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Effects of Imperfect Blind Channel Estimation on
Performance of Linear CDMA Receivers
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Abstract—In a code division multiple access (CDMA) system,
signal detection under multipath distortion typically requires esti-
mation of unknown channel parameters first. In such a scenario,
performance of receivers highly relies on the accuracy of channel
estimates. In this paper, effects of channel estimation errors on the
performance of linear CDMA receivers due to finite data samples
are studied when channel parameters are estimated blindly by a
recently proposed covariance-matching technique. Those receivers
include zero-forcing (ZF), direct matrix-inversion (DMI) min-
imum mean-square-error (MMSE), subspace MMSE, and RAKE
receivers. Their output signal-to-interference-plus-noise ratios
(SINRs) and bit-error-rates (BERs) are adopted for performance
measures. Expressions for performance indicators under such an
imperfect condition are derived from a perturbation perspective
and verified by simulation examples.

Index Terms—Code-division multiple access, covariance

matching, multiuser detection, perturbation analysis.

1. INTRODUCTION

N the past decade, communication world has witnessed

widespread deployment of direct sequence (DS) code di-
vision multiple access (CDMA) systems because of various
attractive features of the CDMA technology [1], [2]. This
technology enables simultaneous spectrum sharing, mitigation
of jamming, interception and multipath fading [3], and trans-
mission of multirate information streams. It will continue to
dominate future generation wireless networks [4].

It is known that multiuser interference (MUI) is a typical
obstacle to be obviated in detection of input signals in a
DS/CDMA system, which has attracted significant attention in
recent years [5]. In a DS/CDMA system, bandwidth of input
signals is spread by orders of magnitude by a spreading se-
quence uniquely assigned to individual users. Those spreading
sequences facilitate user differentiation and signal detection
at the receiver. For example, a decorrelating receiver utilizes
spreading codes of all users to separate users’ signals. Sub-
space methods first identify either the signal subspace or noise
subspace and then apply waveform projection for channel iden-
tification [6], [7]. Those estimated channel parameters can be
directly applied to build various linear receivers [8], [9], where
spreading codes of the desired user play an important role.
As closely related methods, minimum variance or minimum
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output energy (MOE) approaches impose proper constraints
on receivers based on the structure of the desired waveform,
depending on the spreading codes and multipath channel char-
acteristics [10]-[12]. It is shown that performance of channel
estimators and receivers depends on projection of the desired
code matrix onto both the signal subspace and noise subspace.
Successive study shows that improvements can be made in
channel estimation and linear detection after introducing a
properly selected regularization parameter to the MOE cost
function [13], [14]. Recent investigation further closes the gap
between the MOE and subspace methods by a so-called power
of R (POR) technique [15], [16]. The corresponding method
modifies the MOE cost function by raising the power of the data
covariance matrix. Although its theoretical equivalence to the
subspace technique is established, the POR technique has been
shown to be more robust. Significant improvements have been
observed in practical situations. The major reason stems from
its subspace approximation without subspace decomposition,
which is regarded as a soft decision instead of hard decision
process [16]. Therefore, it avoids rank estimation and shows
robustness to channel order mismatch and other imperfectness.
Similar to the MOE technique, projection of the desired user’s
code matrix onto both the signal and noise subspaces in the
POR technique affects the detection performance. Covariance
matching is another technique directly based on the data co-
variance and spreading codes [17]. All spreading codes are
utilized for simultaneous estimation of channel parameters of
active users.

Most multiuser detection and channel estimation techniques
are developed under perfect conditions first and then applied to
practical scenarios to test performance degradation and robust-
ness. Since various imperfectness may stem from many sources
such as background noise, finite sample size, not a priori known
channel order, synchronization error, user variation, etc., per-
formance prediction under those errors is necessary to better
evaluate individual method. For example, sensitivity of mul-
tiuser detectors’ performance to channel mismatch is analyzed
in [18], when transmitted signals suffer from flat fading. Sub-
space-based multipath channel estimation errors for a multirate
CDMA system are derived for given finite number of observa-
tions [19]. In [20], perturbation to subspace decomposition of
a matrix is studied when errors are introduced to the matrix by
either noise or finite sample size. In general, error analysis is fea-
sible for most methods applied in a real world when error can
be regarded as a perturbation or when distribution of the error
event is known. Although channel estimation can assist symbol
detection, one of the objectives in communication system design
is to build satisfactory receivers for detection of input signals.
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Therefore, performance of receivers pertinent to channel esti-
mators needs to be studied jointly with the channel estimation
methods.

In this paper, we analyze four linear CDMA receivers in-
cluding zero-forcing (ZF), direct matrix-inversion (DMI) min-
imum mean-square-error (MMSE), subspace MMSE [9], and
RAKE receivers when the channel is not perfectly known but
estimated blindly by a recently proposed covariance-matching
technique [17]. Each receiver’s output signal-to-interference-
plus-noise ratio (SINR) and bit-error-rate (BER) are adopted for
performance measures. Imperfectness from finite sample size is
treated as perturbation whose effect is particularly studied. To
achieve our goal, statistics of sample covariance are necessary.
Although the matrix version in terms of weighted covariance
matrix has become available [21], auto-covariance of the vec-
tored form and cross-covariance between the matrix form and
vector form are needed as well. They are derived in detail in
light of [22]. Similar to [21], they can be regarded as general
results and possibly applied to analysis of other methods. Then,
SINR and BER under such an imperfect condition are analyzed
from a perturbation perspective and verified by extensive simu-
lations.

