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Asymptotically Near-Optimal Blind Estimation of
Multipath CDMA Channels

Zhengyuan Xu

Abstract—in this paper, correlation matching techniques are ap-  veloped based on SOS information of the received signal. Sub-
plied to estimate multipath code division multiple access (CDMA)  space methods can yield good estimates for channel parameters,

channels. We arrange unknown multipath parameters for each of o oy for 5 short period of observation if the channel order is
J active users in a vector. Then, the Output correlation matrix is

parameterized by J unknown rank one matrices, with each one KNown or estimated exactly [13]. Consistent estimators can also

formulated from the corresponding channel vector. This correla- be obtained by effective blind least-squares approaches [20],
tion matrix is further compared with its sample average. The re- [26].

sulting error can be first minimized to obtain unbiased estimates of In the CDMA framework, SOS-based methods using sub-

J unknown rank one matrices in closed forms. Thus, our estimator . . NV
for each channel vector is derived by singular value decomposition space techniques [1], [19], [24], [25], constrained optimization,

(SVD) on the associated rank one matrix within a scalar ambiguity. and beam-forming ideas [8], [22] have also been proposed re-
Itturns out that the performance of our estimator can be improved  cently. In this paper, we will study the applicability of correla-

by introducing an asymptotically optimal weighting matrix inour —tjon matching techniques to the code division multiple access

cost function. This weighting matrix can be estimated directly from - . . R
data samples only with a small penalty on the asymptotic perfor- (CDMA) channel estimation problem. Correlation matching is

mance. The asymptotic covariance of our estimator is also derived based on the SOS of the output as well. It has been successfully
and can be compared with the Cramér—Rao lower bound, both in - applied to estimate channel parameters when the spreading se-
closed forms. Simulation results show the applicability of the pro- quence for each user is aperiodic [27]. This method is a special
posed methods and consistency with our theoretical analysis. case of the method of moments, which has been widely studied
Index Terms—CDMA  channels, correlation matching, and successfully applied to a variety of problems such as blind
Cramér—Rao bound. identification [3], [23], detection and estimation [6], fraction-
ally spaced equalization [4], and time-varying channel estima-
I. INTRODUCTION tion [21].

IGITAL wireless services have recently become increas- As an SOS-based method, the correlation matching approach

ingly more demanding. Over traditional analog scheme%ﬁers some appealing advantages over other typical SOS-based

. L R éﬁethods [4]. It provides a framework for developing asymptot-
digital communications show much superiority in simplifie . o . )
ically optimal methods and asymptotic minimum variance esti-

modulation scheme, channel estimation, and receiver design. gtor a0ainst which other methods can be compared. This point
detect a desired user with lower bit errors, the knowledge of thn ad P ' P

. ! . . v¥|l also be revealed by our channel estimation results in the
channel experienced by that particular user is often required_tg ; .
mulations. Moreover, a closed-form expression for the asymp-

. ) ) ) i
build a receiver. However, the channel impulse response & n?ﬁtic variance of the estimator is achievable. It will be derived

priori known in many applications. Therefore, a lot of resear . :
has been conducted on channel estimation [1], [12], [14] or the channel estimate in the current paper. There are also other
' ' " advantages presented [4]. However, these advantages are estab-

For atypical digital communication system, channel 'mpuﬁ%hed by introducing additional computations due to nonlinear

response is usually observed to have finite order. Itis reasonaop}fimization. Long data records are normally required for the

modeled as a digital filter with finite impulse response (FIR)r'nethod to approach its asymptotic performance, as shown by

This assumption facilitates the estimation process, which 'Sur experimental results and comparisons with other methods.

sults in limited numb_er of_l_Jnknown_s_—ln many cases, only 2n order to apply correlation matching techniques to our par-
few parameters to be identified. If training symbols are not ava{l— . .

. L . cular problem, we collect chip rate received samples from each
able, blind channel estimation techniques must be used base%(t)n . .

S ) . DIt period in an output vector and collect unknown multipath

the receiver’'s matched filter output only. Second-order statistics . o
(SOS) based methods receive more attention and can providé)'ar_ameters for different users in different channel vectors. The
t?tput correlation matrix is thus a function of those channel vec-

liable results with a relatively small number of data points [4]. . .
. ; rs. If we formulate a rank one matrix corresponding to each
Many applicable methods with good performance have been de- . o .
channel vector, then the correlation matrix is parameterized by

rank one matrices, whereas each rank one matrix is overparam-
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obtain estimates for different channel vectors, all within ascalw_(n) ; : ; st
ambiguity. T Y

The proposed method provides estimates for all channels ; ‘ o® ; ; o)
multaneously. Due to the special structure of the signature wa :
form of the user’s information bit in a CDMA system, which i< Spectral Spreading a | Multipath Channel

a convolution of its channel and spreading code, channel iden- =~~~ T
tifiability can be shown to depend on all users’ spreading codes Fig. 1. DS/SS signal in multipath: discrete-time model.

and delays. In the uplink communication, these knowledge may
be known to the base station. In such a case, the identifiabiIM
condition can be checked. However, in the downlink, the mes
bile station may have no knowledge about other users. Thusrit Transpose.
imposes some limitations on the applicability of the proposed Complex conjugate.
method. This will be discussed in more detail in the paper. It is Hermitian.

true that all blind SOS-based methods suffer from the inability Inverse.

to estimate Fhe pha§e .of the chanpel_. Our method also giveslt\hﬁationC(kl; k2, :) from Matlab is also employed to indicate
channel estimate within that ambiguity. a block of matrixC from the kth row to thek,th row. An

To obtain our optimal estimator for the overparameterizesherationvec on a matrix will stack the columns of the matrix
rank-one matrix in our first step, it is suggested in [16, Ch. 3fom the left to the right into one long vector (see [10, Ch. 12]).
that the optimal weighting matrix has to be considered in the
matching cost function. In our context, this weighting matrix is Il. PROBLEM STATEMENT
der_ived as afunction of true channel parameters. It can also b?n a DS-CDMA system, let usef, j = 1 J use a
estimated directly from the observed data, which only resu'st,lgreading code;(k), k = 1, ..., P of length P to transmit?

in a small penalty on the asymptotic performance. Howev%hips per information symbol. Let the chip sequence be trans-

our estimator for channel parameters is obtained by a tWO'Str?‘Eted through a multipath channel with a discrete-time base-

procedure. To further investigate the near-optimal property Bhnd impulse responge(n) (including the transmitter and re-
the proposed estimator, we also derive the asymptotic covacrﬁ

¢ . based bation th 7 Ch iver filters); then, the received discrete-time sigy{al) at the
ance for our estimator based on perturbation theory [7, Z ip rate receiver is a superposition of the signals from all users

For comparison, the Cramér—Rao lower bound (CRLB) of ”}ﬁus noisev(n) (see [22] and Fig. 1)
asymptotic estimation error is also presented. Simulations are

rounding down to the nearest integer.
Kronecker product (see also [10,Ch. 12]).

performed to verify our theoretical analysis. J
The structure of the paper is as follows. In Section IlI, a y(n) = Z y;(n) +v(n)
DS-CDMA model is described. The weighted correlation J=t
matching approach is derived in Section lll, whereas its o — UNE (o
performance is analyzed in Section IV. Section V presents the vin) = z—z; wi(Dhj(n =75 = 1P)
asymptotically near-optimal solution based on data samples T
onl_y. Brief discussior?s on t_he properties of the proposed_ hj(n) = Z gi(m)c;(n —m) (1)
estimator and comparisons with subspace methods are made in Me—oo

