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Perturbation Analysis for Subspace Decomposition
With Applications in Subspace-Based Algorithms
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Abstract—Subspace decomposition has been exploited ineasily follow. In communicationsX can be a data matrix or

different applications. Due to perturbations from various sources data covariance matrix depending on applications. AssXme
such as finite data samples and measurement noise, perturba—has subspace decomposition

tions arise in subspaces. Therefore, some loss is introduced to
performance of subspace-based algorithms. Although first-order
perturbation results have been proposed in the literature and

applied to various problems, up to second-order perturbation H
analysis can provide more accurate analytical results and is studied WhereU; andV’, span the column spacesXfandX ™, respec-

in this paper. Based on the orthogonality principle, perturbations  tively, wheread,, and V', span their orthogonal spaces, and
of subspaces and singular values (or eigenvalues) are derivedA, andA.,, are corresponding singular values (or eigenvalues).

explicitly as functions of a perturbation in the objective matrix up  gjmjlarly, subspace decomposition &ngives
to the second order, respectively, all in closed forms. It is shown

that by keeping only the first-order terms, the derived results
reduce to those from existing approaches. Examples to apply the

proposed results to both matrix computation and subspace-based . . . .
channel estimation are provided to verify our analysis. Due toé X, all quantities on the right-hand side of (3) may differ

Index Terms—Channel estimation, second-order perturbation, from those on the_ rlght-hand side of (2). Detal!ed study on t_he
subspace decomposition. first-order approximation has been performed in [16] from dif-
ferent perspectives. It has also appeared in performance anal-
ysis for direction-of-arrival (DOA) estimation [10], where the
. INTRODUCTION data-plus-noise model is considered. Theoretical approaches to
UBSPACE methods have been employed in solving variofigst-order perturbations on eigenvalue problems are proposed in
tatistical problems in array signal processing [13], [15]8] and [14]. The finite data sample effect on statistics of eigen-
blind channel estimation [12] and code-division multiple acce¥&ctors of data covariance matrices is investigated in [7]. When
(CDMA) communications [4], [11], [19]. Due to various per-the data covariance matrix is updated by a rank-one matrix, per-
turbation sources arising in different applications, such as finitérbations of its eigenvalues and eigenvectors can be found in
data effect, modeling errors, and measurement noise, perturi§d- Those results and corresponding methods have been suc-
tions are introduced to ideal solutions. Analytical results are deessfully applied to analyze the noise effect on the channel es-
sired for either performance evaluation or comparison purposégators [3], [11], [17] and the multiuser detector [18].

Typically, subspace methods are based on subspace deconffcanbeobservedthatmostanalysesare basedonthefirst-order
position [eigenvalue decomposition (EVD) or singular value d@€rturbationwhere all perturbed quantities are of the first order of
composition (SVD)] on some matrices. Then, the obtained subX . Meanwhile, results in [10] are bound to a particular model,
spaces will play important roles in subspace processing alg@lereA,, is constrained to b@. Thus, they will encounter prob-

X=UAVI LU, A VE 2

XU AV 400 3

rithms. Consider the following matrix lemsinserving as references for other applications. However, de-
. sires to obtain subspace approximation up to the second order of
X=X+6X (1) éX ariseifthefirst-order perturbation does not provide sufficient

accuracy in data analysis. Since EVD and SVD can both be de-
with the number of rows smaller than or equal to the number g¢ribed by (3), we will not differentiate these cases later.
columns (fat or square matrix), whekeis a perturbed version  The opjective of this paper is to derive general expressions
of X with perturbationsX. If the matrix has more rows thanfor approximations to those perturbed terms up to the second
columns (tall matrix), our discussion can be generalized 10 #der of $X. The proposed results are expected to be used as
HermitianX (complex conjugate transpose) first. Then, aftaeferences for researchers and engineers in different fields, such
Hermitian operation on all corresponding results, results¥for as signal processing and communications. It is shown that if our
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view. Then, we employ them to derive an analytical solution tequations in (10) and (11) will serve as our bases to derive per-
subspace-based channel estimation problem [4], [12]. Basedtorbations up to the second order&X. Due to considerable
simulation results, it is observed that with the second-order dpngth of derivation, the major results are provided in a com-
proximation, more accuracy can be achieved compared with {hect form in the following theorem. The proof of the theorem

first-order approximation only. is detailed in the Appendix, whe@, and@, are obtained first
since other quantities are closely related to these two quantities.
Il. PERTURBATIONS IN SUBSPACEDECOMPOSITION Theorem: Suppose a fat or square mat&X is perturbed to

be X = X + 6X with a small perturbatiodX. X andX are

For simplicity, assume\, is a square diagonal matrix anddecomposed as

thatA,,AZ is a scaled identity matrix
U AV U AVY, X =0, A0+ 0,A0"
AnAH = al. @) X=UAV +U,AV, 6@ X=UAU, +U,AU,
whereA, A = ol. Define® = (A,AY - aI)_l and dif-