For notational convenience, let us denote Hermitian-complex
conjugate by (-)*, transpose (- )T by (-)¥, integer ceiling by
[ -], vector 2-norm by || - ||, and matrix Frobenius normby || - ||
[23], trace of a matrix by tr( - ), expectation of a random vari-
able by E{-}, the ath (a = 1,2,...) column of a matrix U
as u,, 1, as a column vector of length a with all elements
equal to one, I, as an identity matrix of degree a whose bth
column is denoted as e, , the Kronecker product as “®” [23],
a “vec” operation to successively stack columns of a matrix
into a big column vector, the matrix Hadamard product “®”
to represent element wise multiplication, and the Khatri—Rao
product “LJ” to represent column-wise Kronecker product [24]:
UOW = [u; ® wy,us ® wa,...]. The following properties of
“vec,” “®,” and “00” are used throughout the paper:

1Al = [lvec(A)]|* (D)
vec(ABC) = (CT © A)vec(B) 2)

(A® B)(C® D) = (AC) ® (BD) 3
(A® B)(COD) = (AC)O(BD). 4)

A diagonal or block diagonal matrix with main diagonal entries
x; is denoted as diag{z1, 2, . . . }. We also denote a perturbation
by preceding the corresponding quantity by ¢ and the perturbed
quantity with". For example, 6g;, = g; — g,,0R = R-R.

The paper has the following structure. A CDMA system
model is described in Section II. Covariance-matching based
blind channel estimation method is reviewed and implementa-
tions of four typical linear detectors are proposed in Section III.
In Section IV, performance of channel estimator and different
receivers based on finite received data samples and estimated
channel parameters is evaluated. Finally, various simulation
examples are provided in Section V, and conclusions are drawn
in Section VL
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II. CDMA SYSTEM MODEL

Consider an uplink CDMA system with J users. User
j(7 = 1,...,J) is assigned periodic spreading codes
cj(k)(k = 1,...,P) of length P to spread its informa-
tion symbol w;(n). Let its chip sequence be transmitted
through a linear time-invariant channel with a baseband dis-
crete-time chip-rate impulse response g;(!). Then, the received
discrete-time signal y;(n) at the chip-synchronized receiver
due to user j has a form [10]

oo

> wi(hj(n — d; - 1P)

l=—00

(&)

y;(n)

where wj(n) is assumed to have zero-mean and variance
2 () i
i+ hj(n) is a waveform sequence

oo

Y gili)ej(n—1i)

i=—00

hi(n) ©)

and d; is the propagation delay of user j in chip periods. After
considering all .J users and zero-mean additive white Gaussian
noise (AWGN) v(n) whose variance is denoted as o2, the re-
ceived signal becomes

J
y(n) = Z y;i(n) 4+ v(n). @)

The discrete-time model can be easily formulated into a ma-
trix/vector representation. For convenience, we assume a qua-
sisynchronous system with d; < P and absorb propagation
delay into the channel for each user. The maximum delay spread
of all multipath channels is g chips. If we collect v = MP
chip-rate samples in a vector y,, at the receiver, then we may
choose integer M to satisfy M P > P + q — 1 in order to maxi-
mally explore path diversity. In a case of ¢ < P, M = 1 appears
as a good choice for low complexity while incurring little degra-
dation in detection performance. The data vector of length v is
then given by [10]

J M-1
yn:Z Z Cj7mgjwj(n+m)+'vn

=1 m=—K

®)

where K = [(q — 1)/P],g; is the channel vector of length
¢, C;.m, is the code filtering matrix of user j for symbol w;(n +
), which can be obtained from a v x ¢ matrix Co (corre-
sponding to symbol w,(n)) by shifting it up (if m < 0) or down
(if m > 0) by |m|P rows

i Cj(l) 0 T
: ¢;(1) gi(1)
Cio = | ¢;(P) : g9; = : ®
0 (P 9;(q)
Lo ... 0 |



XU: EFFECTS OF IMPERFECT BLIND CHANNEL ESTIMATION ON PERFORMANCE OF LINEAR CDMA RECEIVERS

and v, is the noise component. In (8), there exists intersymbol
interference (ISI) induced by multipath channel. The total
number of symbols contributed to y,, by each useris M + K.
For conciseness, the vector form model (8) can be written as

where H is called a signature waveform matrix

H= [H17"'7HJ]
H;=[C;_Kg;,---,Cjnm-19;] =Ci(In+x ®g;) (11)
C; is a column-wise concatenation of all code filtering matrices
of user j, and w,, contains all L = J(M + K) inputs contributed
to the received data vector y,,. From the column index a(a =
1,..., L) of H, we can easily determine the corresponding user
index as j, = [a/(M + K)] since each user contributes M +
K symbols, and the index of the corresponding code matrix as
a—1—-K — (j, — 1)(M + K). Then, h,, which is the ath
column of H, can be written as

he =Cj, am1-K—(j.—1)(M+K)9;,
Ja = [a/(M + K)], (12)
According to (12), the signature vector of the current symbol
wj(n) for user j becomes h(;_1)(ar4K)+K+1. For example,
h g 41 is the signature vector of wq(n). The structure of users’
signature waveforms has been exploited to estimate all channel
vectors blindly by a covariance-matching technique [17] under
assumptions that all spreading codes, propagation delays, and
the maximum channel delay spread are known.