Section VI. Simulation results for the proposed methods and

comparisons with other SOS-based methods are shown in Ségerew;(n) is zero-mean, infinite independently distributed

tion VII. Finally, some conclusions are made in Section V1. (i-i.d.) information-bearing sequence of ugej = 1, ..., J)
Standard notations are adopted in this paper. Nonbold syWjth equal power of, = E{|lw;(n)|[} = oF, h;(n) is its

bols denote scalars, uppercase boldface letters are used for Hff1ature waveformy; is the delay of usef in chip periods, and

trices, and lower boldface ones are used for vectors. v(n) is assumed to be additive white Gaussian noise (AWGN)

. ; B > .
Re(-) and InT+) real and imaginary parts of their contentd/th Zero-mean and varianeg; = E{|[v(n)||”}. Without loss
andi = /1, except as the subscriptOf generality, we may assume that the delay< 7, < P.

index to represent the imaginary part e WI|| also assume_thajj(n) has_ finite |mpuls_e response of
maximum ordey (typically ¢ < P in many applications).

some cases. . -
B{) Expected value If we collect P + ¢ samples ofy(n) in a vectory(n) =
i Diaconal matrix (if its elements are YD - y(nP+P+q)]* and similarly define the noise
lagf-} 'ag X ('. ' 77 ~vectorv(n), then from (1), the received signg@in) becomes
scalars) or block diagonal matrix (if its
elements are matrices). J }
I k x k identity matrix. 57(71) = Z [Cj71gjwj(n) + ijggjw]'(ﬂ - 1)
0 Zero vector with proper dimensions in the j=1
context. ~ -
+ C,; xwxn—i—l}—i—vn 2
O zero matrix with proper dimensions in the 585 ) () @

context. 1The difference in power can be incorporated in the channel.
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where interference from other symbols is taken into account, [Il. CORRELATION MATCHING APPROACH
8 = 19;(0); .. g;()]" s the multipath channel vector of ¢ i \well known, the correlation matri® is Hermitian,
usery, andC;, 1, Cj,2, C;, 5> have following structures: where there is much redundancy. In order to reduce computa-
M ei(1) 0 tional complexity, this redundancy will be removed before it is
used in the matching context. The reason will become clear in
¢;(1) later sections.
C, =
¢;(P) : A. Redundancy Removal Ri
i If we write the complex matriR in an explicit form aR =
L 0 -o(P) R: + iR,, whereR; andR, are both real, then frolR =
. r 0 R, we obtainRY = R; andRY = —R,. Therefore, we
Ci1= & (1: P4q—1; .)} (3  consider only those elements in the lower triangular paR pf
IR =7 together with diagonal elements. Similarly, only those elements
& [C;,(P+1—1;: P+gq, :)} in the lower triangular part aR, will be used becausBR? =
2= I 0 —R», and all diagonal elements are zeros. In order to obtain a

) 0 closed-form solution fo&fugjgf, we operaterec onR asr =
(3],7 5= | - } ) 4) vec(R). This makes: = ry + ¢ry valid, wherer; = vec(Rl_)
andr, = wec(Ro). Furthermore, to perform all computations

LCj(lig—1y, 1)
For clarity of presentation, we restrict our attention to quasisyop real numbers;, andr; can be putina new vector as [2, Ch.

chronous users [9], wherg < P. The method can be easily ex- ]

tended to asynchronous CDMA systems. Considgaita points r, Re{vec(R)}
fromy(n) and formulate a partial data vectpfn) = [y(nP + r= [ } = [ }
P—v+1),...,y(nP+ P)¥ with P — v = max(q + 7;) Im{vec(R)}
( = 1,..., J) to eliminate an intersymbol interference (ISIJTo remove redundancy i, andr,, we use two selection ma-
effect? A similar definition is applied to the new partial noisetricesL; andLs to pick up the interesting elements, respectively
vectorv(n). Then, from (2), we can obtain our input/output re-

(8)

ro

lationship z; = Ly, zy = Lory 9)

J with

y(n) =Y Cigjw;(n) +v(n) = Hw(n) +v(n)  (5) ) )

i=1 L, = diag{Iw L} ; Ly =[L Oq/2p-1)x.] (10)
where C; = C; (P — v + 1. P,:), w(n) where
[wi(n), ..., ws(n)]*, and

L =diag{Ly, ..., L,_
HI[hl, ...,hJ],,XJ7 hJICJgJ (6) . g{ ! 1}
LkI [O(ka)xka I,,_k], /{;21, ey v—1. (11)

The output correlation matrix can be easily computed from (5)
Therefore, ifz; andz, are also put in another vectar

J
R=0}3 C,gg/ C/ +oL (7) -
j=1 z = [ } (12)
Zy
For a general discussion, we assume all code matrices, chan-
nels, inputs, and noise are complex (e.g., QPSK modulatioff}en it is related ta- by
then,y(n) andR are also complexFrom (7), itis clear that the z=Lr. L = diag{L,, Lo} (13)

output correlation is parameterized by g;g! ando;. Since

07,88 is arank-one Hermitian matrix, ghas all real eigeng, order to avoid possible confusion, dimensions of some ma-
values and one largest positive ones{fg; g’ can be obtained trices and vectors mentioned above, as well as their real or com-
from the knowledge oR, then SVD can be performed on 'tplex properties, are indicated in Table I.

to obtain its eigenvector associated with that unique maximum; -an pe observed that bofy, andL, have full row rank
eigenvalue._Th_is eigenv_ector is then ourestimatgjqﬁ/ithin a  with each row having only one nonzero element (“17). After
scalar ambiguity. \gVe will treaR as a general func;c;on of OU this selection operation, in total? redundant elements are re-
unknownsg; ande;, and focus on estimating;,g;g;’ ando?  yyed fromr. This operation is helpful for both the identifia-
next, based on correlation matching techniques. bility of unknown parameters and the complexity reduction for

2C;,5 will becomeO if 7; > ¢. . 5To expose it in short words, the weighting matrix used in the matching cost
3In an asynchronous system or when ISl is present, the proposed methodsigagtion [see (33)] will reduce its dimension. Thus, a cost-efficient estimate for

be easily extended, as explained in Section III. the optimal weighting matrix from data samples can be achieved [see (84) and
4The case of all real numbers can be more easily treated. (85)].



