
2968 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 4, NO. 6, NOVEMBER 2005
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Abstract—In an ultrawideband (UWB) system, typically, a Rake
receiver is employed to detect information symbols. To fully cap-
ture signal energy spread over multiple paths, the desired user’s
channel parameters are necessary. In this paper, we first convert a
time-hopping (TH) UWB signal model using pulse position mod-
ulation (PPM) to a linear form similar to that of a code division
multiple access (CDMA) system. Then, we apply a power-of-R
(POR) technique to blindly estimate multipath parameters of the
desired user in a multiple-access (MA) UWB system, where “R”
represents the data covariance matrix. The POR technique is
related to the subspace technique in that it directly estimates the
unknown noise-subspace component in the subspace method but
avoids rank estimation where errors may be incurred by pertur-
bations in practical conditions. Performance of the proposed POR
channel estimator is analyzed and shown to converge to that of
the ideal subspace approach. Detection performance of the Rake
receiver constructed from the estimated channel is also studied
in terms of output signal-to-interference-plus-noise ratio (SINR)
and bit error rate (BER). The proposed method demonstrates su-
periority to existing maximum-likelihood (ML)-based approaches
in terms of either channel estimation or symbol detection. It also
outperforms the subspace method for heavily loaded systems.

Index Terms—Channel estimation, perturbation analysis,
power of R (POR), subspace decomposition, ultrawideband
(UWB) communication.

I. INTRODUCTION

THE time-hopping (TH) ultrawideband (UWB) modulation
technology has attracted considerable research attention

recently, due to its appealing features and the recent release
of the spectral mask from the Federal Communications Com-
mission [1]. It is an ideal candidate for secure low-power
multiuser communications, since it offers exceptional multipath
resolvability, robustness to jamming, and low probability of
interception and detection [2].

In a UWB system, a Rake receiver is typically employed
to detect information symbols. To fully capture signal energy
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spread over multiple paths, channel parameters are necessary to
construct a Rake receiver [3]. However, channel information is
not known a priori, especially in a dense multipath wireless
environment. Recently, maximum-likelihood (ML) channel-
estimation methods with/without aid of training sequences have
been proposed [4], [5], which provide a theoretical guidance
for evaluation of other channel estimators. However, ML-based
channel-estimation methods are computationally prohibitive.
Meanwhile, multiuser interference (MUI) is approximated as
a Gaussian process that may lead to degraded performance,
especially in a system where intersymbol interference (ISI)
and/or MUI are significant. Low-complexity channel estimators
with explicit consideration of MUI are thus desirable.

In this paper, we focus on channel estimation in a multiple-
access (MA) communication environment, based on up to the
second-order statistics (SOSs) of the received signal. First,
following [6], a data model similar to a direct-sequence (DS)
code division multiple access (CDMA) system is constructed
for a TH-UWB system with pulse position modulation (PPM),
where each user takes M virtual inputs corresponding to M
modulation levels. We can define a code matrix for each of
the M virtual inputs corresponding to a user from that user’s
unique TH sequence and the virtual input’s level. If we treat
the “code” matrix to be in a similar role as a code matrix in
a CDMA system, then the model will be shown to be similar
to a multicode multirate CDMA system [7], leading to possible
application of a power-of-R (POR) technique [8], [9] with R
denoting the data covariance matrix. Instead of estimating the
noise subspace of the data covariance matrix by subspace de-
composition in the subspace technique [10], the POR technique
[8], [9] approximates the noise-subspace component from the
power of the inverse data covariance matrix R−p, where p is
a positive integer. Asymptotic equivalence between the POR
method and the subspace method is established theoretically.
Simulation results demonstrate that, with finite received data
samples, the POR method based on a small p behaves as well as
the subspace method in favorable communication systems such
as those with light loading. However, the former significantly
outperforms the latter with medium to heavy loading.

In the UWB model, the received signal shows nonzero
mean due to PPM, different from a typical CDMA system
where zero-mean inputs yield zero-mean channel output in
general. This has been observed in subspace techniques [11],
[12] and the minimum-variance technique [13], or even mean
and covariance-based channel-estimation methods [14], [15].
Therefore, for convenience, zero-mean data is obtained after
subtracting the estimated mean from directly received data.
This provides two benefits: 1) easy application of the POR
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technique [8]; and 2) performance improvement of linear de-
tectors [16] by significantly reducing the amount of MUI. After
mean subtraction and defining multiple virtual inputs for each
user, the new model shows similarities to a CDMA system.
However, the newly defined input signals are correlated because
they stem from the same modulation delay. To successfully ap-
ply the POR technique, further transformation on those signals
is performed to remove the correlation [11], [13]. Thereafter,
adopting a criterion similar to that in the POR technique,
channel parameters for the desired user can be estimated by
minimizing the projection of the signature waveform onto
the power of the inverse data covariance matrix. Then, Rake
receivers can be built based on the estimated channel vector.
Channel-estimation performance is evaluated when noise is
nontrivial and covariance is estimated from finite data samples.
Meanwhile, signal-to-interference-plus-noise ratio (SINR) of
a Rake receiver is studied jointly with channel estimation.
Those results can be used to predict detection performance
for given operational conditions. Simulation examples show
that the proposed POR method outperforms the ML method
[5] in many scenarios. The POR method also outperforms the
subspace method in a heavily loaded system.

Some notations following common practice are adopted
throughout the paper. We denote Kronecker product [17] by
⊗, complex conjugate (∗) transpose (T) by H, inverse by −1,
pseudoinverse by †, trace of a matrix by tr(), and determinant
by det(). Re{·} represents real part, E{·} expectation, and Ia

is an identity matrix of degree a whose ith column is denoted by
ea,i. A vector of length a with all elements equal to 1 is denoted
1a. Integer floor is denoted as � �, and integer ceil as � �. An
estimate of a quantity (scalar, vector, or matrix) is denoted by
putting âover it, and correspondingly, the estimation error,
by preceding the quantity with a δ, such as X̂ and δX for
matrix X , respectively. Not to be confused with the previous
usage, we also use δ(·) to represent a discrete-time unit impulse
function. A Q function Q(x) = 1/

√
2π
∫∞

x e−t2/2dt will be
used in analyzing detection performance.

