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Statistical Performance of a Data-Based
Covariance Estimator

Zhengyuan Xu

Abstract—Data covariance is typically estimated by a sample average
method. The second-order statistics of this sample covariance are encoun-
tered in evaluating the performance of many covariance-based processing
methods. This correspondence derives closed-form expressions for the
second-order statistics of a vectored sample covariance. Given a baseband
communication system model, the results explicitly rely on the channel
parameters and the second- and fourth-order statistics of the channel noise
and inputs. They can be directly applied to study statistical properties
of covariance-based methods such as a correlation-matching-based
channel-estimation method in a code-division multiple-access system.
Numerical examples are provided to further verify the derived results.

Index Terms—Channel estimation, code-division multiple access
(CDMA), covariance estimation, performance analysis.

I. INTRODUCTION

The covariance-matching technique has been successfully applied
to blind channel estimation for either time-division multiple-access
(TDMA) systems [1], [2], periodic (short-code) code-division mul-
tiple-access (CDMA) systems [3], [4], or aperiodic (long-code) CDMA
systems [5], [6]. This technique compares the ideal covariance of a
model-based channel output with its estimate and minimizes certain
matching errors to obtain the corresponding channel estimators based
on either the matrix Frobenius norm or the vector norm [7].

Data-covariance estimation is necessary for the implementation of
covariance-based algorithms. Many algorithms have been developed to
estimate covariance, most of which are contributed to array processing
applications such as direction-of-arrival (DOA) estimation. In [8], a
maximum-likelihood (ML) method is presented to estimate structured
real covariance matrices of Gaussian processes. Under low rank mod-
eling and aGaussian assumption of source signals and noise, [9] reveals
a relationship betweenML covariance estimation andmultiple-window
spectrum analysis. A robust ML estimation method is proposed in [10]
by minimizing the worst case asymptotic estimated covariance even
in the presence of non-Gaussian noise. A computationally efficient
asymptotic ML estimate is derived for a structured covariance matrix
using the extended invariance principle (including reparameterization
of the ML criterion and solution refinement based on a weighted least-
squares technique) in [11]. Asymptotic performance for direction esti-
mation is studied in [12] when the number of snapshots is sufficiently
large in estimating the data covariance. A Toeplitz covariance matrix
can be parameterized by only common unknown elements in each of
the diagonals [13]. Those parameters are then estimated with substan-
tially reduced computational complexity. Incorporating the Toeplitz
structure of the covariance matrix also can significantly improve the
adaptive beamformer and detector performance [14].

Certainly, the performance of a covariance-estimation method char-
acterizes each covariance-based algorithm. In practice, estimation of
the data covariance can easily be performed by a sample averaging
method based on received data. If Gaussian sources are assumed, the
second-order statistics of the estimated covariance can be found in [15].
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They have been applied to analyze asymptotic properties of eigenvec-
tors of a covariance matrix [16]. Performance of such a covariance es-
timator has also been analyzed in [17] and [18] for further analysis of
DOA estimators. Statistical analysis of a subspace channel-estimation
method is carried out from the statistics of the sample covariance in
[19]. Those results are based on an assumption that a sufficiently large
number of snapshots are available at the receiver, causing the sample
covariance to converge in distribution to a Gaussian process according
to the central limit theorem [20].

The previously mentioned situation motivates us to derive an
easy-to-use expression for the statistics of the vectored sample covari-
ance with a finite number of snapshots and not necessarily Gaussian
channel inputs. Although statistics of a weighted covariance matrix
have been derived in [21], they do not provide pairwise statistics of
all elements in the covariance, such as vectorized covariance used
in covariance matching techniques. More general results suitable for
study of covariance-based algorithms are desirable and, thus, are
derived in this correspondence.

Starting from a typical linear channel input–output model, the co-
variance of a vectored sample covariance is simplified according to a
powerful mathematical tool—the Kronecker product (“
”) [7]. It is
derived in a closed form as a function of statistics of channel inputs,
channel parameters, and statistics of Gaussian noise, for either a real
system or a system involving complex quantities (complex data modu-
lation, complex channel, etc.). Extension to a systemwith colored noise
is made possible by whitening the received data first and then obtaining
the statistics of the covariance estimated from the resulting data. Using
the transformation relation, the desired covariance then follows. The
derived results are shown to be applicable to evaluate performance of
a correlation-matching-based channel estimator [4]. They may also be
useful for the design of constraints in robust multiuser detection tech-
niques such as [22] and [23].