2006 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 49, NO. 9, SEPTEMBER 2001

TABLE | As we have shown in (8) is determined byR.. According
DIMENSIONS AND PROPERTIES OFSOME MATRICES AND VECTORS to the expression faR. in (7)’ we have
Matrices or Vectors Dimension Properties r= UGC(R) =Qd+ JEUGC(I,,) a7
R VXV complex where
Ri Ry vxy real Q:[Qla [RRE QJ]a Qj:Cj@)CJ (18)
L, vy +1) x 12 real and
_1aT FRYS . — .
Lo %V(D _ 1) % 12 real d= [C121 ). '1'17 dJ] ’ d] - UCC(G])
) G; =0,8;8; - (19)
L; (v—k)xv real
) SinceQ andd are both complex, we partition them into real
L v —1) xv-1) real and imaginary parts as
L vixas real Q=Qn+iQ;.  d=dgtid, (20
y(m) vxl complex whereQgr, Q;, andd g, d; are all real. Thend explicitly has
r1, T2, % W2 x 1 real its real part and imaginary part
r 22 x 1 real Qd = (QRdR - QIdI) + i(QIdR + QRdI)- (21)
z v +1)x1 real From (8), (17), and (21), we obtain
2o wv-1)x1 real r = IIx (22)
T v x1 complex where
dr
the method. Hence, we can apply correlation matching tech- 1y — Qr —Qr wee(ly) 7 x=|d;|. (23
niques to match the resulting real vectanstead of. However, Qr Qr 0 9
O—’U

the derivation of the estimate faris not obvious. Motivated

by (13) and (8) in our framework, we will derive this estimatgn (22), 11 is a real matrix depending on code matrices and de-
zy from the estimate for. If we adopt common practice andjays of all users, ang is a function o whose relationship will
use the sample average/N) Y-1_; y(n)y" (n) from N data be further illustrated next.

windows to approximate the correlation mati then from From (16),g;., g;i, ando? can be picked up fronfl as the

(8), the sample average sfcan be obtained following:
. A [fl,n} vee [Re (Rn)} g =Sp0,  Sj =T oL )Ixk10] (24)
e N n=l " "o T2,n - vee [Im (f{ ):| gji =S;ib, Sji= (é§+j @I,41)[Ix-10] (25)
- " o2 =elg (26)
~ H v T YK
R, =y(n)y” (n). (14)

wheree; ande;,; are both unitary vectors of leng#y with
jthand(J + j)th element equal to 1, respectively, whereas
is also a unitary vector of lengthi’ with a K'th element equal to
1. Therefore

Therefore, the estimate farreadily follows:

on = L. (15)
B. Relationship Betweenand Channel Parameters gj = 8;n0 +1iS;:0 (27)

Before presenting our cost function by matchingith z,, from which we have
we will first investigate the relationship betweerand our un-

knownsg; ands2. Let us first work orr because our unknowns g8l = (SjTooTSE)Z';* - SjiooTS};)
are embedded in, andz is related tar by (13). In our problem, + i(sjiggTszr + SjraaTS};)- (28)
there are, in totalK’ = 2J(¢+ 1)+ 1 unknown parameters. We
put them in a real vectd? Hence, according to (19 can be expressed as
0 = [g{m Tt g?r? g{zv Tt g?z? O—'E]T d = T,,vec(eeT) + iTivec(HHT) (29)
g;r =Re(g;), g;i = Im(g;) (16) ’5|f all users are asynchronous, the}y becomei] T0C 1 +CL®

o ) .2+ C5 s ©C; 5, whereC; . (k =1, 2, 3)is S|m|larly defined a&C; &
and similarly, defind, to be the true parameter vector. in (3) and’ (4)
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where and thereforeélj is related taxy by
S1r ® 81 — 81 @8y d; =[0,...,00410,...,0il410,..., 00ky.
T, =02 : (37)
As we know from (19).d; is the resulting vector ofAtheec
:SJT ®8sr — 85 @ SJZ‘: operation onG;. Hence, the reversecc operation ond; can
S1r @ S1; + 81 © Sy be performed to obtain our estima#; for G;. Each column
T; =02, : ) (30) of G is constructed by successwely p|ck|ng @p 1 elements
from d
| Ssr @87 +S5i @Sy, ] X X X X
L . G, = [d;m], djm=[0,...,0L0,...,0]d; (38
Considering (23), (26), and (29) togetheiis related tdd by 5 = [dim] J [ ot d; (38)
TTUCC(MT) form =1, ..., ¢+ 1 columns. Substituting (37) into (38), we
T have
x = | Tyvec(00”) | . (31)
elsa Gj = [Pm, ;XN]: m=1...,qg+1 (39)

Therefore, from (13), (22), and (3B)js determined by as the whosemth column is obtained via a selection operat®p, ;

following expression: onXy
T
LIIx — LII e (32) Fmd =Bl © lon
zZ = X = . . .
T; vzc(zo ) 1014 i 1) (g41)tm @ Ig41, 01 (40)
K

Once matrixG; is obtained, our estimate for channel veatgr
C. Proposed Estimator readily follows, as explained in the sequel.
Observe that matrit; = o2 (g;gY) is a rank-one matrix.

Since we have shows as a function of} in (32), the fol- If we operate SVD on it, we can obtam

lowing standard cost function can be adopted to matelith a

positive definite weighting matriM o2 gng _ )\jajaH (41)
w J J
Tv = (5 TM(5 . . . . .
Iy =(2y —2)” M(2y —2). (33) where); is its unique maximum eigenvalue and positive
After substituting (15) and (32), it becomes A\ = o2 ngHQ (42)

Iy = (ty = Tx) "L ML(Ey — TIx). (34) anda; is the corresponding eigenvector
If we substitutex in (31) into (34), we observe thaty will %3

be the fourth-order function of our unknown parameter vector a; = 8; (43)

6. This highly nonlinear cost function will introduce much dif- ”gl I

ficulty in estimation. Therefore, we propose two steps: first, @hereg; is the phase ambiguity. Therefore, from (42) and (43),
estimatex and then, to obtain our unknown parameters from the can be determined by; andea; as

estimate ok. Under this consideration,y becomes a quadratic

function ofx if M is constant and a unique and closed-form so- io, A
lution to minimize (34) can be derived, which is g =B Vay, Bi= o2 (44)
Ty T 17y T o
Xy = (II' L" MLIL) "' II" L” MLi . (39) within a phase ambiguity,;. Based on these analyses, our esti-

In this first step result, the weighting matrix can be any p03| mate ofg, then has the following expression:

tive definite matrix. For simplicity of the algorithm, the iden- <

tity matrix is usually chosen. We will discuss later its choice g = Bje—i%j&j, /3]' =4 /_;' (45)
with asymptotically optimal performance f&r . Of course, the Tw

overparameterization kyy will cause some performance loss in
estimating the channel parameters. Where()\J, &;) is the maximum eigenpair of matn@J, and

In our second step, we will obtaiy; ands2 from % . Ac- ¢J is the phase ambiguity. Equation (45) tells us ggatan be

cording to (20) and (23);1 can be reconstructed frofy as estimated within a phase ambiguityaif, is known or within a
scalar ambiguity i is not available.

ur

~

d = [Lyg41)2iL(441)20]X N (36) Meanwhile as a byproduct, the estimate for the noise power
. A is obtained according to (23) by taking out the last element of
From (19), we can seled; from d by XN

d; =[O, ..., 0L 4410, ..., O]d 62=100,...,0, 1] %n. (46)
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IV. PERFORMANCEANALYSIS B. Asymptotic Covariance éfy

One may doubt that our two-step estimation procedure canfccording to [16, Ch. 3], the asymptotic covariancezgf
provide reliable estimate for channel parameters. Thus, asyrRfRYS animportantrole in optimal estimation. Therefore, we will
totic estimation error for the proposed estimator needs furtHét focus on developing an expression for it.

analysis in this section. The normalized asymptotic covariancezaf generated bg,
is defined as
A. Identifiability S(60) = lim NE{(zy —z0)(2y —20)"}.  (48)