III. COVARIANCE-MATCHING CHANNEL ESTIMATION AND
LINEAR DETECTION

A. Covariance-Matching Channel Estimation

In this subsection, we review the covariance-matching
channel estimation technique proposed in [17] in order to
analyze channel estimation based linear receivers later. This
technique is based on the covariance of ¥,,, which reads

CjmG;C},, + i1, (13)

where G; = o7, ;9. Since all input signals are drawn from
the same signal constellation, without loss of generality, we may
absorb the power factor of each signal into the channel vector
g, and assume that all signals are transmitted at unit power
a,ﬁ,j = 1. After this consideration, G'; becomes gjgf . Corre-
spondingly, we define a; = tr(G;) = ||g,||*. It is observed that
R is parameterized by g; in G;. If it is matched with its estimate
from N data vectors

]\T
|
R:—E: H 14

anlynyn (14)
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and the resulting error || R — R]|% is minimized, g; can be esti-
mated. Since the cost function is highly nonlinear, minimization
is performed first with respect to G; instead of g; directly. After
defining r = vec(R),# = vec(R) and applying (1), the crite-
rion can be described as follows [17]:

(Gl,...,é1,6g) =arg min |r—7>% (15)
1,...,G]70'%
According to (13), we can find that
r=3Sx (16)
where
S=1[Sy,...,S85,vec(1,)]
M—1
S; = Z Cim®Cim
m=—K
T = [le7...,z§,a,3]T, x; = vec(G;). (17

Considering (16) and under some identifiability conditions [17],
the solution to (15) becomes

§=Qr, Q=(s"5)"'s" (18)
Once z is estimated, =; can be extracted. Then, G; is recon-

structed by the reverse vec operation. These operations can be
described by

G = [(ega ©1y) &5, (eg, © I) o]

&= [e]; ®12,05,]%. (19)

Using (17) and (18), we can relate Gj to T
Gj = [Aj,... Aj 7] (20)

where

T T Ho\-1gH

A]z = (eq,i®I(I) I:CJJ ®Iq2 5 0q2><1] q2><(Jq2+1) (S S) S

for ¢ = 1,...,q. According to our definition of G}, if sin-
gular value decomposition is performed on this rank-one ma-
trix, then the maximum singular value is o; = [|g,]|, and the

corresponding singular vector becomes the channel vector up
to a scalar ambiguity. The scalar ambiguity can further reduce
to a phase ambiguity after considering /a ;- Therefore, once
G]' is obtained, channel vector g, can be estimated by finding
the maximum singular vector of G'j and scaling the vector by
\/OATJ- to adjust its norm. However, phase ambiguity cannot be
removed by this blind technique. When estimated channel vec-
tors are used for design of different linear receivers and, conse-
quently, estimation of a user’s input symbols, estimated symbols
will incur a constant phase shift. One possible solution to tackle
this problem is to transmit a few pilot symbols. In the following,
we will assume that this ambiguity has been removed. Without
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loss of generality, user 1 is treated as the desired user. Its symbol
w1 (n) needs to be detected.

B. Linear Detection

Linear receivers are very attractive due to their low com-
plexity. We are particularly interested in construction of a ZF
receiver, DMI MMSE receiver, subspace MMSE receiver, and
RAKE receiver based on estimated channel vectors g; and N
received data vectors.

1) ZF Receiver: According to (10), an ideal ZF receiver can
be defined as

fa=HH"H)er 1)
where ey, k41 is for detection of wq (n), whose signature vector
appears in the (K + 1)th column of H. Once all users’ channel
vectors are estimated, the signature matrix H can be constructed

according to (11). The ZF receiver based on channel estimates
becomes

~ A ~ H ~
fo=HH H) 'er

H=[CiInsx®91),..-,CiImyx ®95)]. (22
Then, wy(n) is estimated by
. ~H
W1,2£(n) = foYy- (23)

2) DMI MMSE Receiver: An ideal DMI MMSE receiver
can be defined from direct inversion of R as
fmmse,d = R_lcl-,ogl' (24)

Since only finite data samples are available, the DMI MMSE
receiver can be implemented as

A~

A1 .
fmmse,d =R 01,091 (25)
where R is given by (14). Correspondingly, the desired symbol
is estimated similarly as (23).

3) Subspace MMSE Receiver: The MMSE receiver can also
be expressed in terms of the subspace components of R. Let the
eigenvalue decomposition (EVD) of R be

R=UAU? +U, A, U? (26)
where U and U,, represent the signal and noise subspaces,
respectively, A, = diag{\{,..., \f}, A, = o7l Invoking
the orthogonality between U, and C og,, the ideal subspace
MMSE receiver takes the following form [9]:

=U,A;'UEC 9,. (27)

fmmso,s

Then, the subspace MMSE receiver based on finite received data
samples is given by

C1,09;- (28)
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Similarly, the desired symbol is estimated as (23). Although the
ideal subspace MMSE receiver is equivalent to the ideal DMI
MMSE receiver, it is better when perturbations exist, as will be
seen from our simulation results.

4) RAKE Receiver: An ideal RAKE receiver is constructed
as

-frake = Cl,Ogl~ (29)

Based on estimated channel vector, the RAKE receiver is given
by

Frake = C106: (30)

and the desired symbol is estimated similarly as (23).

All above linear receivers are coupled with estimated channel
vectors. Their performance will be investigated jointly with the
channel estimator next.