This correspondence has the following structure. Section II describes
a data model to be used and Section III provides closed-form results for
the covariance of a vectored sample covariance together with detailed
derivation. Section IV shows an application example to evaluate a cor-
relation-matching based channel estimator in a CDMA system. Sim-
ulation examples are provided for verification of analytical results in
Section V. Finally, some conclusions are drawn in Section VI.

II. DATA MODEL

Consider a vector form channel input/output data model

yyy
n
= HHHbbbn + vvvn (1)

where yyy
n

is a � � 1 received data vector at time n, HHH is a � � L

channel matrix, bbbn is an L� 1 input vector, and vvvn represents the ad-
ditive Gaussian noise independent of inputs. This model can describe a
variety of communication systems. For example, in a single-input–mul-
tiple-output (SIMO) system, bbbn includes inputs from timen ton+L�1
emitted from the same source and HHH has a block Toeplitz structure.
When it is used to represent a multiple-input–multiple-output (MIMO)
system, yyy

n
has samples from multiple sources. Accordingly, bbbn con-

tains symbols from different sources. In particular, the received signal
in a CDMA system can also fit into this model whereHHH becomes a sig-
nature waveform matrix that captures the overall effects of spreading
codes, propagation channels, and front-end pulse shaping and matched
filtering.

In this correspondence, we assume all entries in bbbn are mutually
independent identically distributed (i.i.d.) sequences. They are drawn
from the same symmetric constellation with zero odd moments, equal
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variance �2b and fourth-order absolute moment m4b, and fourth-order
cumulant �4b (�4b = m4b� 3�4b for real sequences and �4b = m4b�
2�4b for complex sequences [20]). In a case when multiple sources
have different transmission powers, they can be easily absorbed into
the columns of channel matrixHHH by proper scaling. Additionally, we
temporarily assume that elements in vvvn represent i.i.d. additive white
Gaussian noise (AWGN) with zero mean and variance �2v . An exten-
sion to a system with colored noise will be made later. If the inputs
and noise are complex quantities, their real and imaginary parts are as-
sumed to be i.i.d. sequences.

For notational convenience, denote Hermitian complex conjugate
(�) transpose (T ) by H , the lth (l = 1; 2; � � �) column of a matrixUUU as
uuul, III� as an identity matrix of degree �, the Khatri–Rao product “ ” to
represent column-by-column Kronecker product of two matrices with
the same number of columns [24]UUU WWW = [uuu1
www1; � � � ; uuum
wwwm],
and a “vec” operation to successively stack columns of a matrix into
a big column vector [7]. A diagonal or block diagonal matrix with
main diagonal entries xxxi is denoted as diagfxxx1; xxx2; � � �g. We also de-
fine UUU �r WWW

�
=[UUU 
 www1; � � � ; UUU 
 wwwm], which successively applies

Kronecker product to each column of the right matrix and, correspond-
ingly, UUU �l WWW

�
=[uuu1 
WWW; � � � ; uuum 
WWW ] to the left matrix.

III. PERFORMANCE EVALUATION

In the covariance-matching context, the covariance of yyyn is first
computed based on model (1) as

RRR = E yyynyyy
H
n = �2bHHHHHH

H + �2vIII� : (2)

Define rrr = vec(RRR). If RRR is estimated by sample average
RRR = (1=N) N

n=1 yyynyyy
H
n , then it has been observed that the

covariance of rrr = vec(RRR) characterizes the asymptotic property of
each channel estimator [2]–[4]. For simplicity of derivation, assume
allN data vectors are independent and define rrrn = vec(yyynyyy

H
n ) as the

instantaneous vectored covariance. Then, it can be easily verified that
the covariance of rrr has a form

���(rrr)=E (rrr�rrr)(rrr�rrr)H =
1

N2

N

n ;n =1

E rrrn rrrHn �rrrrrrH : (3)

Considering all possible values that n1 and n2 take and invoking the
independence assumption on yyyn at different time, (3) can be simplified
as

���(rrr) =
1

N
			; 			 = E rrrnrrr

H
n � rrrrrrH : (4)

For clarity, we provide analytical expressions for���(rrr) in the following
proposition, whose proof is given in the Appendix.

Proposition: If the channel model follows (1), with L inputs and �
outputs, and data covariance is estimated byRRR = (1=N) N

n=1 yyynyyy
H
n

from N independent data vectors, then, for a real system, the covari-
ance of rrr = vec(RRR) satisfies

N���(rrr) =�4b(HHH HHH)(HHH HHH)T

+ �4b (HHH �r HHH)(HHH �l HHH)T

+RRR
RRR+ �4v(III� �r III�)(III� �l III�)
T

+ �2b�
2

v(HHH �r III�)(III� 
HHHT )

+ �2b�
2

v(III� 
HHH)(HHH �r III�)
T (5)

while for a complex system it satisfies

N���(rrr) = �4b(HHH
� HHH)(HHH� HHH)H +RRR� 
RRR: (6)

This proposition provides a direct method to compute���(rrr) for given
system parameters. It can be observed that ���(rrr) is inversely propor-
tional to N .