In the first step of our estimation, the solution obtained in (35 o A .
exists only when the square matiik’ LY MLII has full rank. Substitutingz, andz v according to (13) and (15), (48) becomes
This matrix is determined by users’ spreading codes, delays, and . . o N NTT
the length of the channel, as seen by (18) and (23). Part of this 3(60) =L lim NE{(tx —ro)(fx —ro) JL7.  (49)

information may be available to the receiver, such as codes afifl.e |5 is eliminated by properly choosing data windows and

delays in uplink communication by the base station. Then, the js 5 independent sequence, then by using (14) and the inde-
|den'F|f|al_)|I|ty co_ndltlon can _be checke_d for a particular Com[)endent assumption éf,, (49) can be simplified as
munication environment (with soreepriori knowledge about

channel’s order) before estimation. Since the proposed method 3(60) = L(E{t,t1 } — rord )LT. (50)
is a blind method, itis not possible to determéangriori whether ) o ]
the condition is satisfied for all applications [4]. For exampld=auation (50) indicates tha(6,) can be computed fro if
in the downlink, the mobile user may have no knowledge aboft n Ty can also be expressed 8.

other users, although it can acquire its timing based on othefAccording to (14)£.£7 can be expanded as
techniques. Therefore, for the proposed method to succeed, all

codes and delays have been assumed to be known/estimated. torl = l
These limitations on the applicability of the proposed method

are not uncommon when channels for all users are estimate_qﬁiﬁe let (e.g., [4])
multaneously. Instead, when the channel for only one desired

(51)

N T N T
rl:"rl,n rl,”/rQ,n‘|

A /\T A /\T
r2:nrl,n r27nr2,n

user is estimated, the condition has been relaxed in SOS-based 5 5 T
' U, = R, R, 52
approaches [1], [19], where only the spreading codes of the de- L= vee ( ) [wc ( )} (52)
sired user is required while the delay is estimated. Ty —vee (R ) [UCC (R ):|H (53)
It has been shown that the rankidf LY MLII depends on " "
all delays. The arrival time for each user may be arbitrary. For 50\ . L
a quasisynchronous system [8], < P. It is a plausible con- and observe thatec (R" = Fin + itz from (14), then

jecture for typical applications that this matrix has full rank if, . .7 . . e AT naT

M is nonsingular and positive definite andilT has full rank, ¥ = (flinl:lT:n 1:2:"2771) + L(l:lnf;n + f?ml:lT,n) (54)

which requires/? > [2J(q + 1)? + 1]. However, we are still v, = (rl,nrl,n + 1”2,n1°2,n) + 'L(P2,n1‘1,n - 1°1,n1“2,n)~ (55)

unable_to provide a proof at_ this _pomt. Under these condltlor‘._srom (51), (54), and (55), we obtain

our estimatoky exists and is unique.
In order to see ifx, asymptotically converges to its true E{#,#1}

value, let us denotey, zg, andxg as values of, z, andx at . Re(E{®,} + E{¥,}) Im(E{¥,}— E{F,;})
6 = 6. In our framework, the following holds: 2 | \m(B{®,} + E{¥,}) Re(E{¥,)}— E{®,])
(56)
1 <
lim — Z y(n)yH(n) = E{y(n)y" (n)}. In (56), E{¥} and E{¥} are not difficult to obtain because
N=—oo N ¥, and ¥, are both explicit functions aR,, or, equivalently,

) y(n)y* (n). We will present this computation result by the fol-
Therefore, together with (8) and (14), we can conclude that ggying Lemma.

N — oo, ty will converge tor,. Furthermore, according to | emma: Under the following assumptions:

(22) and under the identifiability condition, we have AS1) The noisevi(n) (k = 1, ..., 1) is circular complex

AWGN with zero mean, variance?, and independent
lim %Xy =xg (47) of wj(n), E{vi(n)} = 0. N . _
N—oo AS2) w;(n) is a zero mean, i.i.d. sequence with circu-
larly symmetric complex constellation and variance
E{|w;(n)]?} = o2. This meansE{w;(n)} = 0,
E{w}(n)} = 0,andE{w?(n)} = 0.
AS3) The fourth-order moment afi;(n) is E{|w;(n)|*} =

T4y -

which indicates thak y is a consistent estimator &f. Since
our estimate3, is obtained fronk y by linear operation(; is
unigue and asymptotically consistent with. The SVD oper-
ation in our second step will also lead to our estimate wiggre
is unigue and asymptotically consistent wgghwithin a phase
ambiguity. “There will be more terms if,, is not independent.
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E{®¥,} andE{¥,} are functions o ands? as follows?

E{¥,} =0 vec(HHAY Jvec” (HHY)
+ (mayw — 205)(H* @ H)BH? @ HY)
+ ot (H* o M)A, (HY @ HY)
+ otvee(L, Jvect (L) + ot As
+ 02 o2 [vec(I, vect (HHY)
+ vec(HH? Yvect (1,)]
+ o2 02[(H* © L) A (I, @ HY)
+(L, oA H" o L)
E{®,} =0 vec(HH" Jvec (HH™)
+ (may — 205)(H* @ H)B(H” © HY)
+ o (H*HY) © (HHY)
+ otvee(L, vec” (L) + o1,
+ 02 o2 [vee(I, )vec! (HHH)
+ vee(HH? Yvec (1,)]
+o202(H'HY) @1, + I, @ (HHY)] (58)

w

(57)

where

1 _ o T
Ay =SS

st =10,....,0, 1 ,0,...,0
S~~~

L lth element d1ixJ

A, = [Ag)l} ’ AZ = st
A Ixe ’

u’ir: 0’...,0, 1 aOa""O

L lth element d1ixv
Az = [Aig)l} xv’ Ag&g)l = wuy,
B =diag{s;s?, ..., syst}.

Proof: See the Appendix. =

SinceH is a function of true channel parametefs, ¥, } in
(57) andE{®,} in (58) can be determined 4. According
to these two results and (56), we can obtaife, +1'}. There-
fore, the normalized asymptotic covariarkéd, ) of z 5 in (50)

2009

the perturbatio; —g ;o andx y —xo. Combining these results,
we can achieve our goal.

First, let us define the normalized asymptotic covariance of
XN

COV, = Alim NE{AXAXT}, Ax = %xx — x9. (59)
— o0

Becausex is determined by x in (35), COV, can be ex-
pressed as a function of the normalized asymptotic covariance
of ry

COV, =W A}iln NE{(ty —ro)(ty — rO)T}WT (60)

where

W = (I L"MLI) ' LT ML. (61)
According to (49) and (50), (60) is simplified to

COV, = W(E{t,t1} — rord YW, (62)
Utilizing the result for E{#,#Z} — rord in Section 1V-B,

COV, can be computed from the true parametem@n

Our estimate of channel vectors are from the eigenvectors of
matrix G in (39), which is the estimate of true val&;, =
o,igjog%. Let us similarly define the error

AG; = G; — Gy

in estimatingG ;o. Then, based on (39\G; can be derived
from Ax
AGj = [PL]'AX, .o

. Pt i AX]. (63)

Next, we will investigate how the error in estimatif;o prop-
agates to the estimate of its eigenvectors.

According to (42) and (43)x,0 has a unique nonzero eigen-
value&;

& = og llgsoll? (64)
and the corresponding eigenvecijrcan be chosen as
B, = B0 (65)
llgjoll

is explicitly determined by true channel parameters and noiggereas all othey eigenvalues are zero with associated eigen-
power. It will be used to evaluate the theoretical performan%ctorsg form = 2 g+1. We only focus om\ 3, the per-
- N ,

against which experimental results can be compared.