II. DISCRETE-TIME UWB SYSTEM MODEL

Assume there are K users simultaneously sharing the spec-
trum in an MA TH-UWB system. The transmitted baseband
UWB signal from user k can be described by [6]

αk(t)=
√

Pk

∞∑
i=−∞

w

(
t − iTf − ck(i)Tc − τ

Ik

(⌊
i

Nf

⌋)) (1)

where Pk is the kth user’s transmission power, w(t) is the
baseband monopulse, Tf is the frame duration, Nf is the number
of frames over which an M -ary pulse position modulation
(PPM) symbol repeats, and ck(i) ∈ [0, Nc − 1] is a periodic
hopping sequence with period equal to one symbol period. Each
chip has duration Tc. Ik(�i/Nf�) ∈ [0,M − 1] is the kth user’s
information-bearing symbol during the ith frame, τIk(�i/Nf �) =
Ik(�i/Nf�)σ is the corresponding modulation delay in multi-
ples of σ seconds. Assume Tf = NcTc and Tc = Mσ. Equation
(1) shows a nonlinear form between αk(t) and the transmitted
information symbol. However, a linear relationship can be

obtained, as shown in [6]. Let us define M virtual inputs for
user k with the mth one as

sk,m

(⌊
i

Nf

⌋)
= δ

(
Ik

(⌊
i

Nf

⌋)
− m

)
.

Clearly, only one of the M inputs will be nonzero each time.
Correspondingly, M pulse-rate code sequences are defined for
the M virtual inputs with the mth sequence as ck,m = c̃k ⊗
eM,m, where c̃k is the chip-rate code sequence, with its ith
element defined as

c̃k(i) = δ

(⌊
i

Nc

⌋
Nc + ck

(⌊
i

Nc

⌋)
− i

)
.

Then, (1) can be equivalently expressed as [11], [13]

αk(t) =
√
Pk

∞∑
i=−∞

M−1∑
m=0

uk,m(i)w(t − iσ)

where uk,m(i) =
∑∞

l=−∞ sk,m(l)ck,m(i − lP ), P
∆= MNcNf ,

and ck,m(i) is the ith element of ck,m. If we define an ef-
fective channel including effects from modulated pulse at the
transmitter, propagation channel ḡk(t), and matched filter at
the receiver by gk(t) =

√
Pkw(t) � ḡk(t) � w(−t), where �

denotes convolution, then the received signal sampled every σ
seconds (at pulse rate)

y(n) =
∑
k,m

q∑
i=0

uk,m(n − i − dk)gk(i) + v(n) (2)

where n, v(n), and dk denote time index, additive white
Gaussian noise (AWGN), and propagation delay of user k, re-
spectively. The effective channel delay spread is assumed to be
qσ. If we collect ν =P samples from y(nP+1), . . . , y(nP+P )
and put them in yn, then the received data vector follows [13]

yn =
∑
k,m,l

Ck,m,lgksk,m(n + l) + vn (3)

where l takes all integers from −�q/P � to 0, gk is an unknown
channel vector for user k, which contains channel coefficients
at the pulse rate and power factor

√
Pk, and Ck,m,l is a code

filtering matrix for user k’s mth virtual input at delay l. It
is constructed from ck,m with some heading and trailing 0’s
determined by that user’s propagation delay. The model (3) can
be compactly expressed in another form

yn =
∑
k,l

Hk,lsk,n,l + vn = Hsn + vn (4)

after collecting M inputs in a vector sk,n,l = [sk,0(n + l),
. . . , sk,M−1(n + l)]T, defining a corresponding effective chan-
nel matrix

Hk,l = [Ck,0,lgk, . . . ,Ck,M−1,lgk] (5)

and successively stacking such matrices (or vectors) in H
(or sn).
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III. BLIND POR-BASED CHANNEL ESTIMATION

AND SYMBOL DETECTION

A. POR-Based Channel Estimation

In a conventional CDMA system, a data-correlation matrix
is applied for POR channel estimation [8], [9]. However, ac-
cording to (4), the received data yn has nonzero mean, which
will induce nonzero cross terms in its correlation matrix and is
inconvenient for channel estimation. Therefore, a data covari-
ance matrix is desired. To obtain the data covariance matrix,
we first find the mean of the data vector and then subtract it
to obtain a zero-mean data vector. Let us make the following
widely adopted assumptions [5].

1) Users’ inputs are independent and identically distributed.
2) The additive noise has zero mean.
3) Each user’s TH sequence repeats from symbol to symbol.
4) The UWB channel is approximately time invariant over

the observational duration.

Based on the assumptions, the mean of yn, denoted as ȳ, can
be easily found from our definition of sk,n,l. Since noise has
zero mean, we have [11], [13]

ȳ =
1
M

∑
k,m,l

Ck,m,lgk. (6)

Then, the zero-mean data vector can be obtained by subtracting
ȳ from yn

zn
∆= yn − ȳ =

∑
k,l,m

Ck,m,lgk

(
sk,m(n + l) − 1

M

)
+ vn.

(7)

Let us define ak,m(n + l) = sk,m(n + l) − 1/M , and ak,n,l =
[ak,0(n + l), . . . , ak,M (n + l)]. Then, we have ak,n,l =
sk,n,l − (1/M)1M . Noticing that the vector sk,n,l is a unit
vector with only one nonzero element occurring in one of its
M positions with equal probability 1/M , we can readily derive
that E{sk,n,l}=(1/M)1M and E{sk,n,ls

H
k,n,l}=(1/M)IM .

