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Abstract—Subspace decomposition has been exploited in
different applications. Due to perturbations from various sources
such as finite data samples and measurement noise, perturba-
tions arise in subspaces. Therefore, some loss is introduced to
performance of subspace-based algorithms. Although first-order
perturbation results have been proposed in the literature and
applied to various problems, up to second-order perturbation
analysis can provide more accurate analytical results and is studied
in this paper. Based on the orthogonality principle, perturbations
of subspaces and singular values (or eigenvalues) are derived
explicitly as functions of a perturbation in the objective matrix up
to the second order, respectively, all in closed forms. It is shown
that by keeping only the first-order terms, the derived results
reduce to those from existing approaches. Examples to apply the
proposed results to both matrix computation and subspace-based
channel estimation are provided to verify our analysis.

Index Terms—Channel estimation, second-order perturbation,
subspace decomposition.

I. INTRODUCTION

SUBSPACE methods have been employed in solving various
statistical problems in array signal processing [13], [15],

blind channel estimation [12] and code-division multiple access
(CDMA) communications [4], [11], [19]. Due to various per-
turbation sources arising in different applications, such as finite
data effect, modeling errors, and measurement noise, perturba-
tions are introduced to ideal solutions. Analytical results are de-
sired for either performance evaluation or comparison purposes.

Typically, subspace methods are based on subspace decom-
position [eigenvalue decomposition (EVD) or singular value de-
composition (SVD)] on some matrices. Then, the obtained sub-
spaces will play important roles in subspace processing algo-
rithms. Consider the following matrix

(1)

with the number of rows smaller than or equal to the number of
columns (fat or square matrix), whereis a perturbed version1

of with perturbation . If the matrix has more rows than
columns (tall matrix), our discussion can be generalized to its

Hermitian (complex conjugate transpose) first. Then, after
Hermitian operation on all corresponding results, results for
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1We use(̂�) to represent perturbed quantities and�(�) to denote their pertur-
bations.

easily follow. In communications, can be a data matrix or
data covariance matrix depending on applications. Assume
has subspace decomposition

(2)

where and span the column spaces ofand , respec-
tively, whereas and span their orthogonal spaces, and

and are corresponding singular values (or eigenvalues).
Similarly, subspace decomposition ongives

(3)

Due to , all quantities on the right-hand side of (3) may differ
from those on the right-hand side of (2). Detailed study on the
first-order approximation has been performed in [16] from dif-
ferent perspectives. It has also appeared in performance anal-
ysis for direction-of-arrival (DOA) estimation [10], where the
data-plus-noise model is considered. Theoretical approaches to
first-order perturbations on eigenvalue problems are proposed in
[8] and [14]. The finite data sample effect on statistics of eigen-
vectors of data covariance matrices is investigated in [7]. When
the data covariance matrix is updated by a rank-one matrix, per-
turbations of its eigenvalues and eigenvectors can be found in
[6]. Those results and corresponding methods have been suc-
cessfully applied to analyze the noise effect on the channel es-
timators [3], [11], [17] and the multiuser detector [18].

Itcanbeobservedthatmostanalysesarebasedonthefirst-order
perturbationwhereall perturbedquantitiesareof the firstorderof

. Meanwhile, results in [10] are bound to a particular model,
where is constrained to be. Thus, they will encounter prob-
lems inserving as references forotherapplications.However, de-
sires to obtain subspace approximation up to the second order of

arise if the first-order perturbation does not provide sufficient
accuracy in data analysis. Since EVD and SVD can both be de-
scribed by (3), we will not differentiate these cases later.

The objective of this paper is to derive general expressions
for approximations to those perturbed terms up to the second
order of . The proposed results are expected to be used as
references for researchers and engineers in different fields, such
as signal processing and communications. It is shown that if our
results are truncated at the first order of and is set to
be , then they reduce to those in [10]. Besides analysis on a
data matrix, in particular, we also apply our results to the case
when a data covariance matrix is estimated by its sample average
from finite data samples [7]. As expected, our perturbation re-
sults exhibit consistency with [7] when only the first-order terms
are maintained. In order to verify our analytical results, we first
apply them to matrix computation from mathematical point of
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view. Then, we employ them to derive an analytical solution to
subspace-based channel estimation problem [4], [12]. Based on
simulation results, it is observed that with the second-order ap-
proximation, more accuracy can be achieved compared with the
first-order approximation only.