C. Performance Analysis of Asymptotic Covariance of the

Proposed Estimator

turbation ong; corresponding to the maximum eigenvafije
According to [16, Ch. 3]Ag will be asymptotically Gaussian.
Therefore, we will only investigate its first-order perturbation.
Based on perturbation theory (e.g. [7, Ch. 7]), the first-order per-

We have shown that the estimafrands? are obtained by turbation off3, is given by the following expression:

our two-step approach. One may wonder about the performance

loss for our solution. In this part, we will analyze the asymptotic 1 H
covariance of our estimator for both the true channel vegjgr AB = & 222 (B AG;B)B. (66)
of userj and noise power. We first derive the asymptotic co- "=
variance ofxy from our first step approach (35) from whichif we denoteg, asg, = [fu].l = 1, ..., ¢ + 1, then from
G; in (39) is obtained, and then, we apply perturbation theo($3), the scala,BfiAGjﬂ1 in (66) can be computed
to eigenvectors of matri&:; and illustrate the relation between -

8Here,H ando? refer to their true valuedH is obtained according to (6). ﬁgAGjﬁl = Z /3ll(ﬁgPlyij). (67)

For the sake of notational convenience, subscript “0” is omitted. —1
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Hence,Ag can be derived fromAx by Then, it is shown in [16, Ch. 3] that it is determined by
g+1 g+1 B(0y) = U(00)Z(6,)U (6o) (75)
Z > BulBiP ;A%)B,,. (68)
m=2 [=1 where, in our context with cost function (33)
However,Ag is complex with its real pa\3, and imaginary U0 = FT (0. MFOLFL (8. )M 76
partAg;. We need to construct a new corresponding vector with (80) = [F"(80) (90)] (80) (76)
all real elements F(0) =[Vs,z, ..., Vo, 2], F(0o) = F(0)|o=s,- (77)
AB/' _ [AﬂgAﬂ}P]T 61 ~ 0 areK successive elementsénlt is also established in
! [16, Ch. 3] that wheM = X~1(8,), ®(6,) achieves its lower
and define the normalized asymptotic covariancessf; as boundB(6,)
. 2 A B(#y) = [F1(00)=71(60)F(6o)]*. 78
COVy,, :A;I_I)%ONE{AﬂjAﬂ]T}, (60) = [F" (60)%7 " (60)F(6o)] (78)

To obtain the expression f&(6,), F(8,) needs to be evaluated,
which requires the knowledge 8, z. These derivatives are not
hard to evaluate becaugdn (32) is an explicit function o#.

Using the same technique as in Section IVEB)V,; can be
obtained fromAg

Re(2; + O Im(©2; — Q2 Since
covgj:%{ 2+ ) Im(, 2)} (69)
Im(ﬂl + 92) RdQQ - Ql) UCC(QQT) _ [eloT’ . el(oT]T
where
we have
Q, = lim NE{ABABTY,
L= i NEAABAB™) Vo, vec(007) = (0,7, ..., 0, 1T, 67
_ : H
= lim NE{ABAB™} (70) +05e5, 6j41e], ..., Oxef]”
From (68), both€2; and €2, are not difficult to obtain from =[0", ..., 0%, 6%, 0", ... 0T]"
COV,, which gives us +veclfrel, ..., Oxe] ]
erl gl =e; ©0 +vec(8” @e;). (79)

1
= ? Z Z Therefore

1 my,mo=2 {1,lo=1

[ﬂml ,,12/3111/3112 (ﬂnlIPh?J)COV ( Iz, Jﬂ;knz )] T e; R0+ ch(aT ®e;)
(711) Vez=LII|T; O . (80)
q+1 q+1 of ol ©€j
DYDY -
S Sl From (77) and (80), we obtain
(B B, B, By, (Bor P, ;) COV(PE B,..)]- F(6) = LIIT(6) (81)
(72)
where
Therefore, based on the previous resul@®V,, COV,, can T o
be d_irgctly obtained from true pare_xmetér)s . . " Ik ©0+001Ik)
Similarly, from (46), the normalized asymptotic covariance TO)=|T; I . (82
of the estimate of noise variance can be derived as o7 T K

COV,: =0,...,0,1]"COV,0, ..., 0, 1]. (73) Hence

This concludes the derivation for the normalized asymptotic co-  B(6) = [(LIIT(6y)) =71 (6o)LIIT(6,)]*. (83)
variance of all parameter estimates and will serve as a perfor-

mance measure of the proposed estimator. Based on our result f(E(oo) in Section IV'B, the CRB in (83)
can be evaluated directly from true parametkys
D. CRB of Asymptotic Covariance As far as the lower bound for a particular channel vector or

Our estimator is from a two-step approach. For compansgg?'se power is concerned, we can partitiB(f,) into (2. +
purpose, we will derive the CRB (e.g., [18]) of asymptotic cot 2] + 1) blocks with the(rn, /)th block entry asB,.,; for
variance of optimal estimator. Let us defiéie v to be the op- "% ¢ 2‘] + 1. According to our definition of parameter

timal solution to true paramete#l and the asymptotic covari- vectoro the entryB,,,, has dimensiorfg + 1) x (g + 1) for
ance ofd, v as m,l=1,...2J andis a scalar fom = [ = 2J + 1. Then, for

the interest of channel estimate for ugethe bound for its real
and imaginary parts can be obtained by taking out(the)th

~ n T
®(00) = i NE{(Q":N - 00) (007 N 00) } (74) and(J + 7, J + j)th block matrices ofB(6,), respectively.
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Similarly, the last element of the last columnB{é,) will be As an SOS-based method, our method provides an asymp-
the lower bound for the estimate of noise variance. totically minimum variance estimator if the weighting matrix
is optimal. A closed-form expression for the asymptotic vari-

V. ASYMPTOTICALLY NEAR-OPTIMAL ESTIMATOR ance of the channel estimator has been derived. It can be eval-

) ) o ) uated for a given communication system and can be used to

As shown in [16, Ch. 3], if the weighting matrikI in our  compare with both other methods and the experimental perfor-
cost function (33) is equal to the inverse of asymptotic covatliance of the proposed method, as will be seen in our simu-
ance matrix ofzy (%(6o)), then the asymptotic optimality of 4ons. Since the optimal weighting mat®—(,) depends
our estimator fo, can be achieved by considering the cogj, trye values of the unknown parameters, it is agiriori
function as a function o instead ofx. Now, due to the high qwn. However, this matrix has been shown to be directly es-
nonlinearity of this cost function with respec@pdifficulty will - imated from received data samples, achieving the same asymp-
be encountered in obtaining a closed-form solutior#prone 4t performance. Thus, if there is sufficiently large amount of
can apply the gradient decent method to iteratively search fig, (v . ), then compared with the optimal estimator, per-
minimizer of (33), as discussed in [4]. This adaptive implemeRs;mance loss from the proposed estimator becomes negligible
tation requires further investigation, which is beyond the scopge tg the consistency of estimate for the weighting matrix. It is

of the current paper. _not surprising that significant performance gain over subspace
It is established in [16, Ch. 3] that the same asymptotic P&fhproaches [1], [19] is observed in our simulations whgis
formance can be achieved when large. However, long data records are required for the method to
. approach its asymptotic performance, as shown by our experi-
M = %7*(6o) (84) mental results and comparisons with subspace methods.

