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Time Delay Estimation Bounds in
Convolutive Random Channels

Zhengyuan Xu, Senior Member, IEEE, and Brian M. Sadler, Fellow, IEEE

Abstract—We develop bounds on time delay estimation (TDE) in
wideband convolutive random channels. The improved Ziv–Zakai
bound (ZZB) is adapted to this case, resulting in mean-square error
(MSE) bounds that are independent of estimator bias, and avoid
regularity conditions. We assume a known transmitted signal, a
tapped delay line random channel model, and a uniform prior on
the delay. The taps are modeled as Gaussian, including non-zero
mean and possible correlation between taps. The channel model
may be tuned to a variety of environments through the choice of
mean and covariance, and models wideband and ultra-wideband
line of sight (LOS) and non-LOS (NLOS) cases. Flat fading is a
ranging, enabling building penetration and Þne time resolution
[1]Ð[3]. Timing for ranging may also be employed in sensor
networks for node geolocation [4]Ð[6]. TDE is often analyzed
in an additive white Gaussian noise (AWGN) channel, or for
narrowband fading channels; e.g., see the survey in [7]. The
impact of multiple narrowband fading diversity channels on
TDE is considered in [8]. CramŽrÐRao bounds (CRBs) for
superimposed and delayed parameterized signals are available
for deterministic parameters [9], and this approach is readily
adapted to the case of TDE in a known deterministic multipath
channel [10]. The resulting CRB provides a local bound on
TDE, but is not tight for all signal-to-noise ratios (SNRs), and
does not account for random channel effects.
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In this paper we develop mean-square error (MSE) bounds
on TDE. These bounds can then be applied in the above applica-
tions. We adopt the TDE performance bounding approach of Ziv
and Zakai to the wideband convolutive random channel case.
The basic methodology was introduced in [11], and later an im-
proved version was developed [12] that avoided the use of the
Chebyshev inequality and provided a tighter bound over both
low and high SNR regimes. The improved ZZB [12] is applied to
TDE for UWB signals in additive white Gaussian noise in [13].
In this paper we apply it to a random convolutive channel model
that is general and accommodates wideband and ultra-wideband
cases; hereafter, we refer to this as the ZivÐZakai bound (ZZB).
This approach yields an MSE bound on time delay that is in-
dependent of estimation bias, and assumes a uniform prior on
the time delay parameter. The resulting ZZB reveals the impact
of fading as well as randomness over channel realizations that
occur due to movement of the scatterers or the terminals. We de-
rive the ZZB for a given channel realization, and then average
over the random channel model. The derivation incorporates a
probability of error expression that is based on an optimal re-
ceiver that has knowledge of the channel realization.

II. SIGNAL AND CHANNEL MODELS

A. Channel Model

We model the signal and channel as baseband, i.e.,
real-valued. The channel is modeled as a tapped delay line
with tap spacing seconds, given by

(1)

where is the total number of taps, and is the gain for the
th tap modeled as a Gaussian random variable with mean

and variance . We model the ’s as jointly Gaussian with
distribution where is the mean vector and is the
covariance matrix. Let be the corresponding correlation ma-
trix, so that . The channel is assumed to have unit
power. Using the trace operator, the normalization constraint
can be expressed as

(2)

Block (slow) fading is assumed, so that each realization of
is constant over a block of time, and then an independent

realization is drawn for the next block, e.g., see [14], [15]. We
easily obtain the narrowband flat fading case by setting .
Note that, while the channel has equally-spaced delays in time,
the signal model below in (4) has a continuous time delay that
we wish to estimate.
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One UWB channel modeling approach assumes the impulse
response is a sum of scaled and delayed impulses with the de-
lays continuously variable. These are generally variants of the
Saleh–Valenzuela wideband indoor model [16]. Overviews of
real-valued gain and delay UWB channel models and measure-
ment campaigns are given by Buehrer [17], and Molisch [18],
(see also [19, ch. 2]), and this approach has been used to develop
models for IEEE standards [20]. The gain and delay model ig-
nores individual pulse distortion, which must be compensated
for by adding additional delays (even if they are not measured)
[17]. For UWB, electromagnetic properties of materials cannot
be considered constant with respect to frequency [17], and this
leads to a modified gain and delay model with frequency depen-
dence for each delay [21]. Measurements in a variety of environ-
ments have led to various probability density functions (pdf’s)
for the amplitudes and delays, based on goodness of fit tests, and
tuning the model for different environments requires the ma-
nipulation of a somewhat sizable number of parameters. These
models are readily used in simulations, but are less amenable to
analytical studies.