II. PERTURBATIONS INSUBSPACEDECOMPOSITION

For simplicity, assume is a square diagonal matrix and
that is a scaled identity matrix

(4)

Suppose perturbed quantities on the right-hand side of (3) take
the following forms:

(5)

(6)

(7)

where the perturbations in the corresponding orthogonal sub-
spaces are characterized by quantities with subscript,
whereas the “in-space” perturbations in subspaces are explicitly
considered by quantities with subscript . For example, in

, the perturbation consists of two parts: captures
the perturbation in its orthogonal space , whereas
represents the “in-space” perturbation. In these equations, there
are several unknowns , , , , , , , , , and

that are to be determined in order to obtain all perturbations.
In general, is not necessarily diagonal. As will be seen later,
some of them are related to each other. We will start from (2) and
(3) and apply the orthogonality principle to and .

With subspace decomposition (2), it is implied that

(8)

where dimensions of identity matrices and zero matrices have
been dropped for notational convenience. Similarly with (3), we
have

(9)

in parallel with (8).
From (2) and (8), a set of projections of (or ) onto

different subspaces satisfy

(10)

Similarly, from (3) and (9), a set of projections of (or )
onto different perturbed subspaces satisfy

(11)

Equations in (10) and (11) will serve as our bases to derive per-
turbations up to the second order of . Due to considerable
length of derivation, the major results are provided in a com-
pact form in the following theorem. The proof of the theorem
is detailed in the Appendix, where and are obtained first
since other quantities are closely related to these two quantities.

Theorem: Suppose a fat or square matrix is perturbed to
be with a small perturbation . and are
decomposed as

where . Define and dif-
ferent projections of as

If , , , , , are expressed by (5)–(7), then up to
the second order of , these quantities , , , , ,

, , , and take the following forms:

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

where and represent the first-order terms in and ,
respectively

(22)

Proof: See the Appendix.
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According to this theorem, the procedure to obtain all pertur-
bations up to the second order of in subspace decomposition
on can be summarized as follows.

1) From subspace decomposition on, obtain , , ,
, , and .

2) Precompute relevant quantities, , , , , and
.

3) Obtain and and then and .
4) Obtain quantities , , , , and and sin-

gular value perturbations , and .
5) Obtain subspace perturbations , , , , as

This theorem provides general results of perturbations for all
relevant quantities in subspace decomposition up to the second
order. The following remarks can be easily made.

1) If a matrix is tall (with more rows than columns), the
theorem can be applied to its Hermitian first to obtain
perturbed subspace decomposition. Then, by Hermitian
operation, the perturbed subspace decomposition of the
desired matrix follows.

2) Perturbations up to the second order give approximations
with errors at least in the third order of perturbation.
Compared with the first-order perturbation results, ap-
proximation errors will be reduced by one order theoret-
ically.

3) Second-order perturbations depend on projections of
onto all subspaces determined by , , , and

. However, first-order approximations only depend
on “cross-space” projections and , as seen from
(22). Therefore, second-order approximation is able to
provide additional information about .

4) It is observed from (16)–(19) that quantities, , ,
and are square matrices and have a Hermitian (com-
plex conjugate symmetric) property. None of them have
first-order terms of . These quantities quantify the
“in-space” perturbations according to their definitions.
Therefore, “in-space” perturbation is smaller than the cor-
responding perturbation in its orthogonal subspace as far
as a particular subspace is concerned. This is partially ex-
plained after (61) in the Appendix.

5) Perturbations and up to the second order are
not Hermitian in general, even though both and
are Hermitian in some cases. The first-order perturba-
tion in is . It is thus not affected by either other
projections ( , , ), , or . However, the
second-order perturbation in depends on many other
quantities, especially , which exists in and . Sim-
ilar conclusion can be made for .

6) It is observed that many second-order terms are involved
in the associated quantities, which makes analysis of a
perturbation problem complicated in many scenarios.
However, the number of terms can be significantly
reduced in certain applications, leading to simplicity of
the analytical results.

More properties of our second-order approximation might be
explored when particular applications are considered. Before we
provide applications of our theorem in both matrix computation
and wireless communication, we will first reveal the connec-
tions with existing first-order approaches. It will be shown that
they are consistent when our results are truncated at the first
order.

III. CONNECTIONSWITH EXISTING APPROACHES

Currently, there exist first-order methods in noisy data anal-
ysis [10] and eigenvalue decomposition of sample covariance
matrix [7]. It this section, let us reveal connections of our
second-order approximation results with them, respectively, by
directly applying our theorem.