Consequently, ak,n,l has zero mean and its covariance is given
by [13]

Φ ∆= E
{
ak,n,la

T
k,n,l

}
=

1
M

(
IM − 1

M
1M1H

M

)
(8)

which is easily shown to have rank M − 1 since (1/
√

M)1M

is a unitary vector.
Rank deficiency of Φ implies that elements in ak,n,l are

correlated sources. We thus perform further transformation to
obtain uncorrelated sources. Eigenvalue decomposition (EVD)
on Φ can be shown to take a form Φ = BaΛ2

aBH
a , where

Ba is of M × (M − 1) and Λa is an (M − 1) × (M − 1)
diagonal matrix with all positive entries. Then, the correlated
input vector can be decomposed as ak,n,l = BaΛaãk,n,l, with
ãk,n,l denoting a whitened input vector. Denote the (i, j)th
element of Ba as bi,j , the jth diagonal element of Λa as λ̃j ,
and the jth element of ãk,n,l as ãk,n,l(j), for i = 1, . . . , M ,
j = 1, . . . ,M − 1. As a result, the zero-mean data vector in (7)

is rewritten with respect to the whitened inputs as the following

zn =
∑
k,l,j

Sk,j,lgkãk,n,l(j) + vn (9)

where we define a new code matrix for user k’s jth input
ãk,n,l(j) during the (n + l)th symbol interval as

Sk,j,l =
M∑
i=1

bi,j λ̃jCk,i−1,l, for j = 1, . . . , M − 1.

Equation (9) resembles a multirate CDMA system [7], where
Sk,j,l can be treated as a code matrix for the jth input in the

whitened data vector ãk,n,l. Let R
∆= E{znzH

n} denote the co-
variance matrix of the zero-mean data vector. According to (9)

R =
∑
k,l,j

Sk,j,lgkgH
k SH

k,j,l + σ2
vIν (10)

where σ2
v is the noise power. Express EVD of R as

R = [U s Un]
[
Λs + σ2

vI 0
0 σ2

vI

] [
UH

s

UH
n

]
. (11)

Suppose user 1 is the desired user. The subspace approach for
estimating g1 based on the orthogonal property between the
desired signature and the noise subspace is proposed in [11] as
follows

ĝ1 = min
‖g‖=1

M−1∑
j=1

gHSH
j UnUH

nSjg (12)

where Sj
∆= S1,j,0 for a simple notation. Since the UWB

system after transformation mimics a conventional CDMA
system, a unique solution up to a multiplicative scalar is
guaranteed under some identifiability conditions [7].

In practice, Un is not known a priori. It is usually obtained
from the EVD of the sample covariance matrix R. Due to
effects of noise and finite samples, the dimension of the noise
subspace has to be first determined by some detection tech-
niques such as Akaike’s information-theoretic criterion (AIC)
[18], minimum description length (MDL) [19], or fixed-ratio
detection [20]. Those techniques highly depend on the signal-
to-noise ratio (SNR) and number of available samples [21]. If
the dimension is correctly estimated, then the subspace method
is one of the best second-order-based approaches. However,
due to effects of noise and finite samples, the dimension of
the noise subspace may be estimated incorrectly, resulting in
degraded performance of the subspace method, as shown in [8].
By contrast, the POR technique [8] is able to asymptotically
estimate the noise subspace without rank estimation, since
σ2p

v R−p can be decomposed for a positive integer p as

σ2p
v R−p = UnUH

n + U sdiag
{(

σ2
v

λ2
i + σ2

v

)p}
UH

s . (13)

Clearly, each null basis has a unity weight, while the ith signal
basis has a weight of (σ2

v/λ2
i + σ2

v)p, which is less than 1,
irrespective of the noise power. If we use σ2p

v R−p with finite
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p to approximate the noise-subspace component UnUH
n in the

subspace channel estimation (12), and noticing that scalar σ2p
v

will not affect the eigenvectors of a matrix, then the POR-based
channel-estimation method is readily obtained as

gpor = arg min
‖g‖=1

M−1∑
j=1

gHSH
j R−pSjg. (14)

The solution to (14) is immediately obtained as the eigenvector
of the summation matrix

∑
j SH

j R−pSj corresponding to its
minimum eigenvalue γpor (for convenience, we call it minimum
eigenvector). Since (σ2

v/λ2
i + σ2

v)p can converge to 0 for suffi-
ciently large p and noticing (13), the proposed channel estima-
tion in (14) converges to the subspace 1 as p → ∞. Estimating
the noise subspace from R−p has an obvious advantage. It
eliminates a need to obtain the corresponding dimension and
thus, mitigates the effects of noise and finite samples by a
certain degree.

B. Symbol Detection

Let us assume that the desired user’s nth symbol is the
desired symbol, i.e., k = 1, l = 0. The Rake receiver can be
readily constructed based on the estimated channel to detect the
symbol that is reflected by the position of the only maximum
value in a1,n,0. Therefore, we need to design M receivers
fm(m = 1, . . . ,M), each detecting one element in a1,n,0.
Then, outputs of the M receivers are compared and the index
of the maximum element is determined. Considering that the
information symbol takes values 0, . . . , M − 1, our detected
symbol can be described as

arg max
m∈{1,...,M}

Re
{
fH

mzn

}
− 1.

According to (3), the mth rake receiver for the desired symbol
can be found to be fm = C1,m,0g1. Invoking (5), the M Rake
receivers can be shown to be

F 1,Rake = [f1, . . . ,fM ] = H1,0. (15)

IV. PERFORMANCE ANALYSIS

We will derive the channel-estimation error and detection
performance of the Rake receiver for our desired user in this
section.