. As a tradeoff, a certain amount of data needs to be accumu-
where3(6,) is the consistent estimate B{6,). The asymptot- |ated before estimation in order for the matBix@, ) to be full
ically optimal estimator fox, is then determined by (35). Forrank. In addition, the computation is expensive since the in-
the current problem, however, our approach to estimate chanpglse of$3(6,) is not easily updated and thus has to be com-
vectors is still near-optimal due to the fact of two-step Proc@uted at each time. This matrix has dimensidnx 12, where
dure, but substantial improvement can be achieved by choosjng the length of the data vector. Thus, the complexity is about
a weighting matrix as (84), as will be seen in our simulatiogy(,6) Compared with the subspace method, it is tremendous
results. This requires the sample estim&@,), which is not \here the estimate of the noise subspace requires only compu-
hard to derive. tations inO(%). The complexity of our method also depends
In(50),ro = E{ty}. We can use sample averages to approxin the number of users in the system. However, this cannot be
mateE{#,#;, } andro. Then, it becomes an easier task to obtaiggided if all channels are estimated simultaneously. The pro-
3(6o) from samples, which gives posed method is more desirable if performance instead of im-
plementation cost is of particular concern.
The current paper aims at multiuser channel estimation. It re-
quires more information for all channels to be identifiable than
. . those in subspace methods [1], [19] with the interest of only a
N N B )
L <i Z s ) <i Z o ) L. (85) particular channel at a time. We have assumed that the system
n N 2 is quasisynchronous [9] and that all users’ spreading codes and
delays are known. In [19], the delay is assumed to be multiples

n2=1
Itis easy to show thaﬁ)(ao) in (85) is asymptotically consistentOf chip period (thus chip delay) and estimated in the initial syn-

with (8o ). From (14),, is determined by the observed dat&hronization by extensive searching from a _set with finit_e ele-
y(n) as follows: ments. It can be seen from [1] that even a single delay is very

difficult to estimate if it can take an arbitrary value. There is
. {vec[Re(y(n)yH(n))]} no doubt that estimation for delays for all users is still an in-

N

1 o T
N Z (BnF7,)

n=1

33(00) =L LT

ny =1

(86) teresting topic in the literature. Joint estimation of delays and

H
veeIm(y(n)y” (n))] channels based on correlation matching techniques need further

Substituting (86) in (85), we arrive at our estimated asymptot'i%ve_St'g"]‘t'on'_In a(_jd|t|o_n, phannel or(_JIer als_o pl_ays an '”?PO”‘?‘”‘
covariance matri>$)(00) directly from samples/(n). role in our estimation, similar to the discussion in [19]. With this
Since the inverse oﬁ(eo) is required forM according to information, our blind estimator can be obtained under identifi-

(84), if the matrix(6,) is ill conditioned for some data points,":’Iblllty conditions.
replacing its negative eigenvalues with zero and using pseudo-

inverse are highly recommended [4].
VII. SIMULATIONS

VI. Discussions Our experiment is performed to test the proposed methods in

We have developed a correlation-based channel estimatiections Il and V and make comparisons both with our theoret-
method. Its advantages and disadvantages should be clarifiedcat analysis in Section 1V and with other SOS-based methods
addition, comparisons with existing methods need to be madsuch as subspace methods [1], [19]. The performance of these
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MSE of estimate for g,

methods is measured in terms of the mean square error (M¢ .
of estimators. L

Five users in a DS-CDMA system are simulated to transmr
1000i.i.d.{£1+14} symbols with equal power by QPSK modu-
lation. The 15-dB AWGN is added to the input. These inputs a
spread by independently and randomly generated binary sh
codes{+1} with spreading facto” = 16. Different chip se- ¢
quences pass through different multipath channels with orcg |\ =
q = 2 for five users. Channel vectors of all users are arbitraril%
selected and normalized as follows: 5

I T
: Optimal M

: Estimated M

< iM=1

: Limit (optimal M)

:Limit (M=1)

g1 = [0.3669 — 0.5007, —0.3791 + 0.36314
—0.1423 — 0.56474]%

g2 = [-0.6351 + 0.3604i, —0.0777 — 0.3158i
0.5959 + 0.0770i]* " . ‘ . . . , .' ;

g3 = [0.0303 + 0.37914, 0.4449 + 0.0545i O ooy
0.6081 — 0.5335¢]%

g4 = [0.4922 + 0.0284i, —0.6260 + 0.43804
—0.3944 +0.13314]" MSE of estimate for g,

g5 = [-0.4131 — 0.36774, —0.5045 + 0.44364 R T
0.1501 — 0.4694i] "

Fig. 2. MSE of estimate for the real part of one channel (channel 1).

o
: Optimal M

: Estimated M
TM=1

: Lirnit (optimal M)
: Limit (M=1)

01|

Assume all signals from different users arrive at the matchi 1~
filter simultaneously. Upon its output, we colleet= 14 sam-
ples for each symbol period, as described in Section Il. Witho °'“
loss of generality, we restrict our interest in presenting only tt e v
result for one of five users (e.g., channel 1 for user 1). We e%"”a" SR
pressg; in acomplexforng; = g1, +igy; withreal parig;,, = & ©
[9r0, gr1, gr2]” @andimaginary pag1; = [gi0, g1, gi2]" . Con-
sider the MSE of them according to "y

S
w
@D
b=

Ky

1 .
MSE(gi,, N) = e Z &1:(N, k) — gor1?
k=1

% 1 A
Ky 100 200 300 400 500 600 700 800 900 1000

107 ;
1 N 2 Number of received data vectors (N)
MSE(g1;, V) = I Z g1 (N, k) — g1
Lok=1 Fig. 3. MSE of estimate for the imaginary part of one channel (channel 1).

for IV received data vectors and totAl, Monte Carlo runs,
whereg,,.(NV, k) andgy; (N, k) are the estimates in thigh run.  (83) as the trace of a corresponding submatrix and computed
In the experimentk; = 50. As discussed in Section I, can as2.6 x 107°. It can be seen that the experimental MSEs are
only be estimated within a phase ambiguity asc*® a;. In  very close to their limits. The MSE fdvI = I reache® x 103
order to obtain a reasonable comparison between the charafegr 1000 bit periods, which is very close to its lirfik 10~32.
and its estimate, we use the first coefficienteqf (g0 + ¢9:0) However, they are both much higher than the MSE for other
as a phase reference after the consideration that three estimatedcases. The MSE foM = 3-1(6,) reaches’ x 102,
elements ing; may have different phase ambiguity. which results in only a little penalty compared with the case
Fig. 2 shows the MSE of estimate for the real gartversus M = X71(6y) at6 x 10~° level. It indicates that satisfactory
number of received data vectahé. In this figure, we consider performance is achieved by using sample estin¥,). As
three cases with different weighting matrices: optiddl = expected, errors for these two latter cases are still above their
> ~1(6,) computed from (50), estimatedl = 3-1(6,) ob- limit but are not so significant. For example, Et= 1000, the
tained from (85), an® = L. In computingx(6,), results from limitis 3x 10~°. Similar results can be observed in Fig. 3 for the
the Lemma in Section 1V-B are required. The correspondiregtimate of the imaginary patt,. The lower bound is found to
simulation results are presented as a dashed line, a solid libe2.2 x 10=°. The error levels are also comparable with those
and a dashed—dotted line, respectively. In addition, we compind-ig. 2 for corresponding cases. Since we can obtain the esti-
the theoretical limits foM = X~1(6,) andM = I cases ac- mate of noise variance simultaneously, we also present the MSE
cording to (69) and show them by circles and stars, respectivadyjts estimate in Fig. 4. Definitions of lines and symboils in this
after being scaled by a factd/~N. The CRB is found from figure are same as in Fig. 2. This time, the experimental results
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N MSE of estimated noise power Estimate of channel coefficient 9
T p—; -0.486 T T T T T T T T
- - :Opl'lmal M - :True value
tl:natedM — - :Optimal M
. = ~ L — : Estimated M ||
O :Limit (optimal M) 0.488 = :M=I
*

