2.

This �tting was performed by hand.

The test circuit that we model is shown in Fig. 6. The cross sectional area of the RTD

is 1 �m2 which results in a minimum magnitude of the NDR of 140 
. SPICE simulations

were performed with and without the quantum capacitance model for the RTD. The time

step used was 50 fs. Figs. 7 and 8 show the results calculated without the quantum

capacitance model. SPICE simulations with the quantum capacitance model of Eq. (8)

are shown in Figs. 9 and 10. The nonlinear capacitance gives rise to distortion resulting

in energy spread out of the fundamental harmonic.

The distortion is the result of the nonlinearity in the capacitance, not the discontinuity

in the derivative or the overall magnitude. As the capacitance of the tank becomes much

larger than the capacitance of the RTD in Fig. 6, the distortion disappears since the RTD

capacitance is negligible compared to the capacitance in the rest of the circuit. To check

that the discontinuity in the derivative of the capacitance model was not the cause of the

distortion, we have also run SPICE simulations with the quantum capacitance model of

CQ = �g�h=�C (9)

for all voltages. It undershoots somewhat between 0.3 and 0.8 V, but the derivative is

continuous. The same distortion in the output voltage appears. The distortion results

from the nonlinearity when one is trying to achieve the highest frequency performance

such that the RTD capacitance is comparable to the rest of the capacitance in the circuit.

Table I, similar to Table II of [2], lists the parameters that we used in our RTD model

for the SPICE simulation. A few parameters are appended to calculate the depletion

capacitance change due to the expansion of the depletion region from the lightly-doped

layer to the heavily-doped contact. The following formulas are used to model the depletion
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capacitance

CD =
ACj0r
1 + jV j

V�

(10)

We introduce into Table 1 the parameter VC which is the voltage at which the depletion

region moves from the lightly doped collector spacer to the heavily doped collector contact.

For V < VC , Cj0 = C0 and V� = V�0 where C0 is the depletion capacitance at zero voltage

and V�0 is the initial capacitance voltage scale factor. For V > VC , Cj0 = C0=�C and V� =

�V �V�0. where �C and �V � are scale factors to account for the di�erent doping densities

between the lightly doped spacer and heavily doped contact. Since the capacitance is

continuous at VC , in our implementation the user enters only VC and �V �, and �C is

automatically computed.

In summary, we have presented a simple derivation of a physics-based quantum capaci-

tance model to enhance the physics based RTD SPICE model described in references [1,2].

We have shown how the quantum capacitance reduces the resistive cuto� frequency. We

have implemented the model in TSPICE and demonstrated its distorting e�ect on an os-

cillator circuit. The e�ect of the nonlinearity in the RTD capacitance becomes important

for the highest frequency applications when the RTD capacitance is comparable to the

capacitance in the rest of the circuit.
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Figure Captions

Fig. 1. Calculated band diagram of the InAs / AlSb RTD.

Fig. 2. NEMO and SPICE simulations of the 1 �m2 InAs / AlSb RTD I-V response.

Fig. 3. NEMO and SPICE simulations of the 1 �m2 InAs / AlSb RTD C-V response.

Fig. 4. Normalized di�erential charge ([�(V + 10mV )� �(V )] = jej) throughout the device

at V = 0.8V (immediately preceding the current peak) and at V = 1.0V (the center of the

NDR region).

Fig. 5. Equivalent small signal model of the RTD with series resistance, Rs, for calculating

the resistive cuto� frequency.

Fig. 6. Oscillator circuit. The input voltage is stepped from 0 - 1.1V in 100 ps.

Fig. 7. SPICE simulation of Vout versus time starting at t = 3ns without the quantum

capacitance model.

Fig. 8. SPICE simulation of the Fourier spectrum of Vout without the quantum capaci-

tance model.

Fig. 9. SPICE simulation of Vout versus time starting at t = 3ns with the quantum ca-

pacitance model.

Fig. 10. SPICE simulation of the Fourier spectrum of Vout with the quantum capacitance

model.
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Parameter Description Value 
A Device Area 1.0 2um  
J P  Peak Current density 1.4 mA/um 2  

NV  Voltage of maximum NDR 0.97 V 

TV  Resonance turn-on Voltage 0.45 V 

Γ  Full-width at half maximum of the resonance 50.0 meV 
n Resonance subthreshold ideality or “lever” factor 5.0 

JV  Thermionic leakage current at VV  0.05mA/um2  

Vn  Thermionic leakage current ideality 8.5 

vV  Valley Voltage 1.38V 

kT Thermal Voltage 26 meV 

0C  Junction Capacitance at zero voltage 2.95  fF/um2  

0ΦV  Initial voltage level 0.14 V 

CV  Switching point for sudden depletion density change 0.36 V 

Cα  Junction Capacitance Adjusting factor due to highly doped area 1.78 

ΦVβ  ΦV  Adjusting factor due to highly doped area 19 

CΓ  full width at half maximum energy broadening of the state in 
the well resulting from leakage out of the collector barrier 

7.6meV 

 
Table 1. RTD SPICE Model parameters used in the simulation. 