A. Performance of the POR Channel Estimator

We start from an asymptotic performance of the pro-
posed channel-estimation method, and then proceed to derive
channel-estimation mean square error (mse) due to nontrivial
noise and finite data samples.
1) Asymptotic Performance: Let the data covariance matrix

be estimated as

R̂ =
1
N

N∑
n=1

(
yn − 1

N

∑
yn

)(
yn − 1

N

∑
yn

)H

. (16)

Then, the asymptotic performance of the proposed approach
can be obtained in the following.
Proposition 1: As σ2

v → 0 and N → ∞, gpor → g1 holds
for any fixed p. On the other hand, as p → ∞, it also holds for
any fixed σ2

v .
Proof: As is known, the subspace channel estimation

(12) will yield a true channel vector g1 as N → ∞. On the
other hand, according to (13), two asymptotic equivalences can
be obtained as limσ2

v→0 σ2
vR−p = UnUH

n , for a finite p, and
limp→∞ σ2

vR−p = UnUH
n for a fixed σ2

v . Using these results
and noticing (14), the proposition immediately follows. �

Although the POR method asymptotically yields the true
channel-estimation vector, finite noise power, finite power p,
and finite N all cause the channel estimate to deviate from its
perfect value. Next, we will analyze the effects of noise and N
for a finite p.
2) Noise-Induced Channel-Estimation Error: We first study

the effect of noise by assuming that N → ∞. Let

A =
M−1∑
j=1

SH
j R−pSj

A0 =
M−1∑
j=1

SH
j UnUH

nSj

Ap =
M−1∑
j=1

SH
j U sΛ−p

s U sSj . (17)

Since by (14) the estimated channel vector is the minimum
eigenvector, applying (13), A can be decomposed as

σ2p
v A = A0+

M−1∑
j=1

SH
j U sdiag

{(
σ2

v

λ2
i + σ2

v

)p}
UH

s Sj . (18)

Note that the minimum eigenvector of A0 is exactly the desired
channel g1. The second term on the right-hand side of (18) can
be viewed as a perturbation to A0 due to noise and is denoted
as δA0. According to [22], the first-order perturbation of the
minimum eigenvector, induced by noise and denoted as δgnoise,
is given by

δgnoise ≈ −A†
0

M−1∑
j=1

SH
j U sdiag

{(
σ2

v

λ2
i + σ2

v

)p}
UH

s Sjg1.

It is observed that channel-estimation error is related to the
ratio (σ2

v/λ2
i + σ2

v)p. At low SNR, a larger p is necessary
to achieve a smaller channel-estimation error. Since the ratio
is a fractional number, theoretically speaking, good channel-
estimation performance can be achieved for sufficiently large p,
irrespective of noise power. At high SNR, we can assume that
σ2

v 
 λi for each i. Then, the factional term (σ2
v/λ2

i + σ2
v)p

can be expanded into Taylor series, resulting in the following
simplified channel-estimation error

δgnoise ≈ −σ2p
v A†

0Apg1 + O
(
σ2p+2

v

)
. (19)



2972 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 4, NO. 6, NOVEMBER 2005

This result implies that δg1 is at the order of O(σ2p
v ), which

is much smaller than that obtained in the minimum-variance
method [13] for a large p.
3) Perturbation Error From Finite Data Length: Now, we

turn to the effect of data length N on the channel mse. A pertur-
bation δR = R̂ − R occurs due to finite N , according to (16).
It will cause A and then our POR solution perturbed. Here, we
are interested in the perturbation of the minimum eigenvector
of A, which is indeed the perturbation of the channel estimate.
Let gpor denote the ideal POR channel estimate in the case
of N → ∞. Under a small-perturbation assumption (large N ),
using Taylor’s expansion up to the first order and according to
(17), we have

δA = −
M−1∑
j=1

SH
j

p∑
k=1

R−kδRR−(p−k)R−1Sj .

Due to δA, gpor is perturbed as g̃por. If we denote the channel

perturbation error from finite N as δgN
∆= g̃por − gpor, accord-

ing to [22], we have

δgN ≈ −(A − γporI)†δAgpor ≈
M−1∑
j=1

p∑
k=1

T j,kδRtj,k (20)

where T j,k and tj,k are deterministic quantities given by

T j,k = (A − γporI)†SH
j R−k, tj,k = R−(p−k)R−1Sjgpor.

Therefore, the covariance of δgN becomes

CovgN
≈

M−1∑
j=1

p∑
k1,k2=1

T j,k1E
{
δRtj,k1t

H
j,k2

δR
}

T H
j,k2

(21)

and the mse is equal to the trace of CovgN
. Both are dependent

on the weighted covariance of δR, which can be obtained
following similar procedures as those in [7] and [22] but
noticing our current colored inputs. The results for Ψ(Θ) =
E{δRΘδR} to be frequently used in our later discussions have
been derived in the following proposition.
Proposition 2: If H in (4) is partitioned into L subblocks as

H = [H1, . . . ,HL], with each subblock corresponding to one
symbol irrespective of user, and data covariance is estimated
from N independent data vectors as (16), then, for a real system
(all quantities are real)

Ψ(Θ) =
(N − 1)2

N3

L∑
l=1

1
M

M∑
j=1

(
h̃

T

l,jΘh̃l,j

)
h̃l,jh̃

T

l,j

− (N − 1)2

N3

L∑
l=1

tr
(
H lΦHT

l Θ
)
H lΦHT

l

− (N − 1)2

N3

L∑
l=1

H lΦHT
l (Θ + ΘT)H lΦHT

l

+
N − 1
N2

[
tr(RΘ)R + RΘTR

]
+

1
N2

RΘR

(22)

while for complex channel and noise

Ψ(Θ) =
(N − 1)2

N3

L∑
l=1

1
M

M∑
j=1

(
h̃

H

l,jΘh̃l,j

)
h̃l,jh̃

H

l,j

− (N − 1)2

N3

L∑
l=1

tr
(
H lΦHH

l Θ
)
H lΦHH

l

− (N − 1)2

N3

L∑
l=1

H lΦ
[
HH

l ΘH l

+
(
HH

l ΘH l

)T ]
ΦHH

l

+
N − 1
N2

[
tr(RΘ)R + HA(HHΘH)TAHH

]
+

1
N2

RΘR (23)

where we have defined

h̃l,j = H lẽM,j , ẽM,j = eM,j −
1
M

IM , A = IL ⊗ Φ

for shorter notations.
Proof: See the Appendix. �

The results in Proposition 2 are applicable for any modu-
lation level M . However, in the special case of M = 2, they
can be simplified. Considering a real system, according to
definition of h̃l,j , we have h̃l,1 = −h̃l,2, for M = 2. Accord-
ing to (8), Φ can be rewritten as Φ = (1/2)

∑M
j=1 ẽM,j ẽ

T
M,j .