For generality and tractability, we do not consider continu-
ously-variable delay channel models in this paper. The real-
valued Gaussian channel model is tractable for baseband, where
a sign change implies a signal polarity change (e.g., a pulse is
inverted due to a surface reflection), and non-zero mean com-
ponents occur in LOS paths. Our TDE bounds represent av-
erage (MSE) behavior over many channel realizations, so the
Gaussian channel assumption seems reasonable. The propaga-
tion environment is tuned by selection of and , and the
power delay profile is incorporated into the variance of each
tap, yielding analysis and insight on delay estimation over a va-
riety of propagation environments. Complex baseband Gaussian
channel models with equally-spaced taps are well known in the
wideband case [22]. From a statistical model selection view-
point, using the Akaike information criterion (AIC), there is
strong evidence to support this model and the Gaussian assump-
tion in the UWB case as well (see [23] for a comprehensive
discussion). This stems from the Rayleigh amplitude—uniform
phase model. It is also reported that non-zero mean taps can
occur after the first channel tap, due to large reflectors [23].

B. Signal Model

The transmitted signal is assumed known to the receiver
and given by

(3)

Here, is the transmission energy, and has unit energy
and finite duration . In the case of a bandlimited signal, which
is inherently not time limited, we assume it can be truncated in
time to duration with some small approximation error. Our
subsequent discussions will be primarily based on time limited
signals.

The signal is transmitted through the multipath channel ,
with propagation time , so that the received signal is described
by

(4)

where is the received signal energy incorporating the trans-
mission energy and the total channel power gain. We assume

, and assume is known a priori. In (4), is the
overall channel response given by

(5)

and is additive white Gaussian noise (AWGN) with double
sided spectral density .

III. TIME DELAY ESTIMATION BOUND

The development of the ZZB links estimation of with a
hypothesis testing problem that discriminates a signal at two
possible delays [12]. For a received signal at one of the two
possible delays or , where and

, a binary decision problem based on a delay
estimate is described as follows:

(6)

Denote the estimation error by , and let
be the minimal probability of error achieved by the optimum
detection scheme in making the above decision. If the two hy-
pothesized delays are equally likely to occur, then the estimation
MSE is lower bounded by [12]

(7)

In general, for equally likely hypotheses
is only a function of the offset , which we denote by

. Then

(8)

Evaluation of the bound (8) relies on finding the minimal
probability of error . For our case, consider the received
signal

(9)

where takes values of 0 or 1 corresponding to the two hy-
potheses, and is the relative delay in the hypothesis test. Here,

is equivalent to the error probability of a maximum like-
lihood detector for a binary pulse position modulation (PPM)
communications scheme, as a function of the relative delay .
Thus, we can appeal to binary PPM error results, but with the
added complication of the random channel. We proceed as fol-
lows. First, we find conditioned on the channel real-
ization, and second, we find the average probability of error

, averaged over channel realizations. The ZZB is found
by using in (8). As further explained below, this leads to
a ZZB that averages over the random channel while assuming
perfect channel knowledge at the receiver, which is sometimes
referred to as a perfect measurement based lower bound (e.g.,
see Van Trees [24]).
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A. Probability of Error for a Given Channel Realization

The optimal binary PPM detector forms a correlation tem-
plate and generates a decision variable
[25]

(10)

This “coherent” detector assumes knowledge of the transmitted
signal and channel is available to the receiver.

After substituting and , (10) becomes

(11)

where is the signal component, and is the noise compo-
nent. These are given by

where is the autocorrelation of evaluated at lag

(12)

that in turn depends on the transmitted signal autocorrelation

(13)

The signal correlation depends on the waveform and its dura-
tion. For a finite duration signal, for .

The decision will be made based on the polarity of , in order
to decide if or . Without loss of generality, assume

. Then

(14)

An error occurs if [25], so the probability of error is given
by

(15)

Since is a Gaussian random variable with zero mean and
variance evaluated as

where expectation is over the noise only, the probability of error
can be expressed as

where is the -func-
tion, related to the complementary error function by

. Substituting and defining the receiver
SNR

we obtain

(16)

where is a function of SNR and the received signal correlation
(and thus the channel) through as

(17)

Next, we take the expectation over the channel to obtain the
average probability of error.