IV. PERFORMANCE ANALYSIS

In this section, performance of those linear receivers based
on finite received data samples is evaluated in terms of SINR
and BER. Assume that the number of data samples N is suffi-
ciently large such that perturbation technique is applicable [20].
It will be seen that performance of the channel estimator in terms
of covariance (auto-covariance, or cross-covariance, or both) is
required to evaluate each receiver’s performance and is thus
studied first. We will derive more compact results than those
in [17] based on the property of cumulant.

A. Channel Estimation Performance

All perturbations are due to an estimation error in the data
covariance R or, equivalently, r. From our definition of G, g,
is the singular vector corresponding to the maximum singular
value. If 7 has an estimation error r = 7 — r due to finite NV,
then an error is introduced to G ;. From (20), G is perturbed by
0G; as

6Gj = [A]-,15r, e ,Aj7q5T]. (31)

Then, the first-order perturbation in its maximum singular
vector becomes [20]
1
8g; ~ ;njj(scjgj, Hgij =3;%7 (32)
J

where X; is the size of ¢ X (¢ — 1) and spans a (¢ — 1)-dimen-
sional subspace orthogonal to g;. Substituting (31) into (32), we
obtain

q

1 .
8g; ~Tjor, T;= ;H;j > giA (33
J i=1
Then, the auto-covariance of channel estimate becomes
Cov(dg,,69;) = E {6g;69] } ~ T;@(F)T]  (34)
and cross-covariance between dg; and dg; is
Cov(8g;,b69;) = E{6g;69) } = T;®@(HTH  (35)
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where ®(7) is the covariance of 7

®(r) = E{(r —r)(7r —1)"}. (36)
This covariance depends on data model (10), our covariance es-
timation method (14), and up to the fourth-order statistics of
channel inputs and noise. We present general results in the fol-
lowing proposition in the light of [22], which provides results
for complex symmetric sources. We extend the results therein
to both a real system and complex system. Although (14) does
not require independence of different data vectors, we assume
they are independent for convenience of analysis.

Proposition 1: 1f the channel model follows (10) with v out-
puts and L inputs that are drawn from the same signal constel-
lation with equal probability and fourth-order cumulant kg4,
and data covariance is estimated from N independent data vec-
tors by (14), then for a real system, the covariance ®(7) of
# = vec(R) in (36) satisfies

N®(#) = k4, (HOH)(HOH)" + R® R

+{LeL)R(1, 0 L)]o[1, o1,)R(I,®1,)] (37)
whereas for a complex system, it satisfies
N®(#) = kg (H'OH)(H*OH)? + R*®@R.  (38)
Proof: See Appendix A. O

This proposition shows that given the ideal data covariance
R, the overall channel matrix H, and the fourth-order cumulant
of inputs, the covariance of estimated data covariance can be
obtained. Then, the channel auto-covariance Cov(dg;, dg;) can
be evaluated after substituting either (37) or (38) into (34).
The channel mean square error (MSE) is then the trace of
Cov(dg,,0g;)- Results from (34) and (35) will be used in our
analysis of different receivers. It can be observed that they are
proportional to 1/N.

B. SINRs of Different Receivers

SINR is an important performance indicator for a receiver f.
According to (10) and (23), it can be defined as

H

39

f HRintf ( )
where Ry = Cl,oglngf{O, and R;.. = R — R;. Perturbation
in channel estimation induced by finite data samples inevitably
causes the receiver perturbed to be }' = f + 6f, where the first-
order perturbation in é f can be assumed to have zero mean. This
point will become clear after ¢ f is derived for each receiver up
to the first order, and the zero-mean of § R is noticed according
to (14). Therefore, the perturbed SINR has the following form:

FER f+ E{6f"Ri5f)}
FER f + E{6f" Rini6f}

SINR = (40)

This depends on both unperturbed terms (signal power, interfer-
ence plus noise power) and corresponding perturbations. Pertur-
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bations follow a typical form of W(X) = E{6f7 X6 f}, where
X can be replaced by R or R;,;. Since different receivers take
different forms with correspondingly different ¢ f, evaluation
of U(X) will be discussed for each receiver, respectively. For
shorter notations, all receivers’ subscripts are dropped later and
simply denoted by f. However, no confusion will be caused in
the context.

1) SINR of the ZF Receiver: To evaluate the perturbation
term, i.e., ¥(X), we first obtain 6 f according to (22). Pertur-
bation in the signature matrix H is given by

0H = [6hy,...,0hz]
(4D
according to (22). Similar to (12), the ath column of § H can be
written as

bha = Cj, am1-K—(j.-1)(M+K)0Fj,

jao=Tla/(M+K)], a=1,..., L. (42)

Noticing H = H + §H, expanding (H i )~1 into a Taylor
series, and keeping only the first-order terms, we obtain
§f ~ My 6HHYH) Yer k11
— (HT)H(SHH<HT)H6L’K+1 (43)
where IT4 = I, — HH', and HY = (HY H)='H® . Then
U(X)~ef oo (HTH) ' E{sH"TI; XTI ;6H}

X (HHH)_16L7K+1

— e o (HTH) 'E{sH T X (H' ¥ sH" )

X (HT)HGL’K+1

— e o HIE{6HH XTI} 6H)

X (HHH)_leL’K+1

+ef o H EHHE X(HY) 5"}

X (HT)H6L7K+1.