A. Discussion

Our model is based on the assumption that all inputs have the same
power. If their powers are different, then proper scaling of the corre-
sponding column vector in the channel matrix can be performed. An-
other assumption is that the noise is AWGN. If the noise is colored
Gaussian, then some preprocessing is necessary in order to directly
apply our results. Suppose that EfvvvnvvvHn g = RRRv . Prewhitening yyyn
by RRR�1=2v yields a new data vector

yyyn
�
=RRR

�

v yyyn = HHHbbbn + vvvn; HHH = RRR
�

v HHH (7)

where vvvn becomes a white Gaussian noise vector with Efvvvnvvv
H
n g =

III� . Then, each of its elements have unit covariance. After comparing
(7) with (1), replacing HHH by HHH , and setting �2v to be one, it is clear
that either (5) or (6) can be applied to yyyn to obtain the corresponding
statistics of the covariance termed as			 = N���(rrr). Once it is derived,
we can obtain 			. According to (7) and (4), we have

			 = E vec RRRv yyynyyy
H
nRRRv vecH RRRv yyynyyy

H
nRRRv � rrrrrrH :

Using the property of the Kronecker product [7] vec(ZZZ1ZZZ2ZZZ3) =
(ZZZT

3 
 ZZZ1)vec(ZZZ2), it becomes

			 = (RRR�v) 
RRRv 			 (RRR�v) 
RRRv

H

� rrrrrrH :

If we choose to replace rrr by vec(EfRRR1=2
v yyynyyy

H
nRRR

1=2
v g) = [(RRR�v)

1=2

RRR1=2
v ]rrr, it becomes

			 = (RRR�v) 
RRRv (			� rrrrrrH) (RRR�v) 
RRRv

H

� rrrrrrH :

Next, we will show an example of how to apply the proposition to an-
alyze a channel estimator.

IV. APPLICATION EXAMPLE

In this section, we will show how to apply our analytical results to
analyze a correlation-matching-based channel estimator proposed for
a CDMA system in [4]. For simplicity, consider aK-user synchronous
CDMA system. User k is assigned spreading codes ck(0); � � � ; ck(P �
1). Its channel is assumed to have length qk and corresponding coef-
ficients are stacked in a vector gggk . Then, in one symbol interval, the
received data vector of length � = P has a form [4]

yyyn =

K

k=1

[CCCk;0gggkbk(n) +CCCk;�1gggkbk(n� 1)] + vvvn (8)

where bk(n) and bk(n � 1) are the kth user’s current and previous
symbols, respectively, CCCk;0 and CCCk;�1 are corresponding code ma-
trices obtained from the spreading codes of user k, gggk is the channel
vector, and vvvn is the noise vector. Without loss of generality, assume
user 1 is the desired user and the maximum channel length is q. The
channel-estimation method [4] is based on minimizing the error be-
tween the correlation of (8), which reads

RRR =

K

k=1

CCCk;0GGGkCCC
H
k;0 +CCCk;�1GGGkCCC

H
k;�1 + �2vIII� (9)
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where GGGk = �2bgggkggg
H
k and its estimate. For convenience, define xxxk =

vec(GGGk). Collect all xxxk and �2v in an unknown vector xxx. Then, after
vec operation onRRR: rrr = vec(RRR), it can be easily found that xxx satisfies
[4]

xxx = (SSSHSSS)�1SSSHrrr (10)

with SSS being defined as

SSS = CCC
�

1;0 
CCC1;0 +CCC
�

1;�1 
CCC1;�1; � � � ;

CCC
�

K;0 
CCCK;0 +CCC
�

K;�1 
CCCK;�1;vec(III�) :

If rrr is estimated from received data vectors, then xxx can be estimated
according to (10) under some identifiability conditions [4]. For the de-
sired user, xxx1 can be extracted from xxx. Then, GGG1 is reconstructed by
the reverse vec operation. These operations can be described by

GGG1 = [AAA1rrr; � � � ; AAAqrrr] (11)

where q is the length of ggg1

AAAi = eee
T
i 
 IIIq [IIIq ;0; � � � ; 0]q �(Kq +1)(SSS

H
SSS)�1SSSH :