B. Average Probability of Error

The above result is conditioned on the channel realization.
Define the random channel gain vector .
Then, the average probability of error is given by

(18)

where the expectation is over random gain . The
-function is difficult to work with, so we turn to the following

well known identity [26]

(19)

(which can also be directly derived from [27] or [28]). Now, (18)
becomes

(20)

Using (12), in (17) can be expressed as a quadratic function
of . We first obtain

(21)

If we introduce an down-shifting matrix , whose first
subdiagonal elements below the main diagonal are ones while
all others are zeros, then can be expressed as

(22)

where is a Toeplitz matrix (not necessarily symmetric)

(23)

and for concise presentation of the summation. Now,
(20) becomes

(24)
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In principle, (24) could be evaluated numerically for any given
distribution of , although this requires an -dimensional
integration whose complexity is high. Further simplification of
(24) can be made by observing that the exponent is in a quadratic
form of a Gaussian vector .

The characteristic function and distribution of quadratic
forms of Gaussian variables have been studied extensively.
Turin [29] provides characteristic functions for both real and
complex cases. In [30], the distribution of a definite quadratic
form of real non-central Gaussian variables is studied. Gen-
eralization of distributions to complex Gaussian variables is
made in [31]. The distribution for non-central and indefinite
quadratic forms are derived in [32]. Approximations to distribu-
tions are made using an expansion in Laguerre polynomials or
generalized distributions in [33]. Comprehensive treatments
of quadratic forms of Gaussian variables are detailed in [34].
Some nice results are also summarized in [35]. We draw on
these results to simplify (24).

The error probability (24) is related to the moment generating
function (MGF) of defined as

According to [29, eq. (15)], if is a symmetric matrix, it is
given by

where is an identity matrix, and denotes the matrix deter-
minant. Pulling out of the right bracket, we can
express as . There-
fore, we can write as

The result can be generalized to the case with an asymmetric
matrix by noting , so that

(25)

where . Letting , we obtain the
following lemma useful for our bound development.

Lemma: Suppose is an -dimensional real Gaussian
random vector with mean , and full rank covariance . For
any real matrix , let . Then,

(26)

if is a positive definite matrix.
This lemma generalizes a well known scalar version [36]. The

positive definiteness condition is required to obtain a bounded
expected value, similar to the scalar case [36]. The result is also
found in [37, eq. (4)].

Some special cases of the lemma are of interest, which we use
later. If both and are diagonal matrices with the th

diagonal elements and , then after denoting the th
element of as , the result simplifies to

(27)

For with zero mean, (27) becomes

(28)

Finally, when , (27) or (26) reduces to

(29)

in the same form as the scalar case [36] under the positive defi-
niteness condition .

Invoking the lemma, (24) can be simplified. Letting
and setting

(30)

where

(31)

we obtain

(32)
After expressing by according to (30) where

(33)

we have

(34)

Evaluation of (34) only requires 1-D integration, as compared
to the -dimensional integration required for (24). For a
given value of , the integration involves the following system
parameters: channel model mean and variance of , SNR

, transmitted signal correlation , channel model tap spacing
, and the number of taps . Note also the Toeplitz matrix

defined in (31), that is of order . Looking along the direction
from its upper right to its lower left corner for

, its th subdiagonal has entries equal to
, the coefficient of . It is a function

of , and signal correlation. Because for for
a signal of duration , , and may be zero
individually or concurrently depending on the relation of their
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subscripts with . This in turn depends on the relation of the
range with , transmitted signal duration , and multipath
delay spread .

C. TDE Bound

We now return to (8), and utilize to find the bound

(35)

Substituting (31) and (33) into (34), and then (34) into (35),
numerical integration can be readily carried out to obtain the
bound for any given system parameters. Evaluation of (35) re-
quires a double integration over and , using the result in
(34). The bound (35) is applicable to many scenarios, such as
line-of-sight (LOS) and non-LOS (NLOS) channels, different
power delay profiles (PDPs), tap correlation profiles (TCPs),
and pulse shaping. (If the random Gaussian channel model were
not employed, then a Monte Carlo simulation over channel re-
alizations for some other model could be used.) Note that the
bound depends on the prior distribution time delay interval ;
as , it may become loose [12].