(44)

It can be found that those underlined terms follow forms
of E{6HZSH") E{sH"ZéH}, E{6HZSH) E{sH"
ZsH? }, where Z is replaced by corresponding deterministic
quantities. The last form can be obtained after Hermitian oper-
ation on the third form. Therefore, we only need to simplify the
first three forms. Each of them requires statistics E{6h, 6h£I }
fora,b,=1,..., L. According to (42), we have

E {hathf! } = Cjpam1-re—ia—viare i B {095,891}
XCﬁ,b—l—K—(jb—l)(M-i—K) (45)

where

Ja=Tla/(M + K)], j»=[b/(M+ K)]

a,b=1,...,L (46)

and E{ég;, 695?,{ } can be obtained from either (34) if j, = jp or
(35)if j, # jp. Detailed derivations of these three typical terms
are provided in Appendix B.
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2) SINR of the DMI MMSE Receiver: The DMI MMSE re-
ceiver is given by (25). Expressing R as R+ 6 R and performing
Taylor’s expansion

(R+6R)"'~R*'—- R 'SRR™! (47)
we obtain the first-order perturbation of the receiver
6f ~ R™'C106g9, — R"'6RR™'C1 09, (48)

Substituting (33) into (48), ¢ f is related to perturbation in co-
variance estimation in both vector form dr and matrix form 6 R
by

Sf~ R 'C1oT16r — RT'SRR™'C109,.  (49)

Based on (49), perturbation of signal/noise power ¥ (X) is given
by
U(X) ~tr (E{érérH}r{f C{{OR—IXR—ICLOrl)
+g7C{,R""E{SRR"'XR'$R}R "'C1 g,
—gi'CYyR'E{sRR""XR 'Cy Tt}
— E{sr"T{C{,R"'XR™'6R}R"'C1 0g,. (50)

Those underlined terms are required for evaluation of W(X).
The first term can be easily obtained after results from Proposi-
tion 1 are applied. The second term has been derived in [21] in
a general form E{SRZ5R}, where Z is an arbitrary determin-
istic matrix. For clarity, we restate the results in the following
proposition.

Proposition 2 [21]: If the channel model follows (10) with
L inputs and v outputs and data covariance is estimated from
N independent data vectors by (14), then for a real system, the
covariance of ¢ R weighted by a constant matrix Z satisfies

NE{6RZSR} = ks H[I, © (H ZH)H"
+tu(RZ)R+ RZ"R (51)

and for a complex system, it satisfies

NE{SRZSR} = k4, H[I;, ® (H? ZH)|H” + tr(RZ)R.
(52)

d
Replacing Z by R"*X R, the second underlined term in
(50) follows. The third and fourth underlined terms E{§ RZ 67}
and E{6r" Z§R} are simplified in Appendix C, where Z can
be substituted by corresponding quantities R~ X R_lCLOI‘l
and THC{\R™" XR™", respectively.
3) SINR of the Subspace MMSE Receiver: According to
(28) and expanding (A, + 6A,) !, we obtain

6f = SUANJ'UHC o9, — U A;6ANTUEC, o9,
+UA;YSURC 09, + UATIUEC o6g,. (53)
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Perturbation 0 R or ér causes not only the estimated channel
vector being perturbed but the subspace components of R to be
perturbed as well. The results can be found in the following.

Proposition 3 [20]: 1f R is perturbed by § R, then its eigen-
components are perturbed by

$U, ~ U, UZSRU, Q7' 6U, ~ -UQ'UY6RU,

oA, ~U2S6RU,, 6A, ~ U26RU, (54)
where
Q=A, -1
and approximation is valid up to the first order of 6 R. O

Since Ufll C1,9, = 0, by substituting (54) in (53) and in-
voking (33), we obtain

(5_f ~ Bn(SRB.YCLogl—BS(SRBSCL()gl—FBSCL()I‘l(ST (55)
where, for convenience, we have defined
B, 2U,UY B,2UA;'UY B, 2U,(QA,) U,

Then, V(X)) can be expressed in terms of statistics of the co-
variance estimation error

¥(X) ~ g{'C{\B,E{SRB,XB,0R}B.C1 09,
—g7'C{\B,E{SRB,XB,6R}B,C o9,
+ g C{\B,E{6RB,XB,C, (T 6r}
—gi'CB,E{6RB,XB,6R}B.C1,g9,
+g7Cy\B,E{SRB,XB,R}B.C1,g,
—gi'C\B,E{6RB,XB,C1,T'16r}
+ E{sr"T{C{ B, XB,5R}B,C1 09,
— E{6r"T{C{ B, XB,6R}B,C1 g,

o (E{(sner}r{f CfOBSXBSCLOI‘I) . (56)
Each underlined term in (56) can be evaluated according to
either Proposition 1, Proposition 2, or Appendix C, respec-
tively. The first, second, fourth, and fifth terms are obtained
from Proposition 2. The third, sixth, seventh, and eighth terms
are obtained from Appendix C. The last term is obtained from
Proposition 1.

4) SINR of the RAKE Receiver: According to (30), we ob-
tain

of = 01,0591~ (57)

Then, perturbation of the signal/noise power ¥ (X) is given by

U(X) = E{sgf'C{yXC1 69, }

=tr (E {5g16y{{}0{{0XC1,0> (58)

where E{ég,6g™} can be obtained from (34).
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C. BER Performance of Different Receivers

For each receiver, once its output SINR is evaluated, BER
can be obtained by assuming that the interference is Gaussian
distributed. This may not be accurate, but this approximation
has been shown to be relatively good [25], [26], especially when
the number of interfering symbols is large. The BER for BPSK
information symbol is

BER = Q(\/SINR)

where Q(z) = (1/V2r) [~ e(~1)/() 4t Approximated
BERs will be compared with corresponding experimental ones
by simulation examples.