A. Perturbation by Noise in the Received Data—Connection
With [10]

In this subsection, we show that our perturbation solutions
can be significantly simplified when data is perturbed by noise
only. We also show that our analytical results are consistent with
the first-order based approach [10] when only first-order ap-
proximations are adopted in such a scenario.

Consider the following noisy data model [10]

where the noise matrix is a perturbation to the data matrix
. Since , is positive and square diagonal, then

and . We will follow our previously described
procedure to obtain perturbations and compare them with the
results in [10].

According to (22), the first-order terms become

(23)

Then, from (12), we obtain

(24)

Compared with long expressions in (12), (24) has a much sim-
pler form. Based on (6) and (24), the perturbation of noise sub-
space follows:

(25)

where , and has been
used. Likewise, we can find according to (14) and (24)

(26)

Therefore, from (5), the perturbation of the signal subspace be-
comes

(27)

where has been used. It can be observed
from (25) and (27) that if we focus on the first-order pertur-
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bations, then expressions for and reduce to those in
[10]. This consistency is not surprising because similar nor-
malization and orthogonality properties are employed in our
derivation. However, our results in the theorem are extended to
second-order perturbations, where is not required in
general. Moreover, other perturbed quantities can be obtained
as well from our theorem. Meanwhile, it is worth mentioning
that the results we derive in this subsection are not restricted to
a data matrix according to our derivation. They are also appli-
cable to matrix with and perturbation .

B. Perturbation by Finite Data in Covariance
Matrix—Connection With [7]

Perturbation also arises due to finite data samples in estima-
tion. For example, the data covariance matrix is estimated from

data vectors [7]

(28)

Assume the true covariance is , where represents
the covariance of all signals, and is the power of the white
Gaussian noise. may have decomposition

(29)

Then, can be decomposed into

(30)

It is recognized [5] (under certain ergodicity assumptions)
that converges to as . However, for large , a
perturbation exists in [7]

(31)

Therefore, subspaces are also perturbed. We will apply our the-
orem to investigate how affects subspace decomposition on

. Some results will also be used in Section III-A.
Under sample average estimation method (28), it is first ob-

served from (31) that since . Therefore,
projections of onto different subspaces have following rela-
tions:

(32)

In addition, , and

(33)

With these simplifications, it is quite straightforward to simplify
our perturbation results. We start from (12) for. Since

(34)

according to (33), the first-order term in (22) becomes

(35)

Based on (32), all second-order terms inare partitioned into
two groups for ease of derivation. The first group has five terms
with positive signs, each of which has projections and

Applying (34) and combining the first two terms, is simpli-
fied to

Due to (30) and (34), finally becomes

Similarly, the second group also has five terms but with negative
signs, each of which has projections and

Since

is simplified to . Combining , ,
and , we obtain as follows:

(36)

Therefore, the perturbation of the noise subspace is

(37)

where represents the pseudo-inverse, projections
, , and have been replaced by their def-

initions, and the last term comes from . Since
, we can easily obtain

the perturbation of the signal subspace

(38)

In order to find perturbations in eigenvalues according to (20)
and (21), we first need to simplify . From (22), we can obtain

Using (30) and (34), can be further simplified to be

(39)

which is the same as. Therefore, from (20) and (21), we can
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find

(40)

(41)

It can be easily observed from (37), (38), (40), and (41) that,
when we focus on one eigenpair only, the first-order results re-
duce to those in [7]. However, instead of considering individual
eigenpair, we present a compact form of up to the second-order
perturbations for all eigenpairs. Although we assumeis a data
covariance matrix, the results can be applicable to any Hermi-
tian matrix with Hermitian perturbation .

Up to this point, we have shown connections of our analytical
results with typical first-order approaches. We have also simpli-
fied expressions for perturbations significantly in those two sce-
narios. Those results can be served as general references in cor-
responding applications. However, we have not shown the im-
portance of the second-order perturbations. First-order perturba-
tion results have been widely applied as seen in the literature [3],
[17]. Second-order approximation is essential in obtaining more
accurate analytical results. The approximation error will be in
the third order of perturbation when second-order terms are
included, but the error will be in the second order of perturbation

when only first-order terms are considered. We will present
two numerical examples next to illustrate how our second-order
approximation can improve the accuracy. Although other appli-
cations may also be found, e.g., in high precision data analysis,
we will not pursue extensive study on applications in the current
paper.

IV. NUMERICAL EXAMPLES

In this section, we study applications of our theorem by pro-
viding some numerical examples in both matrix computation
and wireless communication.