Then, it follows that H lΦHH
l = (1/M)

∑M
j=1 h̃l,1h̃

T

l,1, and

tr(H lΦHH
l Θ) = h̃

T

l,1Θh̃l,1 = h̃
T

l,2Θh̃l,2. Using the results,
it is found that the first two terms for computing Ψ(Θ) in a real
system cancel each other. Similar results can be also derived
for a complex system without repetition here. Therefore, for a
real system

Ψ(Θ) = − (N − 1)2

N3

L∑
l=1

H lΦHT
l (Θ + ΘT)H lΦHT

l

+
N − 1
N2

[
tr(RΘ)R + RΘTR

]
+

1
N2

RΘR

while for complex channel and noise

Ψ(Θ) = − (N − 1)2

N3

×
L∑

l=1

H lΦ
[
HH

l ΘH l +
(
HH

l ΘH l

)T]
ΦHH

l

+
N − 1
N2

[
tr(RΘ)R + HA(HHΘH)TAHH

]
+

1
N2

RΘR.

4) Channel-Estimation Error Due to Noise and Finite N :
Based on the above analysis, total channel-estimation error due
to combined effects of noise and finite N can be computed.
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Lemma: For small σ2
v and large N , the channel-estimation

error is approximated by

E
{
‖g̃ − g1‖2

}
≈ ‖gpor − g1‖2 + E

{
‖g̃ − gpor‖2

}
(24)

where the first term is obtained from (19) and the second term
by the trace of (21).

Proof: Noticing that (g̃−g1)=(gpor−g1)+(g̃−gpor),
E{‖g̃ − g1‖2} is expanded to three terms. The cross term can
be neglected because E{δR} = 0 leads to E{g̃ − gpor} ≈ 0
according to (20). Then, the lemma immediately follows. �

B. Detection Performance

We first study performance of the ideal Rake receiver when
channel and data covariance are perfectly known. Then, we
investigate its sensitivity to sample size. The desired user’s
information symbol is contained in the data vector a1,n,0 whose
channel matrix is given by (5) after setting k = 1 and l = 0.
That channel matrix is the first subblock in matrix H and has
been defined as H1 in our Proposition 2. We only focus on
a real system although we will still use H instead of T for
consistency next.

Let us separate the desired signal from interference in zn as
zn = H1a1,n,0 + un, where un includes ISI and MA inter-
ference (MAI), and is approximated as a Gaussian process for
convenience of analysis. Assume information symbol 0 is
transmitted. Then, zn = h̃1,1 + un. Denote M Rake re-
ceivers simply by f j , for j = 1, . . . ,M . Then, detection
becomes {fH

1 zn > fH
j zn, j = 2, . . . ,M} = {∆fH

j zn > 0},
where ∆f j = f1 − f j . Define an (M − 1)-dimensional ran-
dom vector xn = ∆F Hzn, where ∆F contains all ∆f j as
columns. Since zn is assumed Gaussian distributed, xn is also
Gaussian with a probability density function given as follows:

fx =
e

−1
2 (xn − ∆F Hh̃1,1)H (Cov(x))−1 (xn − ∆F Hh̃1,1)√

(2π)M−1 det (Cov(x))

where Cov(x) = ∆F HRint∆F , Rint =R−h̃1,1h̃
H

1,1. Proba-
bility of detection error becomes BER0 =1 − Prob{xn >0}=
1 −

∫
· · ·
∫∞
0 fxdx. It can be numerically evaluated. Similarly,

the bit error rate (BER) for information symbol 1, . . ., symbol
M − 1, denoted as BER1, . . . ,BERM−1, can be derived as
above. Then, the average probability of error becomes BER =
(1/M)

∑M−1
m=0 BERm.

In the special case of M = 2, the BER results become

BER0 = 1 − Q

(
−∆fH

1 h̃1,1

σ1

)
= Q

(
∆fH

1 h̃1,1

σ1

)

and

BER1 = 1 − Q

(
−∆fH

2 h̃1,2

σ2

)
= Q

(
∆fH

2 h̃1,2

σ2

)

where ∆f2 = f2 − f1 = −∆f1, σ2
j = ∆fH

j (R − h̃1,jh̃
H

1,j)
∆f j , for j = 1, 2. Since in this special case, S1 =

(1/2)(C1,0,0 − C1,0,1), H1 = [C1,0,0g1, C1,0,1g1], and
h̃1,1 = H1ẽ2,j , it can be seen that h̃1,1 = S1g1, h̃1,2 =
−h̃1,1, and σ2

1 = σ2
2 . We can conclude that BER = BER0 =

BER1. Moreover, according to (15), we have ∆f1 = 2h̃1,1.
After examining BER0, it is found that BER depends on the
SINR of the receiver ∆f1. The output SINR can be obtained as

SINR =

∣∣∣∆fH
1 h̃1,1

∣∣∣2
σ2

1

=
∆fH

1 h̃1,1h̃
H

1,1∆f1

∆fH
1 Rint∆f1

. (25)

In practice, channel-estimation error exists due to noise and
finite N . Considering that the estimated channel vector can be
expressed as

g̃ = g1 + δgnoise + δgN = gpor + δgN

the perturbed version of ∆f1, rippled from channel estimation,
becomes ∆̃f1 = 2S1gpor + 2S1δgN . Note that gpor is a fixed
quantity containing noise-induced error while δgN is a random
quantity. If we denote 2S1gpor as m and 2S1δgN as δm for
simple notations, then the perturbed SINR can be evaluated as

ŜINR ≈
mHh̃1,1h̃

H

1,1m + E
{

δmHh̃1,1h̃
H

1,1δm
}

mHRintm + E{δmHRintδm} . (26)

All unperturbed terms in (26) can be evaluated using the
covariance matrix and the desired user’s codes. Each ex-
pectation in (26) is then computed as E{δmHXδm} =

4tr{SH
1 XS1CovgN

}, where X may be replaced by h̃1,1h̃
H

1,1

or Rint correspondingly, and CovgN
can be evaluated by (21).