(59)

V. SIMULATION EXAMPLES

We verify analytical results by computer simulation. Since
channel estimation MSEs have been well studied in [17], we
only show performance of the following receivers based on
finite received data samples and estimated channel parameters:
ZF, DMI MMSE, subspace MMSE, and RAKE receivers. The
average SINR and BER of each receiver over 100 independent
realizations are used as performance measures. Experimental
SINRs and BERs are compared with analytical ones. Except
being stated otherwise, we assume eight equal-power users in
a CDMA system. Users’ BPSK data symbols are spread by
different Gold sequences of length 31. Channel coefficients for
each user are selected from a randomly generated Gaussian
process with zero mean and unit variance. Then, each channel
vector is normalized. The maximum channel delay spread is
assumed to be five chips. The SNR is set to be 10 dB, and M is
set to be 1. One user is treated as the desired user. Effects of the
sample size NV, SNR, near—far situation, and number of users
are studied as follows.

A. Effects of N

Finite IV causes errors in channel estimation and symbol de-
tection. Channel estimation errors introduce errors to different
linear receivers constructed from estimated channel parameters.
Fig. 1 presents SINRs versus N over a large range from 102 to
104 for a ZF receiver, DMI MMSE receiver, subspace MMSE
receiver, and RAKE receiver in subplots (a)—(d), respectively.
Dashed-dotted lines are based on ideal receivers that do not de-
pend on N [see (21), (24), (27), and (29)], dashed lines rep-
resent analytical results obtained according to (40), and solid
lines stand for experimental results based on finite received data
samples [see (22), (25), (28), and (30)]. It is clearly seen that
dashed line and solid line agree with each other in each subplot
even for relatively small N. It indicates that analytical results
based on a large N assumption can still reliably predict both
the channel estimator’s and receivers’ performance with a finite
number of samples. Convergence of both dashed and solid lines
to the dashed-dotted line in each subplot for sufficiently large
N is also observed. The ZF receiver utilizes estimated channel
vectors for all users, whereas all other receivers require only the
estimated channel vector for the desired user. Performance of
the ZF receiver is not very sensitive to [N, mainly due to rel-
atively satisfactory channel estimation performance at small NV
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[17]. On the contrary, the SINR of the DMI MMSE receiver (25)
depends heavily on [V, starting from about 2 dB and ending at 9
dB. It is sensitive to the estimation error in the data covariance
because of the inversion of the data covariance matrix. Com-
pared with the subspace MMSE receiver (28), it has an addi-
tional term U, AT_L g f C1,09, after R is substituted by its sub-
space decomposition form. This term causes a large error for
high SNR because of A; 1 and nonorthogonality of the esti-
mated signature waveform C' og; to the estimated noise sub-
space U ... In the current setup with SNR = 10 dB, A, ! makes
a significant difference from the subspace MMSE receiver and
yields slower convergence for the DMI MMSE receiver. For
moderate N such as NV = 500, the difference is as large as 1.5
dB (about 6.5 dB versus 8 dB). At small IV, the subspace MMSE
receiver provides a much higher SINR than the DMI MMSE
receiver. Thus, for finite N, the subspace MMSE receiver per-
forms much better than the DMI MMSE receiver. This will also
be verified by results presented later. However, as /V increases,
covariance estimation becomes more reliable, leading to more
accurate estimates of noise subspace and channel. As a conse-
quence, that additional term makes less of a contribution with
increased N and even disappears as N — oo. Both MMSE
receivers yield the same convergence SINR level for large N,
as expected. The gap between the solid line and dashed line
tends to diminish at large N for all receivers including ZF and
RAKE receivers. The convergence level of two MMSE receivers
is higher than that of the ZF receiver. The RAKE receiver does
not show performance improvement as NV increases. Differences
in SINRs can be reflected in BERs presented in Fig. 2. Dashed
lines are obtained from (59) using analytical SINRSs in the pre-
vious figure. Dashed-dotted lines and solid lines are obtained
from simulations. It is clear that each solid line converges to
the corresponding dashed line, indicating that the interference
plus noise can be reasonably modeled as a Gaussian random
process [25], [26]. BERs for two MMSE receivers decay with
N, whereas for other receivers, they remain almost unchanged,
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which is consistent with SINR results. Again, BER convergence
of receivers to that of the ideal receivers is observed for large V.