A. Example in Matrix Computation

Suppose a symmetric matrix is perturbed to be with
perturbation as follows:

where . It can be easily found that the eigenvalue
decomposition on gives

Here, and are not boldfaced since they become scalars.
Now, consider the eigenvalue decomposition onanalytically.
It has two eigenvalues . If they are approx-
imated up to , then they become , .

TABLE I
MATRIX PERTURBATION RESULTS

Therefore, , . Corresponding to and
, the associated eigenvectors can be found from eigenanal-

ysis

If notations in our theorem are used, then the corresponding
quantities follow:

(42)

Next, we obtain these quantities by directly applying our the-
orem. Following the procedure described before,, , ,

, , and can be found first:

Then, , and . With these quantities, we can
obtain the same analytical results as (42). This shows that results
from our theorem are consistent with analytical results based on
conventional techniques.

In order to show the improvement by our second-order ap-
proximation, we also test the eigenvalue decomposition results
numerically for a large range ofbased on a function “ ” in
Matlab. Our second-order approximations for, , , and

are compared with their true values obtained in Matlab. The
absolute errors, which are denoted as , , , and

are recorded, respectively. When two vectors are com-
pared, the error is defined as the Euclidean norm of the resulting
error vector. Those errors are also compared with the first-order
approximation errors [with subscript ]. The results for
and are presented in Table I, whereas the results for
and are identical and are thus omitted. The advantage of
including second-order terms can be easily observed by com-
paring the third row with the second row and the last row with
the fourth row, respectively.

B. Example in Subspace-Based Channel Estimation

Channel estimation has been extensively studied in wire-
less communication. One of the most efficient methods is
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the so-called subspace-based method [4], [12]. If the noise
subspace is used, then it can be obtained from subspace
decomposition on the sample covariance matrixin (28). As
an example, we show in this subsection how our perturbation
results can be applied to derive the channel estimation error
analytically up to the second order of perturbation. Then,
the result is used to analyze such a channel estimator numeri-
cally. With perturbation up to the second order, the proposed
analysis is more accurate than that based only on the first-order
perturbation under a small perturbation assumption.

Consider a synchronous direct sequence CDMA system with
users [11]. For User 1, the desired user has independent and

identically distributed (i.i.d.) inputs and is assigned a pe-
riodic spreading sequence with period .
The coefficients of its unknown channel are collected in a nor-
malized vector . Similarly, we can define quantities for other
users. In the presence of additive white Gaussian noise (AWGN)

, the received data is assumed to follow the model [11]

(43)

where is a code filtering Toeplitz matrix constructed from
the spreading codes of user. Assume that the noise subspace
from eigenvalue decomposition onis . Then, the subspace-
based method to obtain the desired channel parameters can be
formulated as follows:

(44)

Therefore, is an eigenvector of the objective matrix

corresponding to its minimum eigenvalue. Due
to inaccurate estimate for, perturbation results in a per-
turbation in . Hence, matrix is a perturbed version of

with perturbation

(45)

Under certain identifiability conditions, the true channel vector
is the unique null vector of . Then, is a perturbed

channel vector with perturbation . This perturbation can be
obtained analytically in two steps according to our previous
results. First, due to , is expressed as a function of

up to its second order. Second, by expressing as a
function of , in (45) can be derived from . Therefore,
an analytical result for can be derived from up to its
second order.

In the first step, (25) is directly applicable as explained at
the end of Section III-A, which gives a perturbation in the null
vector of

(46)

Substituting (45) in (46) and using , we obtain

up to the second order of

(47)

Second, according to (37), is related to . Substituting
(37) in (47), we can obtain directly from covariance esti-
mation error

(48)

where is defined in (29), and is defined as

It can be observed that the first term in (48) represents a first-
order perturbation due to , which is consistent with the re-
sults in [3], [11], and [17], whereas all other terms are in the
second order of . With second-order terms included, it is an-
ticipated that the predicted channel estimation error becomes
smaller under the small perturbation assumption.

In the current work, we restrict our attention to the perturba-
tion of the channel estimate due to up to the second order.
The statistical property of the subspace-based channel estimator
based on (48) will not be further derived analytically, which is
beyond the scope of the paper. However, for the first-order based
statistical analysis, see [9] for a single-input multiple-output
(SIMO) channel or [20] for a CDMA channel. Meanwhile, the
asymptotic distribution of the subspace-based channel estimate
is derived in [1] and [2]. In those works, it is shown that the
second-order statistics of the estimated channel vector depend
on up to the fourth-order information of the received data. If our
second-order perturbation terms are considered, then those sta-
tistics will finally depend on up to the eighth-order statistics of
the received data, which turns out to be highly complex. Instead,
we turn our attention to simulation study next.