For i = 1; � � � ; q, eeei is a unitary vector of length q with only the ith
element as 1 but zeros elsewhere. From our definition of GGG1, ggg1 is an
eigenvector corresponding to its unique nonzero eigenvalue. If rrr has an
estimation error �rrr = rrr�rrr due to finiteN , then an error is introduced
to GGG1. From (11), GGG1 is perturbed by �GGG1 as

�GGG1 = [AAA1�rrr; � � � ; AAAq�rrr]: (12)

Then, the first-order perturbation in this eigenvector becomes [25]

�ggg1 �
1

�2bkggg1k
2
����GGG1ggg1; ��� = ���n���

H
n (13)

where ���n spans a (q � 1)-dimensional subspace orthogonal to ggg1.
Using (12) and (13), we obtain the covariance of the channel estimate

Cov(�ggg1) �
1

�2bkggg1k
4
���

q

i;j=1

g1(i)g
�

1(j)AAAi���(rrr)AAA
H
j ��� (14)

where ���(rrr) is the covariance of rrr given by proposition. Then, the
channel mean square error (mse) is the trace of Cov(�ggg1). This result
may be useful for the design of constraints in robust multiuser detec-
tion techniques [22], [23]. Together with both (5) and (6), it will next
be verified by computer simulations.

V. SIMULATIONS

First, we show how satisfactory the results from our proposition are
when they are applied to predict the performance of a covariance esti-
mator in practical conditions.We adopt the mse of estimated			 (instead
of ���(rrr) for clear observation of the error) to quantify the covariance
estimation error. It is defined as the following normalized Frobenius
squared norm of a difference matrix between our experimental result
and its analytical result based on 100 independent realizations:

k			�			k2F
k			k2F

:

Parameters are chosen as � = 5, L = 3, and SNR = 10 dB. Input
signals are taken from different constellations with statistics �2b = 1.
Channel matrix HHH in (1) is randomly and independently generated in
each realization according to Gaussian distribution with zero mean

Fig. 1. Mean-square error (mse) of covariance estimation versus N with
different inputs.

Fig. 2. Mean-square channel-estimation error versus N for a CDMA system.

and unit variance. Both real and complex systems are considered. In
particular, effects of data modulations of binary phase-shift keying
(BPSK), quaternary PSK (QPSK), 16 PSK, 16 pulse-amplitude
modulation (PAM), 16 quadrature amplitude modulation (QAM) [26]
and Gaussian sources are investigated. The mse versus N is plotted in
Fig. 1. It can be observed that when N increases, the mse decreases,
indicating that the covariance estimate becomes more accurate. It
is also seen that PSK modulation gives the smallest error compared
with amplitude modulation (AM) and Gaussian sources. Second, we
apply our analytical results to a CDMA channel-estimation problem.
Gold sequences of length 31 are used for a CDMA system with
eight users of equal power, binary inputs, and 10-dB noise. Entries
of users’ channel vectors are Gaussian random variables with zero
mean and unit variance. Each channel has three taps. Fig. 2 shows the
normalized channel mse of the desired user. It is clear that the error
decreases to a level of 10�3 even with only 500 data vectors. Again,
the experimental result is highly consistent with the analytical result.

VI. CONCLUSION

In this correspondence, closed-form expressions for the covariance
of a vectored sample covariance were derived for both real and complex
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systems when a typical communication system model involves inde-
pendent sources and AWGN. The results can be generalized to systems
with colored Gaussian noise. Those analytical results can be applied to
covariance-based algorithms. An application example and numerical
examples were provided for explanation and verification.

APPENDIX I
PROOF OF PROPOSITION

We will simplify 			 based on (1). If we write rrrn as yyy�
n

 yyy

n
, then

we obtain

E rrrnrrr
H
n =(HHH� 
HHH)E bbbnbbb

H
n

�


 bbbnbbb
H
n

� (HHHT 
HHH
H)

+E vvvnvvv
H
n

�


 vvvnvvv
H
n

+ E HHHbbbnvvv
H
n

�


 HHHbbbnvvv
H
n

+ E vvvnbbb
H
nHHH

H
�


 vvvnbbb
H
nHHH

H

+ E HHHbbbnvvv
H
n

�


 vvvnbbb
H
nHHH

H

+ E vvvnbbb
H
nHHH

H
�


 HHHbbbnvvv
H
n

+ �
2

b (HHH
�

HHH
T )
 IIIL

+ �
2

bIIIL 
 (HHHHHH
H): (15)

Further simplification of (15) requires differentiation between real and
complex systems.