IV. ASYMPTOTIC ANALYSIS AND THRESHOLD BEHAVIOR

In this section we consider high and low SNR regimes. Al-
though the integration is highly nonlinear in , analytical re-
sults are derived for two asymptotic cases to provide insight into
some system parameter effects. With these asymptotic results,
threshold behavior of the bound is observed in certain cases.

A. High SNR Regime

Assume matrix has full rank. As received SNR ,
can be approximated by . Substituting this into

(34) yields

(36)

Applying the following identity [38]

where is the Gamma function, we have

(37)

Notice that is a function of as given in (31). Substituting
(37) into (35), changing the integration variable to by

and defining the normalized MSE (NMSE) , we
obtain

(38)
where “ ” represents “approximately no less than”, and

(39)

(40)

Equation (38) clearly shows decay with increasing at a rate
of in a logarithmic scale. The transmitted signal dura-
tion has an effect on the entries of Toeplitz matrix . Since

for , this imposes conditions on values of dif-
ferent subdiagonals in . For example, if
or equivalently , then , and
only survives in those subdiagonals.

B. Low SNR Regime

Letting , we adopt expressions (30), (31) and (32) for
analysis. Matrix in (30) consists of an identity matrix super-
imposed with a small matrix. Since for small ,

, we obtain

Therefore,

(41)
Similarly, after approximating by

and noticing that there is already a factor of in the exponent
of (32), we ignore the term of the first order of in the above
expansion and obtain

(42)

Substituting (41) and (42) into (32), and using the correlation
matrix , the probability of error becomes

(43)

The equality above is due to (19).
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Fig. 1. Typical time delay estimation Ziv–Zakai bound behavior, depicting low (� ) and high (� ) SNR thresholds and limiting approximations. Rectangular
pulse, T = 2 ns, T = 30 ns, L = 5, exponential PDP with � = 6 ns and first arrival Ricean-K factor K = 50, and uncorrelated channel taps.

The -function can be further approximated at low SNR
(small ). Noting the complementary error function has the
following asymptotic expansions for large and small [38]

large

small

the -function can be similarly expanded as

large

small

Applying the expansion for small , (43) is simplified to

(44)

Then the MSE bound becomes

(45)

This bound can be evaluated for any given tap correlation matrix
and transmitted signal correlation.

The following provides additional discussion on the low SNR
case, stemming from (45).

1) A Loose Bound Independent of Channel Distribution Pa-
rameters: In order to obtain a bound that does not depend on
the particular channel distribution parameters, we relax the trace
in (45). For two positive semi-definite matrices and of
the same order, , although this
inequality may not be tight. For example, if , then

, while ,
and a difference of factor occurs. Applying this inequality,
noting the power normalization constraint (2) and that

, we obtain . Then, the
dependence on in (45) can be eliminated as

(46)
This loose bound does not depend on the random distribution
parameters of the channel taps! Note also that increasing or
helps to reduce the bound. It depends on the correlation function

, that derives from the waveform. A sharply decreasing corre-
lation helps to reduce the error due to the term , such
as arises with a wideband signal. The availability of a closed
form for the above integration relies on the complexity of the
correlation .

As an example, consider a triangular correlation
for , and zero elsewhere. If , the
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Fig. 2. TDE example, comparing ZZB and a simulated receiver employing a correlator-based time delay estimator. Rectangular pulse, T = 2 ns, T = 5 ns,
L = 1, and uncorrelated channel taps. Curves are parameterized by Ricean-K factor in the order of (0; 5; 10;15;20) dB. For large K , the results converge to the
ZZB assuming additive white Gaussian noise (ZZB-AWGN).

integration interval may be divided into and . After
defining

and some manipulations, and finally substituting , the
normalized bound is given by

(47)

This result is valid for , and is independent of the
channel distribution parameters. It shows that the bound con-
verges to a level of (or ) as .
This level is equivalent to setting the error probability to 0.5 in
the original bound (35). The bound decays with increasing at
a half rate in a logarithmic scale, more slowly than that in the
high SNR regime. Also, as increases, time resolution degrades
and consequently the error increases, so that using a shorter
transmitted waveform (i.e., higher bandwidth for the same en-
ergy) is beneficial for delay estimation.