Consider a direct sequence CDMA system with six syn-
chronous users. Gold sequence of length is used as the
spreading sequence for each user. Each user transmits a binary
information sequence with equal power. Channel coefficients
are arbitrarily selected from a zero-mean Gaussian process with
unit variance and put in a matrix shown at the bottom of the next
page, where each column represents the normalized channel
vector for the corresponding user. Channel is estimated
according to (44). The mean square error is defined as [1], [9]

MSE

In order to gain some insight into the roles of the second-order
perturbation terms in (48), this MSE is compared with the ex-
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Fig. 1. Channel estimation error versus the sample size when SNR= 5 dB.

pected value of the squared norm of (48) and the analytical re-
sult by [20], which considers only the first-order perturbation.
The average results over 500 realizations of the noise and data
processes are obtained. We study the effects of the sample size

and the signal-to-noise ratio (SNR), which are two of the
most important factors to cause perturbation in channel esti-
mate. First, the effect of the sample size on the MSE is shown in
Fig. 1, starting from , when SNR dB. The solid line
is the subspace-based channel estimation result. The dashed line
represents the result predicted by our second-order perturbation
analysis, and the “”s denote the result by [20]. It can be ob-
served that the first-order perturbation cannot provide reliable
prediction in such a low SNR level, even whenis large com-
pared with . However, the second-order approximation highly
agrees with the experimental result for a large range of. Cer-
tainly, it is inaccurate for small , where the small perturbation
assumption may be violated. Although the first-order approxi-
mation appears better for small, theoretically, it is not reliable
either. When SNR increases to 10 dB, the results from experi-
ment and our second-order approximation are almost indistin-
guishable, as observed from Fig. 2, but the first-order approx-
imation still shows some deviation for small. However, the
gap between the first- and second-order approximation results
decreases. It diminishes when SNR further increases to 15 dB,
as shown in Fig. 3. This time both approximation methods per-
form satisfactorily.

The effect of SNR on channel estimation error is also studied.
The average results from 2000 independent realizations with

are presented in Fig. 4 for SNR ranging from 0 to
20 dB. It is seen that in the 6– to 16–dB region, the proposed
analytical results are in better agreement with the experimental

Fig. 2. Channel estimation error versus the sample size when SNR= 10 dB.

Fig. 3. Channel estimation error versus the sample size when SNR= 15 dB.

results than the first-order based results [20]. For SNR higher
than 16 dB, both first- and second-order analyses show satisfac-
tory performance. In the low SNR region, we should not rely on
the perturbation analysis, as expected. In Fig. 5,increases to
200. Consequently, the gap between two analytical curves de-
creases. Both analytical results appear more accurate for a large
range of SNR when this figure is compared with the previous
one. Meanwhile, the experimental results tend to converge to the
proposed analytical results even at lower SNRs. For example, at
as low as 5 dB SNR, the solid and dashed lines almost overlap. If

increases further to 500, the first- and second-order analyses
do not yield much difference, as observed from Fig. 6.
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Fig. 4. Channel estimation error versus SNR whenN = 100.

Fig. 5. Channel estimation error versus SNR whenN = 200.

Fig. 6. Channel estimation error versus SNR whenN = 500.

Based on the previous simulation study, it can be concluded
that our second-order perturbation analysis can predict the es-
timator’s performance more accurately for a larger range of
number of data samples and SNRs than the first-order pertur-
bation analysis. Thus, the superiority of our second-order per-
turbation analysis is numerically established.

V. CONCLUSIONS

In this paper, perturbations in subspace decomposition on
a perturbed matrix are studied. All relevant quantities such as
subspaces and singular values are considered. Their perturba-
tions are derived as functions of the perturbation in the ma-
trix up to the second order, respectively, all in closed forms.
It is also shown that if the proposed results are truncated at
the first order, they reduce to those of existing approaches, as
expected. Demand on the availability of second-order pertur-
bations may arise if the first-order perturbation cannot provide
sufficient accuracy in data analysis, depending on applications.
Numerical examples in matrix computation and subspace-based
blind channel estimation for CDMA systems are provided to il-
lustrate the roles of second-order perturbation terms.