V. NUMERICAL EXAMPLES

In this section, we show the performance of the proposed
channel estimator in terms of channel mse, and the performance
of the Rake receiver constructed from the estimated channel in
terms of output SINR and BER. We also verify our analytical
results by simulations. Comparisons of the proposed approach
with data-aided (DA) and non-data-aided (NDA) ML methods
described in [5] and the subspace method in various channel
situations are included.

A. Performance of the Proposed Approach

We consider a UWB system with Nc = 8, Nf = 4, and
M = 2. If not stated otherwise, eight equal-powered users
are assumed in the system. Each user’s TH codes and 16-
path Gaussian channel spread over one frame are randomly
generated. The received signal is the second derivative of the
Gaussian function with pulsewidth equal to 0.7 ns [3]. Simula-
tion results are based on 100 independent realizations. User 1 is
assumed to be the desired user, and the receiver is assumed to
be synchronized to the desired user.
1) Channel-Estimation Error: We first illustrate effects of

noise and p on channel mse in the case of N = ∞ in Fig. 1.
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Fig. 1. Noise effect.

Fig. 2. Finite-data-sample-induced perturbation error.

Different p’s and various SNRs are considered. At very low
SNR, a larger p is necessary to obtain good performance. By
contrast, at high SNR, a smaller p is sufficient to yield a
satisfactory performance with lower complexity. It can be seen
that the proposed methods with p = 2 and p = 4 have most
significant performance gains in environments with SNR of
10–25 dB. On the other hand, we also quantitatively examine
the effect of noise on mse by plotting the analytical channel-
estimation error in dotted lines for each p. We can observe
that mses of the proposed method converge very well to their
analytical values at high SNRs.

We then investigate the effect of data record length N on
the channel perturbation error and compare results with corre-
sponding analytical ones obtained from (21) in Fig. 2. The con-
vergence of experimental perturbation errors to their analytical
values is easily observed at large N . Moreover, either experi-
mental or analytical perturbation errors are quite similar for all
receivers with different p from N = 500 and up, indicating that
large p will not introduce substantial perturbation errors.

Finally, in Fig. 3, we illustrate the combined effect of SNR
and N on the channel-estimation error, and compare it with the
result in the lemma. We can see that the method with p = 1
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Fig. 3. Total channel-estimation error induced by both noise and finite N .

Fig. 4. Output SINR of the Rake receiver.

has the largest errors for all examined N due to large errors
induced by noise. On the other hand, the perturbation error is
the dominant error for the receivers with p = 2, and p = 4 when
N is not very large. As a result, the superiority of the proposed
receivers with p = 4 to that with p = 2 is not observable even
at very large N (e.g., 10 000). Based on this observation, we
suggest to take p = 2 in practice to achieve good performance
and complexity tradeoff.
2) Receiver’s Performance: We first show output SINR for

each p in the presence of 15-dB noise in Fig. 4. Clearly, exper-
imental SINR curves for all p converge to their corresponding
analytical ones at large N . Moreover, the POR channel esti-
mator with p = 2, 4 shows similar performance and both are

superior to the POR channel estimator with p = 1 due to better
channel-estimation performance, as explained previously.

Fig. 5 then illustrates BER performance of the Rake re-
ceivers. Channel is first estimated based on 1000 data samples
when a different p is applied. Then, Rake receivers are con-
structed from the estimated channels. We observe that Rake
receivers with p = 2, 4 have similar performance from 10 dB
and up. Both are better than the receiver with p = 1. The
analytical BER curve for the Rake receiver with p = 1 is very
consistent with its experimental counterpart. The discrepancy
between the analytical and experimental BER curves for p =
2, 4 at low SNR is caused by finite N , and may be caused by a
violation of the Gaussian assumption on the MUI at high SNR.
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Fig. 5. BER performance of the Rake receiver.

Fig. 6. Channel mse comparison for Gaussian channels: (a) K = 1; (b) K = 5; (c) K = 10.

B. Comparison With Other Approaches

Since [5] and [11] also consider channel estimation, a com-
parison with them is thus conducted and presented in this
section. The POR method with p = 2 is considered for com-
parison due to its best performance and complexity tradeoff

for moderate N , according to our simulation results in the
previous section. The DA and NDA ML methods in [5] are
termed as DA-ML and NDA-ML, respectively, and their Rake
receivers with three fingers are used in the simulation. To
implement the subspace method in [11], the dimension of the
noise subspace is assumed perfectly known. Correspondingly,
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Fig. 7. BER comparison for Gaussian channels: (a) K = 1; (b) K = 5; (c) K = 10.

Fig. 8. Channel mse comparison based on channel model CM2: (a) K = 2; (b) K = 5; (c) K = 8.
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Fig. 9. BER comparison based on channel model CM2: (a) K = 2; (b) K = 5; (c) K = 8.

Fig. 10. Channel mse comparison based on channel model CM1: (a) K = 2; (b) K = 5; (c) K = 8.



LIU AND XU: POR-BASED CHANNEL ESTIMATION FOR UWB COMMUNICATIONS 2979

Fig. 11. Channel mse comparison based on channel model CM3: (a) K = 2; (b) K = 5; (c) K = 8.

the Rake receiver constructed from the subspace-based channel
estimate is included for comparison.