If , then . Direct integration yields the following
normalized error bound

(48)

We can see again that decreasing , or equivalently decreasing
waveform duration, helps to reduce error. The bounds of (47)

and (48) meet at that results in an error of
.

2) A Few Cases Independent of Channel Distribution Param-
eters: We provide a few cases where the bound (45) does not
depend on the channel distribution parameters.

If the channel has only a single tap (the narrow band
fading case), then due to (2), and

. So, . For an -tap channel,
if for all and , then

where power constraint (2) has also been applied. In both cases,
the bound does not depend on tap variance.

Comparing the expression of with that in Sec-
tion IV-B1, the only difference is removal of the factor .
Therefore, results (46), (47), and (48) are applicable after
dropping .

C. Thresholds and Performance Regions

The previous asymptotic analysis results at low and high
SNRs are valuable in determining disjoint segments of SNR ,
separated by thresholds, that characterize different performance
regions. To find the thresholds we consider a 3 dB error level
change across each breakdown point, as adopted in [39] and
[40] for narrowband and wideband signals, respectively.

Let us apply this rule to the low SNR regime first based on
(45). Taking the limit , the converging level is observed
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Fig. 3. TDE example depicting ZZBs parameterized by time delay interval length T . Rectangular pulse, T = 2 ns, L = 1, K = 15 dB, and uncorrelated
channel taps. Curves are parameterized by T in the order of (1;5;20;100) ns. Also shown is a simulated correlation-based time delay estimator; the correlator
performance does not show sensitivity to T .

to be . Therefore we can find the threshold
that yields half of the convergence level

Notice that by (31) is a function of . Solving this equation
numerically, one can obtain .

If the loose bound (46) is adopted, then a closed form solution
is found as

Changing variables to , the above is simplified to

(49)

If a triangular signal correlation is adopted and , the result
reduces to

(50)

When , the result becomes

(51)

In both cases, as decreases, decreases, and the threshold
point shifts to the left on the axis. Therefore it is desirable to
have a short duration transmitted signal. On the other hand, as

, according to (50).
The threshold at high SNR can be found after

equating (38) and half of the general bound result (35) (nor-
malized by ) as follows

(52)

Notice that is a non-linear function of after
substituting by in (34). A numerical method is required to
find the root of (52).

V. UWB CHANNEL IMPACT

Next we consider the impact of the channel parameters and
pulse shaping for some cases of interest. Parameter settings
easily accommodate modeling of line of sight and non-line
of sight conditions, and the channel power delay profile. Our
study also includes the additive Gaussian noise channel as a
benchmark.
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Fig. 4. TDE ZZBs as a function of channel tap length L, and Ricean-K factor in the first arrival. Rectangular pulse, T = 2 ns, T = 30 ns, exponen-
tial PDP with � = 6 ns and uncorrelated channel taps. Curves in subplots a) and b) are parameterized by Ricean-K factor of the first arrival in the order of
(�10; 10;15; 17; 20;24; 30) dB. Curves in subplots c) and d) are parameterized by L in the order of (1, 3, 5, 10, 15, 20, 40). Increasing both K and L, results
converge to the ZZB assuming AWGN.

A. AWGN Channel

If and , then . Substituting these into
(34) and noting (19), the probability of error becomes

(53)

Substituting this result into (35), the resulting ZZB corresponds
to the AWGN channel, which we will refer to as the AWGN
ZZB.

B. Deterministic Channel

Let . Then, (34) reduces to

(54)

After substituting back and noticing , we
have

(55)

Not surprisingly, this result has the same form as (16) and de-
pends on the correlation of .

C. Large Ricean- Factor

Depending on the specific channel model, some channel taps
may have non-zero mean [23]. In the wideband case with line

of sight propagation, the first tap may exhibit a large mean. The
Ricean- factor of a tap with mean and variance is defined
as . If is large, then is very small, and ma-
trix is small. The analysis for this case well follows that in
Section IV-B for low SNR up to (43) by treating as a small
matrix. However, approximations for small after that equa-
tion are not applicable to this case because may not be small
even though is small. So, in this case, we use (43) for the
probability of error

(56)

and this result may be applied to (35) to find the large -factor
ZZB.