APPENDIX

Proof of the Theorem

We will derive a set of equations for our unknowns. First,
substituting (1), (5), and (7) into the first equation of (11) and
applying the first and second equations of (10), we obtain

(49)

If we premultiply both sides of (49) by and , respec-
tively, and use (8), then

(50)

(51)

These are two equations where unknowns are involved based
only on the first equation of (11). We will next obtain two equa-
tions from each of other three equations of (11).

Second, from the second equation of (11), we can obtain

(52)

where the first and second equations of (10) have been used once
more. If we premultiply both sides of (52) by and ,
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respectively, and use (8), we have

(53)

(54)

These are another two equations for our unknowns.
Next, from the third equation of (11), it can be easily verified

that the following holds:

(55)

Premultiplying both sides of (55) by and , respectively,
we arrive at two more equations:

(56)

(57)

Finally, two additional equations are obtained from the fourth
equation of (11) by expanding multiplications

(58)

and premultiplying both sides of (58) by and , respec-
tively:

(59)

(60)

Thus far, we have obtained following eight equations for our
unknowns: (50), (51), (53), (54), (56), (57), (59), and (60). We
may obtain more equations from (9) when necessary to derive
our solutions.

Let us consider first. It is involved together with , ,
, in (53), (54), (59), and (60). However, and

are related to and , respectively. Following the line of
[16, ch. V], let us express in (6) similarly by another form

, where and . Since

, and must satisfy normalization requirement
. We thus may constrain to be a

Hermitian matrix . Therefore, must be a

Hermitian matrix . Again, applying with
our current expression of in (6), we obtain

which becomes

after using the Hermitian property of . It can be easily ob-
served that cannot have first-order terms of , although

may have. Then

(61)

This result is analogous to a case when a unit-norm vector
is perturbed to be . If the angle between and is very
small , then the perturbation in the direction orthog-
onal to is , where vector has unit-norm,
whereas the “in-direction” perturbation (in parallel with) is

, which appears as a second-order
perturbation. Since , the “in-direction” perturbation is
much smaller than the perturbation in its orthogonal direction.
In a much similar way, we can obtain , , as follows:

(62)
Now, we continue our derivation of . Substituting

from (59) into (60), we eliminate and obtain an equation
of only and up to the second order

(63)

where higher order terms2 have been discarded, including those
terms with and multiplied by the first order of . Then,
(63) can be written as

(64)
In order to express by in a closed form, we adopt an
iterative approach. Substituting on the right-hand side of
(64) by its expression (64) and neglecting higher order terms,
we eliminate on the right-hand side of (64)

(65)

Ater rearrangement, (65) becomes

(66)

In a much similar way, if we substitute from (53) into
(54) and ignore higher order terms, we obtain another equation
for and

(67)

Substituting in (66) into (67) and discarding higher order
terms, an equation for follows:

(68)

2In the current context, “higher order” means order greater than two.
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where has been replaced by . is not easy to solve
in the current matrix-form equation. However, since we are only
interested in the expression of up to the second order of

, we may still apply the recursive technique. Multiplying
both sides of (68) by , the left-hand side becomes

. Applying our definition , we ob-
tain

(69)

Based on our recursive method and keeping terms only up to the
second-order perturbations, we can obtain

(70)

After rearranging all terms in (66) and combining corresponding
terms, we obtain , which is (12). With , other unknowns
can be easily derived, as explained next.

First, can be found from according to (66). After sub-
stituting (12) into (66) and ignoring higher order terms, be-
comes

(71)

With some simplification and reordering, (71) becomes (13),
which gives .

Once we obtain and , other remaining quantities ,
, , , , , , and can be easily derived as fol-

lows. is related to by (61). Keeping only the first-order
terms in when using (61), we obtain as in (16). Simi-
larly, from (62), we obtain as in (17). From orthogonality

, we have

(72)

Since and do not contain the first-order perturbations
according to our earlier analysis, we conclude from (72) that

, which is (14) and similar to [10]. Similarly,

from , we get , which is (15).
Therefore, according to (62) and using , we have

. Keeping only the first-order terms in ,
we obtain , which is given in (18). Similarly, from (62) and
using , we obtain , which is given in (19). Other
two unknowns and can be solved based on (56) and
(59), respectively. According to (56), can be expressed up
to the second order as

After considering (15), (18), and (19) and keeping up to the
second order, we obtain as in (20). Similarly, from (59),
we have

Using (16) and (17), (21) follows, which gives .
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