: Limit (M=)
: : ~0.49

%o

-0.492

-0.494

-0.496

MSE of estimated noise power
Estimate of channel coefficient

-0.498

-0.502

-4 i i i i i i i 1 -0.504 - L
100 200 300 400 500 600 700 800 90 1000 100 W00 A 00 el 800 900 1000
Number of received data vectors (N) ived data vectors (N)

Fig. 4. MSE of estimated noise power. Fig. 6. Estimate of the imaginary part of the first channel coefficignt

Estimate of channel coefficient g o

0.372 T T - . . ; . ; 0 - MSE of estimated channel 1

T T R T

- M=
—— : estimated M |1

<0.368
(=]
0.366

0.364

Estimate of channel coefficient
MSE of estimated channel 1
3

0.362

0.36 /- — - :Truevalue [ 10

-4
4 - : Optimal M
— : Estimated M
= :M=I
0.358 . . ) . \ ) T D P
100 200 300 400 500 600 700 800 900 1000 1078 N . L ) I 1 L
Number of received data vectors (N} -20 -15 -10 -5 5 10 i5 20

Fig. 5. Estimate of the real part of the first channel coefficignt
Fig. 7. Effect of noise on the channel estimation error.

with M = ¥~1(6,) andM = I approaches their limits [com-
puted from (73)], respectively, but compared with channel esgimall number of samples. As more data samples are collected,
mation errors in previous figures, the overall MSE level in thi gets closer to its true value becalds@,) converges t&(6y).
figure is higher. The best one &f = 1000 is still 5 x 10~* Therefore, with increasingly more data vectors available, the
whenM = X71(8,). The reason behind this is that to estimatestimation precess behaves similarly to the case with optimal
a smaller value (the noise variance in the current context) usueighting matrix. Both cases will provide reliable estimates
ally results in a large variance in estimation. of channel parameters after 500 bit periods. However, when
We have shown that our estimator is unbiased. The estim3te = I, the estimate oscillates around the dashed line with
will asymptotically converge to the true value of the paramarger variations. The same conclusion can be made from the
eter. To demonstrate this point, we present the estimate for aaeult for the first imaginary coefficienf;o in Fig. 6, which is
channel coefficient (e.g., the first elementgn). Fig. 5 shows not illustrated in detail.
the average value of the estimate for its real pagt Its true In order to see how the AWGN noise in the communica-
value of 0.3669 is plotted by a dashed line, the estimate wiibn system affects the performance of our estimator, we plot
optimalM = X71(6,) is represented by a dotted line, within Fig. 7 the MSEs &/ = 1000) of estimated channed; for
M = 5)‘1(00) represented by a solid line, add = I by a a large range of signal-to-noise ratios (SNRs) for two cases:
dashed-dotted line. We can see that when an optimal weightid = >~%(6;) andM = L. It is observed that when SNR
matrix is used, the estimate has a very small error. WIREn —10 dB, both estimators are improved with increased SNR. At
is estimated from data samples, this average estimate falls 38R = 0 dB, the MSEs are less tha®—2. After the point
away from its true value at the beginning due to the effect 8NR = 0 dB, the importance of the weighting matrix becomes
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{a) MSE of estimated channe! 1 (b) MSE of estimated channel 2

10°

= M=1
~— estimated M

—- :Method [1]

— - :Method [19]

\ -~ :Proposed (M=1)

1072 ‘§ — :Proposed (esti 1 M)

—- :Method [1]

~ = : Method [19]
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S
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Fig. 8. Effect of multiuser interference on the channel estimation error. Fig. 9. Comparison of the proposed method with subspace methods [1], [19].

clear since the difference between performance of these two B&de from this figure. First, two subspace methods show
timators becomes larger. With an estimated optimal weightifjnilar pérformance. They provide better estimates than the
matrix, better performance is achieved. The proposed estimaigPPosed methods for a shorter data recod¥s ( 200).
is also tested in different near-far scenarios. The MSE is plotte§cond, wheM = 1, the proposed method gives as good
in Fig. 8 as a function of signal-to-interference ratio (SIR). Us@® [Fi9- 9(c)—(d)] or even better results [Fig. 9(a)-(b)] than
1 is assumed to be the desired user. The interference is fril Subspace methods after some time peridds% 600).
other four equally powered users. SNR 15 dB, andN = The adva_mtage o_f the p_ropc_Jsed method with the estimated
1000. It can be seen that the estimator with estimated optinfaymPptotically optimal weighting matrix over all other methods
weighting matrix gives a better result than the estimator wiff" P& observed for a large number of data samples. Therefore,
M = L. When the desired user is 10 dB weaker, the MSE is stAfymptotically superior performance is obtained.
satisfactory at a level &f x 10~2, When this user has a higher
power (e.g., 10 dB stronger), the MSE becomes much smaller VIII. CONCLUSIONS
(107?). This figure shows that although the MSE depends ontheThe weighted correlation matching techniques have been
SIR, satisfactory results are obtained for a large range of SIRgpjied to estimate multipath channel parameters in a mul-
Finally, we compare our method with subspace methods [}{;ser CDMA system. The weighting matrix can be arbitrarily
[19], which are also SOS based. We test the effect of amounifosen as long as it is positive definite. The simplest way is
data on the channel qstlmauon error. The spreading factolr is §Pset it equal to identity matrix, but without any optimality.
Each of four users with equal power in the system experiencgerefore, we investigate other possible choices with improved
individual frequency-selective channels (randomly generatetherformance. Due to overparameterization, our estimator for
channel vectors achieves near-optimal performance with an

g1 =1[0.2622 — 0.2606¢, —0.6233 + 0.49334 asymptotically near-optimal weighting matrix. This weighting
0.0946 + 0.47184]T matrix is further derived as a function of true channel param-
. i o eters and noise variance in a closed form and is also able to
g2 =[0.0045+0.4133i, —0.1198 — 0.6520¢ be estimated directly from output samples. Meanwhile, the
—0.3151 — 0.538%]" asymptotic covariance of our estimator is derived, and its lower
g3 =1[0.5625 4 0.5805¢, —0.2751 + 0.41914 bound is presented. It turns out that our simulation results are
0.2837 — 0.12164]7 highly consistent with our performance analysis.

g4 =[0.3804 + 0.5792¢, 0.3975 — 0.0067:

T APPENDIX
—0.3929 — 0.45544]" .