B. Effects of SNR

In this experiment, effects of SNR from O to 20 dB at a 2-dB
interval on the receivers’ performance are tested when channel
vectors are estimated based on N = 500 data vectors. Cor-
responding results are presented in Figs. 3 and 4. The SINR
performance changes differently for different receivers, as seen
from Fig. 3. The ZF receiver gives the best SINR at high SNRs.
It is interesting to see that the DMI MMSE receiver based on
finite received data samples does not improve with increased
SNR monotonically. In addition, the error between the analyt-
ical and experimental results turns out to be larger. The subspace
MMSE receiver behaves almost as satisfactorily as the ZF re-
ceiver with slight degradation at high SNRs, although only the
desired user’s channel vector is required. The RAKE receiver
performs closely to the DMI MMSE receiver in this case. The
performance difference between the ideal MMSE receiver and
channel estimation-based DMI MMSE receiver for finite /V and
at high SNR has been previously explained. It depends on both
N and SNR. At low SNR, N is an important factor that af-
fects the performance, whereas at high SNR, noise becomes
a dominant factor. This transition can be observed from non-
monotony of the dashed and solid lines in Fig. 3(b). The SINR
peak happens to be around SNR = 15 dB. The gap between the
dashed-dotted line and other lines for two MMSE receivers are
due to finite NV (currently 500). BERs of all receivers are plotted
in Fig. 4. For SNRs higher than 15 dB, the BERs for the ZF and
subspace MMSE receivers lie below 10~#. Experimental results
for these two receivers converge to the corresponding analytical
results. The DMI MMSE and RAKE receivers perform much
worse, especially at high SNRs. The analytical results deviate
from the experimental ones at high SNRs, which is significant
for the DMI MMSE receiver. The reason, for the DMI MMSE
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receiver, is its sensitivity to covariance estimation error with fi-
nite IV, and the reason for the RAKE receiver is the possible
violation of the Gaussian assumption for the interference plus
noise at high SNRs.

In order to better show the sensitivity of both MMSE receivers
to SNR and sample size N, we further test SINRs and BERs
versus SNR for different V. Corresponding results are plotted
in Fig. 5. Fig. 5(a) and (b) are for the SINRs of the DMI and sub-
space MMSE receivers, respectively, whereas Fig. 5(c) and (d)
are their BERs. The dashed line in each subplot represents per-
formance of the ideal MMSE receiver associated with N = oo,
whereas the other six solid lines show results for N = 50, 150,
300, 500, 1000, and 2000, respectively. Although only marks
N =50 and N = 150 are provided for clean plots, lines are
shown for different N successively in that order from bottom to
top in Fig. 5(a) and (b) and from top to bottom in Fig. 5(c) and
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(d). The SINR peaks for the DMI MMSE receiver are clearly
observed for small to moderate N. They shift to high SNR re-
gions as N increases. Meanwhile, the right-hand side of each
line decreases more slowly. As N — oo, peak disappears, and
the solid line converges to the dashed one. However, the SINR
of the subspace MMSE receiver almost shows no peak for all
N. It converges to the ideal one much faster than that of the
DMI MMSE receiver. Similar conclusions can be made from
BER results. Compared with the ideal MMSE receiver, perfor-
mance degradation of two channel estimation-based MMSE re-
ceivers always occurs due to finite data sample-induced esti-
mation error, although the subspace MMSE receiver performs
much better than the DMI MMSE receiver in many cases. Not
surprisingly, this is also applicable for results presented later.
Due to the same reason, a detailed explanation will be omitted.

C. Near—Far Effects

To test near—far effects, we fix the SNR level while varying
the signal-to-interference ratio (SIR) from —10 to 10 dB. The
SIR is defined from the desired signal power and the power of
one of the other seven equal power interfering users. Fig. 6 plots
the SINRs. Consistency between analytical and experimental
results can be observed. The ZF and subspace MMSE receivers
are much less sensitive to SIRs than the other two receivers. The
RAKE receiver relies more heavily on the desired signal power
than the DMI MMSE receiver.

D. Effects of Number of Users

The ability of a receiver to combat MUI is desirable. The
number of users directly affects the total interference level. We
thus test the sensitivity of different receivers, and let the number
of users J vary from 2 to 20 by increments of 2 at each step.
Fig. 7 shows the SINR performance. Up to 20 users, the first
three receivers yield similar SINRs. The SINR for each of them
decreases at a constant slope. The SINR of the RAKE receiver
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decays much faster since as .J increases, this receiver is unable
to mitigate significant interference introduced to the system.

VI. CONCLUSION

This paper analyzes different linear receivers from a pertur-
bation perspective when channel parameters are not perfectly
estimated by a blind method due to finite received data sam-
ples. Experimental results are consistent with analytical ones
in many examined situations. As byproducts, statistics of vec-
tored sample covariance are derived. Meanwhile, weighted co-
variance between the sample covariance matrix and vectored
sample covariance is provided. Those results can be applied to
analyze other covariance-based algorithms as well whenever ap-
propriate, similar to existing statistical results for the weighted
sample covariance matrix.
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APPENDIX A
PROOF OF PROPOSITION 1

For convenience, define #, = vec(y,yZ) as the instanta-
neous vectored covariance. Then, it can be easily verified that
the covariance of 7 has a form

®(7) = B{(t —r)(# —1)"}
1
A AH H
=3z Z E{#y, 7, } — T

nl,ngzl

(60)

where we have used E{r,,} = F{#,,} = r. Considering
all possible values that n; and n, take, the summation can
be expanded into n; = mo and ny; # mno. The latter gives
(1)/(N?)(N? — N)rrH due to our independence assumption
of data vectors used for covariance estimation. Together with
the result from the first, (60) becomes

N®(7)

= E{tn i} —rr¥ (61)

Expressing 7, as y;, ® y,, according to (2), (61) becomes

N&(#) = E{(y; ®y,)(, ©y,)"} —rr.  (62)