D. Exponential Power Delay Profiles (PDPs) and Tap
Correlation Profiles (TCPs)

Exponential power delay profiles have been observed in many
wireless scenarios, for narrowband/wideband [41] and UWB
[23] systems. Consider the case of uncorrelated random channel
taps with non-zero mean only for the first arrival. The co-
variance matrix becomes diagonal with th diagonal
element . Assume an exponential power
delay profile where is a decay factor.
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Fig. 5. TDE ZZBs parameterized by pulse duration T . Rectangular pulse, T = 30 ns, L = 5, exponential PDP with � = 6 ns and first arrival Ricean-K factor
K = 20 dB, and uncorrelated channel taps. Curves are parameterized by T in the order of (0:2; 1:5;4; 20) ns. For all else fixed, smaller T (or equivalently
increased bandwidth) lowers the bound. The large K-factor results in the random channel ZZB approaching the AWGN ZZB at low to medium SNR.

The Ricean- factor of the first path is . Imposing
the power normalization constraint (2), we find that

(57)

The first path parameters are related to by

and the total power of this path becomes . As ,
and .

For this case,

Some earlier results can now be simplified and additional in-
sights attained. The high SNR bound in (38) reduces to

(58)
This increases approximately exponentially with tap spacing ,
and decays exponentially with increasing decay factor .

When the taps are correlated, matrix may take some special
forms. The th diagonal entry is the variance of the th tap
coefficient , and the th entry is the covariance of the th
and th taps given by . If we introduce

as their correlation coefficient, then this entry can be written
as . For an exponential tap correlation profile,

with a controlling parameter [41].

E. Pulse Shaping

In a pulsed UWB system, the TDE bounds depend on the
pulse shape via the pulse correlation. As examples we consider
rectangular and Gaussian pulses.

1) Rectangular Pulse: The rectangular pulse is given by
for and zero elsewhere, where

is the total energy. So, within ,
and zero elsewhere.

2) Gaussian Pulse: The Gaussian pulse is given by
where is a nor-

malization parameter such that is the total energy, and
parameter controls the effective pulse width. The correla-
tion is Gaussian, given by . It can
also be shown that the Gaussian derivative has correlation

.

VI. NUMERICAL RESULTS

In this section we compare bounds and time delay estimation
simulations, adopting the root MSE (RMSE) of the time delay
estimate as the performance metric. We use the following UWB
parameters unless otherwise stated: , ,

for a rectangular pulse, and for a Gaussian
pulse. The channel has independent taps. Based on [23],
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an exponential power delay profile is used with decay factor
. The Ricean- factor for the first path is

, and all other paths have a zero Ricean factor (i.e., have
zero mean). In the following we consider the effects of changing
some of these parameters.

First we adopt a rectangular pulse. Fig. 1 illustrates general
ZZB behavior over a large SNR range. Equation (38) at high
SNR, and (45) at low SNR, are plotted with curves denoted
“ ” and “ ,” respectively. The dashed-dotted line represents the
AWGN ZZB (termed the ZZB-AWGN), and the solid line is
the ZZB with the random channel (termed ZZB-random). Also
plotted are two horizontal lines representing the low SNR con-
vergence level and a 3 dB lower MSE level; these indi-
cate the low SNR breakdown point. Following the procedure
described in Section IV-C, we use (50) to find the low SNR
threshold point at about . This value is close to the cross
point observed from the figure. Similarly, at high
SNR, a pair of dashed lines is plotted in parallel, with one offset
corresponding to a 3 dB MSE difference. The intersection with
the ZZB yields the breakdown point , close to 37 dB
found from (52). From the figure, these asymptotic analyses ap-
proximate the corresponding bounds very well for SNR above
40 dB and below 0 dB. The random channel ZZB for this case
converges to ZZB-AWGN from up to 20 dB. Note also that,
at high SNR, a linear relation with log(SNR) at a rate of is
observed, as predicted in (38).