A. Case 1—Real Systems

The underlined term denoted as AAA can be simplified as [21]

AAA = �4bXXX1 + �
4

bXXX2 + �
4

bvec(IIIL)vec
T (IIIL) + �

4

bIIIL (16)

whereXXX1 andXXX2 are block matrices, as in [21]

XXX1 =diag aaa1aaa
T
1 ; � � � ; aaaLaaa

T
L

aaa
T
l = 0; � � � ; 0; 1

l�th

; 0; � � � ; 0

1�L

XXX2 = aaajaaa
T
i

L�L
:

The first term of (15) then becomes

(HHH 
HHH)AAA(HHH 
HHH)T =�4b(HHH 
HHH)XXX1(HHH 
HHH)T

+ �
4

b (HHH 
HHH)XXX2(HHH 
HHH)T

+ �
4

bvec(HHHHHH
T )vecT (HHHHHH

T )

+ �
4

b (HHHHHH
T )
 (HHHHHH

T ): (17)

Expressing XXX1 as diagfaaa1; � � � ; aaaLg(diagfaaa1; � � � ; aaaLg)
T and

noticing that the lth column of diagfaaa1; � � � ; aaaLg equals aaal 
 aaal,
we obtain (HHH 
 HHH)XXX1(HHH 
 HHH)T = (HHH HHH)(HHH HHH)T .
Noticing that XXX2 = [IIIL 
 aaa1; � � � ; IIIL 
 aaaL], we have
(HHH 
 HHH)XXX2 = HHH �r HHH . After rewriting HHH 
 HHH as HHH �l HHH , we
obtain (HHH 
HHH)XXX2(HHH 
HHH)T = (HHH �r HHH)(HHH �l HHH)T . Then (17)
becomes

(HHH 
HHH)AAA(HHH 
HHH)T =�4b(HHH HHH)(HHH HHH)T

+ �
4

b (HHH �r HHH)(HHH �l HHH)T

+ �
4

bvec(HHHHHH
T )vecT (HHHHHH

T )

+ �
4

b (HHHHHH
T )
 (HHHHHH

T ): (18)

Following similar procedures in simplifying AAA and noticing the zero
fourth-order cumulant for a Gaussian random variable, we obtain the
second term of (15) [21]

E vvvnvvv
T
n 
 vvvnvvv

T
n =�

4

v(III� �r III�)(III� �l III�)
T

+ �
4

vvec(III�)vec
T (III�)

+ �
4

vIII� : (19)

Using bbbn 
 bbbn = vec(bbbnbbb
T
n ) and vvvn 
 vvvn = vec(vvvnvvv

T
n ), the third

term in (15) can be easily found to be Ef(HHHbbbnvvv
T
n ) 
 (HHHbbbnvvv

T
n )g =

�2b�
2

vvec(HHHHHH
T )vecT (III�). Its transpose becomes the fourth term. For

the fifth term, noticing that Efbbbn 
 bbb
T
ng = �2bIIIL, it can be easily

verified that

E HHHbbbnvvv
T
n 
 vvvnbbb

T
nHHH

T =�
2

bE HHH
vvvn) vvv
T
n
HHH

T
:

(20)
Explicitly expanding vvvTn 
HHH

T by the definition of 
 and combining
the corresponding random variables to evaluate the expectation, (20)
becomes

E HHHbbbnvvv
T
n 
 vvvnbbb

T
nHHH

T = �
2

b�
2

v(HHH�rIII�)(III�
HHH
T ): (21)

The sixth term is the transpose of (21).
Considering the results above for all terms in (15), we obtain (5).

B. Case 2—Complex Systems

We will take similar steps in the following. First,AAA is simplified as

AAA = �4bXXX1 + �
4

bvec(IIIL)vec
T (IIIL) + �

4

bIIIL : (22)

Similar to (18) and observing that no term involvingXXX2 exists in (22)
when compared with (16), we obtain

(HHH� 
HHH)AAA(HHHT 
HHH
H) =�4b(HHH

�

HHH)(HHH�

HHH)H

+ �
4

bvec(HHHHHH
H)vecH(HHHHHH

H)

+ �
4

b (HHH
�

HHH
T )
 (HHHHHH

H): (23)

For the second term, we have [21]

E vvvnvvv
H
n

�


 vvvnvvv
H
n = �

4

vvec(III�)vec
T (III�) + �

4

vIII� : (24)

The third term can be simplified as before. Its Hermitian equals the
fourth term. Due to an independence assumption between the real and
imaginary parts of a complex random variable, the fifth and sixth terms
are both zeros. Considering all above, we obtain (6).
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