It is necessary to simplify a key term E{(y} ®y,,)(y: @y, )7}
in (62). Some results have been derived for complex variables
y,, in [22]. We will complete derivation for real variables and
reiterate results for complex variables as well for integrity.
Denote elements of y,, by y; fors = 1, ..., v.Forazeromean
vector y,,, define the fourth-order cumulant matrix as [22]

v

Ky = Z (eu,b ® eu,a)(el/,c ® eu,d)Tcum(ya7 y;;kv Ye, y;)
a,b,c,d=1

where

= E{yaysveya} — E{vays Y E{ycyy}
- E{yay:l(}E{y;yr}
- E{yayc}E{ylty;}

It can be written compactly as [22]

cum(Ya, Yy » Yer Yig)

Ky, =E{(y,®y,) (¥ ®y)}
- E{y;, @y, }E{y, ©yl'}
- E{y;y.} ® E {y,y}'}
- E{(y;, ®1,)(1, ®y,)"

}
©E{(1, 9y, (¥, ®1,)"} (63)

from which we obtain

E{(y; ®y,) (v: @y}
=Ky+ E{y, @y,}E {y, @y}
+ E{y,y,} © E{y,y; }
+E{(y, L)1, ©y,)"}

© E{(1, ®y,)(y;, ®1,)"}. (64)

Next, we will simplify (64) term by term.
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According to data model (10), the first term becomes [27]

K,=(H"'® HK,(H* ® H)" + K,. (65)

For Gaussian noise, K, = 0, whereas for L independent inputs

L
Z kiler,i ®er;)(er; ® eL,z‘)T
1

1=

= (I OIp)diag{x1,...,s Y I OIL)T  (66)

where «; is the kurtosis (fourth-order auto-cumulant) of the sth
input. If all inputs have the same kurtosis k4., , after substituting
(66) into (65) and applying (4), we obtain

K, = ky(H*OH)(H*OH)? (67)

The second term of (64) can be easily observed to be . The
third term is simplified as R* ® R. The last term vanishes for
complex variables [22]. For real variables, its first half becomes

E{(y,®1,)(1F ®yf)}
=E{(ILy,®1,) (17 2yl1,)}
=E{I,®1,)y,01) (ley]) (1] o 1,)}
=T, ®L)E{yy.} (1] ®1,)
=, ®1,)R(1 & I,) (68)

where (3) has been applied to obtain the second equality, and
both vector 1, and scalar 1 are involved in the second equality.
Similarly, the second half of the last term of (64) can be simpli-
fied as

E{1, 2y, W e1)} =1, ¢L)R(I,@1L). 69

Combining all previously derived results, we have, for real vari-
ables

E{(y,®y,) (v @y}
= kaw(HOH)HOH)Y + 177 + RO R
(70)

whereas for complex variables

tw(H*OH)(H*OH)"
+rr + R* ® R.

E{(y:®y,) (v, @y )} =
(71)

Therefore, (37) and (38) follow immediately after (62), (70), and
(71) are considered. O
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APPENDIX B
DERIVATION OF SOME EXPECTED VALUES
FOR THE ZF RECEIVER

Derivation of E{6 HZSH™ }

Denote the (a, b)th element of Z by z, ;. According to (41),
we can write SHZSH™ as

L
SHZSH™ = " 2, ,6hq0hy.

a,b=1
Therefore, we have
L
E{6HZSH"} = " 24, E{6h.6h;' } (72)
a,b=1

where E{6h,6h{} is given by (45).

Derivation of E{6H” Z§H}
From (41), the (a,b)th element of SH? Z6H is a scalar

ShE Z65hy. 1t can be written as tr(8hy6hY Z). Therefore, the
(a,b)th element of E{§H™ Z6H} is given by

r (E {5hb6hf } z) (73)

where E{éhb&hf } can be obtained according to (45).

Derivation of E{6HZ6H }

It is clear that E{6HZ6H} is zero for a complex system.
Therefore, we focus on a real system next.

Denote the ath row of Z as zf Then, § HZ can be written as
Sk 6h,2T. Therefore

The bth column of this matrix is Z§=1 ShqzL 6hy, or, equiva-
lently, Zle 8ha6hi z,. Then, the bth column of E{§HZ5H}
becomes

i E {6haoh] } 2,

a=1

where FE{6h,6h; } is obtained from (45) after replacing the
Hermitian by transpose. O

APPENDIX C
SIMPLIFICATION OF E{§RZér} AND E{67 Z5 R} FOR THE
MMSE RECEIVER

First, it is observed that if we take a Hermitian operation
on E{6RZér}, then we obtain a form E{ér” Z6R}. Thus,
we only focus on simplification of E{6RZér}. Since results
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from both Propositions 1 and 2 provide statistics of data covari-
ance estimation, there exist two different approaches to simplify
E{6RZér}: 1) Express 6r by 6 R and apply Proposition 2; 2)
express dR by 6r, and apply Proposition 1. Here, we simply
pick up one of them without a specific reason, e.g., the first one.

In E{6RZ6r}, matrix Z has v rows and ? columns. Let us
partition Z into v equal-size block columns

Each sub-block has v column vectors. The ath sub-block is de-
noted as Z(¥). After intentionally introducing two identity ma-
trices and applying (2) to 6r as

or = vec(6RI,I,) = (I, ® 6R)vec(I,)

and expressing the ath entry of vec(I,) by e, ,, we obtain

SRZ6r = [SRZY ... 6RZ™)6r = 6RZ“6Re, .

a=1

Therefore

E{6RZér} =Y E{6RZ‘“$R}e,,

a=1

where E{6RZ ) §R} can be obtained from Proposition 2. [J
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