The system parameters are taken as Nc = 10 and Nf = 4.
Each user experiences a different three-path channel, where
the three paths are equally spaced at a five-chip interval. The
desired user’s three paths have gains 0.73, 0.67, and 0.35, as in
[5]. The interfering users’ path gains are randomly generated
according to Rayleigh distribution and vary from run to run.
Five hundred symbols are used for channel estimation. Instead
of plotting delay and gain estimates separately, as in [5], we
integrate them into a vector by associating each element of
the vector with the gain of the channel at a particular pulse-
level delay and filling 0’s correspondingly if there is no path.
The maximum delay of the desired user is assumed known to
be a 15-pulse duration. The normalized mse for the integrated
channel is then plotted in Fig. 6(a)–(c) for cases of K = 1,
K = 5, and K = 10, respectively. In the case of K = 1, DA-
ML shows the best performance at low SNRs at the cost of
using training data. In that case, DA-ML is close to the optimal
receiver due to the absence of MUI and negligible ISI compared
with noise power. However, at high SNR where ISI is dominant,
the POR method with p = 2, though without the aid of training
data, outperforms the training-based DA-ML and the blind
NDA-ML greatly. For the case of K = 5 or K = 10, due to
significant MUI, the proposed method outperforms DA-ML
significantly for most SNRs examined, and is clearly superior
to NDA-ML for all SNRs examined. On the other hand, the
POR method shows quite similar performance as the subspace
method where noise-subspace dimension is assumed known.

The BER performance of different receivers is demonstrated in
Fig. 7(a)–(c) for a different number of users, respectively. The
POR method and the subspace method still have very similar
performance. In the case of K = 1, the proposed Rake receiver
shows very similar performance to the DA-ML Rake. In the
case of K = 5 and K = 10, the proposed Rake receiver shows
better performance than either DA-ML or NDA-ML method
due to better channel estimation for those cases. To summa-
rize, the proposed method explicitly considers MAI in channel
estimation, and thus achieves better performance than both DA-
ML and NDA-ML approaches in [5]. The POR method can also
achieve a similar performance as the subspace method, while
without rank estimation of the noise subspace.

Next, we consider more realistic channels generated by three
IEEE 802.15 channel models CM1, CM2, and CM3 [24]. CM1
is for line-of-sight (LOS) communication between 0 and 4 m,
CM2 is for non-LOS (NLOS) between 0 and 4 m, and CM3 is
for NLOS between 4 and 10 m. Those channel models modify
the Saleh–Valenzuela model [25] to fit time-domain channel
measurements. The delay spreads of CM1, CM2, and CM3
channels are truncated at 25, 40, and 80 ns for reduced com-
plexity in channel estimation, yielding approximately 80% of
the total energy on the average for each channel. After sampling
every 1 ns, CM1, CM2, and CM3 channels then contain 25, 40,
and 80 coefficients, respectively, which are much longer than
those used before.

All simulation results in the following examples are based
on 100 realizations. Different from previous examples, the
multipath channels and TH codes are randomly generated for
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each realization here. Considering the large delay spreads in
CM1 to CM3 channels, we extend the received data vector yn

to include more samples, i.e., from y(nP + 1), . . . , y(nP +
P + q), instead of y(nP + 1), . . . , y(nP + P ), as described in
Section II. In all the following examples, 800 data symbols are
used for channel estimation.

We first adopt CM2 for comparing both channel mean square
error (mse) and receiver’s BER among different approaches,
since this model represents a very typical NLOS scenario.
Fig. 8(a)–(c) plots channel mse versus input SNR for cases
of two, five, and eight users, respectively. The system pa-
rameters are set as Nc = 5 and Nf = 3. It is observed that
the POR performs satisfactorily and outperforms the DA-ML
and NDA-ML in all situations. Compared with the subspace
method, POR shows similar performance in the two- and five-
user situations, where the noise space contained in the data
covariance matrix R is still sufficiently large for estimating
channel parameters. However, with eight users, there is no suffi-
cient noise subspace in R. Consequently, the subspace method
degrades significantly. By comparison, the POR method still
shows acceptable performance, which is much better than the
subspace method. This implies that the POR method is more
robust than the subspace method in the presence of a large
number of interfering users. The BER performance of different
receivers is demonstrated in Fig. 9(a)–(c), correspondingly.
Similar conclusions can be drawn for the BER performance.
Moreover, Figs. 8 and 9 suggest that BER results are quite
consistent with the mse results, i.e., better channel-estimation
performance will yield better detection performance. Based on
this observation, we will present only channel-estimation re-
sults for channels generated by two other channel models CM1
and CM3 next, while omitting the BER performance for concise
presentation.

Fig. 10(a)–(c) illustrates the channel mse for CM1. The
system parameters are set to be Nc = 6 and Nf = 2. Here,
we adopt different Nc and Nf from the previous example, as
we expect that the maximum number of users supported under
identifiability conditions by the subspace method remains ap-
proximately the same as the previous example. We observe that
the POR method performs equally as the subspace method in a
lightly loaded system, while performs much better than others
in an unfavorable situation with large number of interfering
users. Fig. 11(a)–(c) illustrates the channel mse for CM3 in
the presence of 2, 5, and 8 users, respectively. The system
parameters are set to be Nc = 5 and Nf = 4 for the same reason
mentioned above. A similar conclusion can be drawn even with
long multipath channels.

To summarize, the proposed approach shows robust and
acceptable performance in more realistic UWB channels. It
is consistently better than both DA-ML and NDA-ML, and is
superior to the subspace method in unfavorable situations with
large number of interfering users.

VI. CONCLUSION

In this paper, we have proposed a blind POR-based channel
estimator for UWB communication systems employing PPM
modulation. A Rake receiver is designed based on the estimated

channel for symbol detection. Asymptotic performance of both
the channel estimator and receiver is derived based on pertur-
bation theory. Extensive simulation results show satisfactory
performance of the proposed scheme in various communication
scenarios. The proposed approach shows consistent superiority
over the ML method in most scenarios. It demonstrates similar
performance as the subspace method in favorable communica-
tion environments with light loading, but significantly outper-
forms the subspace method in unfavorable situations with heavy
loading.