PROOF OFLEMMA

The noise level is SNR= 10 dB. In implementing [19], the It is very straightforward to consideR,, first since it is
smoothing factor is set to be 3. The MSE’s for these folesent in both¥;, and ¥, according to (52), (53). Based on
channels with a different number of data vectors are plotted € System’s input/output relationship (5) and the definition in
Fig. 9(a)—(d), respectively. Dashed—dotted lines are based (@#). it can be expressed as

[1], dashed lines are obtained from [19], dotted lines are the .

proposed withM = I, and solid lines are for the proposed Rn IHW(”)WH(”)HH +V(”)WH(”)HH

method withM = 3~'(6,). Some conclusions can be easily +Hw(n)v" (n) + v(n)v" (n). (87)
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Then, thevec operation is performed on it (see [10, Ch. 12]) tavhere

meet the requirement iw; and ¥,
X = Xk t]uxa, Xy, 1 = spst -

vee (R") Sincevect (1) = [s7, ..., s¥], thenX = wvec(Ly)vec? (1y).
= (H* @ H)vec(w(n)w' (n)) + vec(v(n)w"” (n)H")  Therefore
H H
+vee(Hw(n)v=(n)) + vee(v(n)v= (n)). (88) E{T1} = (maw — 200)B + 00 Ay + obvec(Iy)vect (I7).
According to definitions off; in (52), ¥, in (53), and assump- (93)
tions onw,(n) andv(n) in the Lemma, only following terms ] _
survive inE{¥, } and E{¥,} Similarly, the (, j)th diagonal block of Ty is w;(n)
wi(n)w(n)wH(n), and its typical §, /)th off-diagonal
E{®,) block & # 1) is wi(n)wi(n)w(n)w!(n). Their expected
— (H* @ H)E{vee(w(n)w (n)) values are
. vecT(w(n)wH(n))}(HH ® HT) E{w; (n)wf (n)w(n)wH(n)} = (May — ot )sjs + 0 IJ
+ (H" @ H)E{vee(w(n)w" (n))vec” (v(n)v (n))} E{w (nyw(n)w(n)wh (n)} = ots.s?

+ E{vec(v(n)wH (n)H Yvec! (Hw(n)vH (n))} . _ o

+ E{vee(Hw(n)v" (n))vec (v(n)yw" (n)H" )} ;isp)(zcgvejzla IfS we Vv:éltgeétm4,w — 0,)8;8] as (Maw —

+ E{vec(v(n)v (n))vect (w(n)wt (n))}(H? @ HT) v 5

+ E{vec(v(n)v (n))vect (v(n)v(n))} (89) E{Ti} = (maw —205)B + 051 +ohvec(Iy)vec (Iy).
E{®,} (94)

(H* @ H)E{vee(w(n)w (n)) : _

T By employing the property of&” [10, Ch. 12] and using (93),
( : E’GCH(“E(?WIZ(Q)}(H( ?I){H)( ") the first term on the right-hand side of (89) becomes

+ (H* ® H)E{vec(w(n)w (n))vec" (v(n)v (n

+ E{vcc(v(n)w (n)HH)vecH (V(n)wH(n)HH)} firstterm of E{®¥}

+ E{wec(Hw(n)v (n))vec (Hw(n)v (n))} = ovec(HH yvec" (HH")

+ E{vec(v(n)v (n))vec (w(n)w (n)) Y (HT @ HY) +o,(H* @ H)A,(HY o HY)

+ E{vec(v(n)v (n))vec” (v(n)vT (n))} (90) + (M, — 20,)(H* @ H)BH" @ HY).  (95)

while all other terms are zeroed out. Substituting (94) into the right-hand side of (90), its first termis
The following step is to evaluate each term on the right-hand

side of (89) and (90). In order to simplify notations, we succes- first terﬁr;n OfE{‘I’f{} . .
sively denote those six matrices inside the expectation symbol = o vec(HH" Jvec” (HH™)
” on the right-hand side of (89) 8B, to Ts. Similarly, T, + a;*)(H*HT) (HH")
to TG for (90). Let us first focus off’; andT;. As we can see, + (Maw — 20%)(H* @ H)B(HT @ HY).  (96)

the expansion ofec(w(n)w'(n)) is a prerequisite
Sincew;(n) andv(n) are independent, the computation for

wi(n)w(n) E{T,} becomes easier
H _ .
vee(w(n)w=(n)) = 1 ' O i1y} = vea( B{wn)w! (n)}vec (Efv(n)vH (n)})
w(n)w(n) =02 o2vec(Iy)vec (I,).

Then, the §, j)th dlagonal block ofT; has a typical form Similarly, E{T} can be proved to be equal f{T,}. Then,

*

wi(n)wj(n)w(n)w*(n), whereas its typicali( )th off-diag- he second term on the right-hand side of (89) or (90) becomes
onal block ¢ # 1) is wi(n)w}(n)w(n)w? (n). According to

our assumptions, their expected values can be obtained as second term ofs{®,} or E{®¥,}
= 02 o2vec(HAM Yvect (1,,). 97)

E{w}(n)w}(n)w(n)w’ (n)} =maus;s; v
E{w(n)wf(n)w(n)w? (n)} = o (sps? + sist). In order to compute the third term of (89) based on our as-
sumptions, we apply the property of" to combinew(n),
If we write m.y,s ;87 as(ma,—2074)s;st +204s;s7, wearrive  Which yields
at
E{T3} = E{(H" @ v(n))vee(w" (n))

BE{T1} = (M4 — 200)B+0b A +02X (92) . vecT(w(n))(vH(n) o H)}.
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Due to the independent assumption, we may first computdere
E{vec(w(n))vec! (w(n))}, which is equal tos2I;, and . . - T
then deal with the left. Hence B= [B“Lxu’ By, = wu

E{Ts} =2 E{(H" @ v(n))(vi(n) @ H). andm., is the fourth-order moment of(n). As we know, for a
zero mean complex AWGN process= x; +ixzo With variance
E{|z|*} = o2, its independent real and imaginary parts both
H* © v(n) = (H* © L)L @ v(n)) have variance

and af = a3 = E{a?} = B{a3} = 5 a*.
V()@ H =(v(n) o L)L, @ HY).

To further combinev(n), we write

Then, the fourth-order moment of, or x, is E{zi} =
Then E{x3} = 3a} (see [15, Ch. 5)]). Therefore , the fourth-order
moment ofz will be
E{T3} =0, (H ©L)
- E{(I; @ v(n)(v" (n) @ I,)HI, @ HY). E{|z]'} = E{(2? +3)*}
= E{a1} + 2E{a?} E{a3} + E{x3}

Itis not difficult to show thatE {(I; @ v(n))(v(n) @ 1,)} = ot — g
=0oa; = 24,

o2 A,. Thus, the third term of (89) is

third term of E{®¥,} = af,,aﬁ(H* L)AL, © HT)_ (98) Thus,my, = 202, which makes the.first term in (104) zero.
From (104), the last term of (89), which B{ T}, becomes
Observing that its transpose is the fourth term of (89), then )
sixth term of E{ W} = o> A3 + o' tvec(T, )vec’ (T,,). (105)
fourth term of E{¥,} = 02 02(I, @ H)A] (H" © L,). _
Similarly, according to (94)E{Ts} can be evaluated as

(99)
m _ AN\ 4 4 T
As for the third term of (90), it can be treated in the same way (T} = (may = 20,)B + 0, Lz + oyvec(L Juee (I(”l)d 6)
E {Tg} — o2 B{(H* © v(n))(HT @ vt (n))} After zeroing out the first term in (106), the last term of (90) is
N achieved

=o2(H*HY) @ E{v(n)vi(n)}.
. o sixth term of E{®¥,} = 0T, + otwec(T, )vec’ (T,,). (107)
This can be simplified as
. o 9 ereeaT By combining (95), (97)-(99), (102), and (105), (58) follows,
third term of E{¥>} = o}, 0, (H'H") © L, (100) ' whereas considering (96), (97), (100), (101), (103), and (107)

becauseZ{v(n)v (n)} = 02L,. After reorganizing and using together, we obtain (58), which concludes our proof. O

the fact that
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