In Fig. 2, the ZZB-random of (35), ZZB-AWGN based on
(53), and a simulated time delay estimator performance based on
averaging of independent realizations are shown for a large
range of SNRs and values. The receiver employs a correlator-
based time delay estimator, choosing the peak value as the TDE.
The ZZB-AWGN is the limiting value for of ZZB-
random. The TDE is obtained as follows. The simulated TDE
MSE is first obtained under a realization of both uniform delay
and random Gaussian channel, then the MSEs are averaged over
both the uniform prior and the random channel. The simulation
parameters are , , with curves parameterized by

taking values of (0, 5, 10, 15, 20) dB. The correlation-based
TDE achieves the ZZB for small over the entire SNR range.
For larger , the ZZB and the simulated TDE separate at higher
SNR. It may be that the ZZB is not as tight at high SNR.

In Fig. 3, we consider the effect of the prior distribution time
delay interval length . For comparison, the simulated receiver
performance is also included. We vary over .
The correlation-based estimator is not sensitive to choice of ,
which is not surprising. The ZZB, however, highly depends on

at low and high SNRs. As increases, the MSE level pre-
dicted by the ZZB increases. But decreasing leads to tighter
bounds [12] and closer performance to the correlator-based esti-
mator for a large range of SNRs. At SNR around 20 dB, the ZZB
provides a good approximation to the receiver performance for
almost all ’s.

Ricean parameter plays an important role in the ZZB
performance, where large indicates a strong line of sight
propagation component. This is also true for parameter

. Fig. 4 depicts the ZZB over a large range of and

. Fig. 4(a) and (b) are for and , with

, while Fig. 4(c)
and (d) have and , with

. For fixed , the bound de-
creases as increases. When is small, increasing provides
significant improvement due to diversity gain, as observed from
Fig. 4(c). When is large enough, the ZZB-random converges
to ZZB-AWGN for all , indicating that the channel has a
single dominant first arrival and therefore acts on average like
an AWGN channel. A threshold effect at high SNR is observed
for large and small . From numerical evaluation we find
that the breakdown point shifts from low to high SNR as
either or increases. The bound decreases as increases
for fixed .

The ZZB also depends on the pulse duration. Fig. 5 plots
ZZBs corresponding to of based on

. The ZZB increases as increases, mainly due to the
degraded capability of a detector to resolve small delays.
tends to have more impact as the SNR increases.

We also conducted extensive simulation studies on the effects
of other system parameters, not shown here. The power delay
profile is determined by the decay factor . The effect of altering

is found to be pronounced at very high SNRs. Tap correlation
also exhibits a high SNR impact. For pulse shaping, using rect-
angular and Gaussian pulses with comparable effective width
does not lead to large differences in bound performance.

VII. CONCLUSIONS

Time delay estimation bounds based on the improved
Ziv–Zakai bound were developed for convolutive random
channels. The bounds assume a uniform prior delay distribu-
tion and perfect channel estimates at the receiver; the case of
unknown channel remains open and is a subject for further
study. The result in (35) was obtained by finding the probability
of error conditioned on a known channel, and then averaging
over the channel distribution. The ZZB approach relaxes the
stringent regularity requirements on signals imposed by the
CRB formalism, for example, the ZZB handles the case when
a rectangular transmitted pulse is adopted. Some CRB’s treat
the case of a deterministic parameter with random nuisance
parameters by averaging the conditional CRB over the random
distribution, although this approach may lead to loose bounds
[42]. In some cases, the ZZB without random nuisance pa-
rameters may converge to a deterministic parameter CRB at
high SNR, but this is not necessarily always true [12], and it
is not clear if such an approach will be useful for the models
presented here.

The presented bounds can be easily evaluated for a variety
of real-valued baseband channel scenarios including flat, wide-
band, and ultra-wideband. Extensions to include the complex
baseband channel case are of future interest. Some parameters,
such as transmitted signal duration, number of channel taps,
channel power delay profiles, and a priori time delay interval
length, show significant impact on the bound performance,
while small variations in pulse shape and tap correlation do
not significantly impact the bounds. The low and high SNR
thresholds and performance regions were captured using the
derived limiting approximations.
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The bounds were compared to a correlation-based time delay
estimator, and the bounds reasonably predict the performance
of this estimator, although care must be taken not to take prior
distribution length too large in calculating the bound. Finally,
note that the signals employed were ultra-wideband pulses,
with rapidly decaying autocorrelation with little or no side-
lobe structure, and so the time delay estimates did not exhibit
ambiguity threshold behavior that typically occurs when a
narrowband signal is used, or when an ultra-wideband signal
with significant sidelobes in its correlation is considered [13].
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