APPENDIX

PROOF OF PROPOSITION 2

Since Ψ(Θ) = E{δRΘδR} depends on δR = R̂ − R,
expanding the summation in (16), we obtain R̂ = (1/N)∑

n ynyH
n − (1/N2)

∑
n1,n2

yn1
yH

n2
. Substituting yn by zn +

ȳ according to (7), then, we have R̂ = (1/N)
∑

n znzH
n −

(1/N2)
∑

n1,n2
zn1z

H
n2

, which is consistent with a typical
covariance estimator. Due to zero mean and independence
assumption on zn, E{R̂} = (1 − 1/N)R. Then, Ψ(Θ) can be
expanded into

Ψ(Θ) = E
{

(R̂ − R)Θ(R̂ − R)
}

= E{R̂ΘR̂} −
(

1 − 2
N

)
RΘR (27)

where E{R̂ΘR̂
H} is necessary for the evaluation of Ψ(Θ).

For convenience, rewrite R̂ as R̂ = (N − 1/N2)
∑

n znzH
n −

(1/N2)
∑

n1 �=n2
zn1z

H
n2

. Noticing E{zn} = 0, we obtain

E{R̂ΘR̂} =
(

N − 1
N2

)2 ∑
n1,n2

E
{
zn1z

H
n1

Θzn2z
H
n2

}
+

1
N4

∑
n1 �=n2

∑
n3 �=n4

E
{
zn1z

H
n2

Θzn3z
H
n4

}
. (28)

Invoking E{zn} = 0 and independent assumption of zn,
and noticing that only two cases: n2 = n3, n1 = n4

but n1 �= n2; n2 = n4, n1 = n3 but n1 �= n2, will cause
E{zn1z

H
n2

Θzn3z
H
n4
} to be nonzero, we can easily evaluate

(28), resulting in (27) simplified as

Ψ(Θ) =
(N − 1)2

N3

[
E
{
znzH

nΘznzH
n

}
− RΘR

]
+

1
N2

RΘR +
N − 1
N3

tr(RΘ)R

+
N − 1
N3

E
{
znzT

n

}
ΘT

(
E
{
znzT

n

})∗
. (29)

In order to complete the simplification of (29),
E{znzH

nΘznzH
n} − RΘR and E{znzT

n} are needed
and will be derived next.

We first consider a real system. According to (7), we have

znzT
n =HanaT

nHT+HanvT
n +vnaT

nHT+vnvT
n (30)
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zT
nΘzn = aT

nHTΘHan + aT
nHTΘvn + vT

nΘHan

+ vT
nΘvn. (31)

Considering zero mean of an and vn, and R = HAHT +
σ2

vIν by (10), one can verify that

E
{
znzT

nΘznzT
n

}
− RΘR

= E
{
HanaT

nHTΘHanaT
nHT

}
+ σ2

vtr(Θ)HAHT

+ σ2
vHAHTΘT + σ2

vΘ
THAHT + σ2

vtr(AHTΘH)Iν

+ E
{
vnvT

nΘvnvT
n

}
− HAHTΘHAHT − σ4

vΘ. (32)

The first term can be further simplified as follows, after re-
placing Han by

∑L
l=1 H lan,l, where E{an,la

T
n,l} = Φ, and

applying distribution of input

E
{
HanaT

nHTΘHanaT
nHT

}
=
∑

l

E
{
H lan,la

T
n,lH

T
l

(
aT

n,lH
T
l ΘH lan,l

)}
−
∑

l

[
H lΦHT

l tr
(
ΦHT

l ΘH l

)
+ H lΦHT

l (Θ + ΘT)H lΦHT
l

]
+ HAHTtr(HAHTΘ) + HAHT(Θ + ΘT)HAHT

(33)

Also, E{vnvT
nΘvnvT

n} = σ4
vtr(Θ)Iν + σ4

v(Θ + ΘT) for a
real AWGN as in [23, eq. (13)]. Applying these results into (32),
replacing R with HAHT + σ2

vIν , and considering an,l takes
M possible values with probability 1/M , we obtain

E
{
znzT

nΘznzT
n

}
− RΘR

=
L∑

l=1

1
M

M∑
j=1

(
h̃

H

l,jΘh̃l,j

)
h̃l,jh̃

H

l,j

−
∑

l

[
H lΦHT

l tr
(
ΦHT

l ΘH l

)
+H lΦHT

l (Θ + ΘT)H lΦHT
l

]
+ tr(RΘ)R + RΘTR. (34)

Considering R = E{znzT
n} and substituting (34) into (29), we

obtain (22).
For complex system, we can follow similar procedures as

before. First, both znzH
n and zH

nΘzn can be obtained as (30)
and (31) with T replaced by H. Noticing that vn is zero-mean
circularly symmetric Gaussian, we obtain

E
{
znzH

nΘznzH
n

}
− RΘR

= E
{
HanaH

n HHΘHanaH
n HH

}
+ σ2

vtr(Θ)HAHH

+ σ2
vtr(AHHΘH)Iν + E

{
vnvH

nΘvnvH
n

}
− HAHHΘHAHH − σ4

vΘ (35)

where the first term can be similarly obtained as (33) but
with different result after noticing that an,l is a real vector,
and E{vnvH

nΘvnvH
n} = σ4

vtr(Θ)Iν + σ4
vΘ for a complex

AWGN, as in [23, eq. (20)]. Therefore, one can verify that

E
{
znzH

nΘznzH
n

}
− RΘR

=
L∑

l=1

1
M

M∑
j=1

(
h̃

H

l,jΘh̃l,j

)
h̃l,jh̃

H

l,j

−
∑

l

[
H lΦHH

l tr
(
ΦHH

l ΘH l

)
+ H lΦHH

l ΘH lΦHH
l

]
−
∑

l

H lΦHT
l ΘTH∗

lΦHH
l

+ tr(RΘ)R + HAHTΘTH∗AHH. (36)

Since E{znzT
n} = HAHT, (E{znzT

n})∗ = H∗AHH, and
substituting (36) into (29), (23) follows. �
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