Suppose perturbed quantities on the right-hand side of (3) t%?ent projections 06X as

the following forms:
E,, =UYsxVv,, E.,,=UYsxVv,

f] U5+6U5:US+UnP1+U5P2 EnSIUHéXVS, Enn:UHéXVn
Vo=Vo 48V, =Vt VaPr 4 VP, ® o V.UV AL d by (5)~(7), th t
- Ve, Un, Vo, A, A, are expressed by (5)—(7), then up to
{J =Un +0Un =Un +U.Q, + U@, the second order dfX, these quantitie®;, Py, Py, Py, Q,,
V=V, +6V, =V, +V.Q +V.Q, ©6) Q.. Q. Q, 5A, andéA,, take the following forms:
A, =A, A,, A=A, A, 7 _ _
s 04, u ) ~Z (B AT Ev — SE AT E,, + aE AT'SE,,
where the perturbations in the corresponding orthogonal sub- +ASE§£EEW — EASEZ’SEM) A
spaces are characterized by quantities with subscrigt +3 (AEVSAET - SAEV A, EY

whereas the “in-space” perturbations in subspaces are explicitly " " " "
considered by quantities with subscripi.. For example, in tabs s SE, — BE Ay Ank,, — ES"Enn)
U,,the perturbatioil/,, consists of two partd/.Q, captures +F (12)
the perturbation in its orthogonal spatk, whereaslU,,Q,  Q, ~X (ELSAEY - SET A EY) A, - SETE,,
represents the “in-space” perturbation. In these equations, there H H H
are several unknowd3;, Py, P1, P>, Q;,Q,,Q;,Q,,5A,and + Effg +ZEen 712E"5E"") A";&"
6A,, thatare to be determined in order to obtain all perturbations. + A (BLA B, - SE, A E,,
In general$ A, is not necessarily diagonal. As will be seen later, +aE55A;1 EEsn) AfAn
?o)me (c;f thelm z;re reI:ted to (Iaach otherl. We wig start from (2) and L ATLE AT ( Eyn + SE A1 An)
3) and apply the orthogonality principle ® and X . _ _

With subspace decomposition (2), it is implied that — AT BB A B + AT E SE A

+A'S (aESE! - SE, AFAEY,

vlu, =1, viv,=1 Ulvu,=1 “E,ET)A, +F (13)
Hy _ Hyr _ Hy g
viv,=I1 U"U,=0 Viv,=0 ®  p gl (14)
= ~H
where dimensions of identity matrices and zero matrices havd’1 ~ — @ (15)
been dropped for notational convenience. Similarly with (3), WeQ2 ~_ }FHF (16)
have 2
u i 0, ~— 1P F 17
LU, =1 Vv, v,=1 U, 0,=1 @~—3 (@7)
~ H ~ ~H ~ 1 H
V.V,.=I U U,=0 V,V,=0 9 Pyx~-— SFF (18)
in parallel with (8). Py LFE (19)
From (2) and (8), a set of projections & (or X*!) onto 2 w1 - 1
different subspaces satisfy A, ~FE,, — E_ I — 5ASFF + 5FFH A, (20)
_ 1 I |
X", =v,AE, x"U,=V,A" SA,, ~E ., + EnoF — 5AnFHF + §F”FAn (21)
XV, =U,A,, XV, =U,A,. (10)

whereF and F’ represent the first-order terms @, and @,

Similarly, from (3) and (9), a set of projections &F (or X ') respectively
onto different perturbed subspaces satisfy F=_¥x (ASEZ’S + EsnAZ’)

_ F=-SE' A, —A7'SE,,ATA, - AT'E,,. (22)
XV, =U,A,, XV,=U,A,. (11) Proof: See the Appendix. O
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According to this theorem, the procedure to obtain all pertur- More properties of our second-order approximation might be
bations up to the second orderédX in subspace decompositionexplored when particular applications are considered. Before we
on X can be summarized as follows. provide applications of our theorem in both matrix computation

1) From subspace decompositionXpobtainU,, V,, U,,, and wireless communication, we will first reveal the connec-

V.., A,, andA,,. tions with existing first-order approaches. It will be shown that
2) Precompute relevant quantitiesX, E,., E.,., E,.,,and they are consistent when our results are truncated at the first
E,,. order.
3) ObtainF andF and thenR, and@; .
4) Obtain quantities;, Py, Q,, Q,, andP;, P, and sin- [ll. CONNECTIONSWITH EXISTING APPROACHES
gular value perturbationsA;, andéA,,. Currently, there exist first-order methods in noisy data anal-

5) Obtain subspace perturbatiofls,, 6V, 6U,, 6V, as  ysis [10] and eigenvalue decomposition of sample covariance

matrix [7]. It this section, let us reveal connections of our
U, =U,P,+U,P;,, V, =V, P +V,P, second-order approximation results with them, respectively, by

§U, =U,Q, +U,Q,, §V,=V.Q +V,.Q,. directly applying our theorem.

A. Perturbation by Noise in the Received Data—Connection

This theorem provides general results of perturbations for lfith [10]

relevant quantities in subspace decomposition up to the second
order. The following remarks can be easily made.

In this subsection, we show that our perturbation solutions
can be significantly simplified when data is perturbed by noise

1) If a matrix is tall (with more rows than columns), the,\y \we also show that our analytical results are consistent with

2)

3

4

5

)

)

~

theorem can be applied to its Hermitian first to obtif, e first_order based approach [10] when only first-order ap-
perturbed subspace decomposition. Then, by Herm'“ﬁ?oximations are adopted in such a scenario.

operation, the perturbed subspace decomposition of the~gnsider the following noisy data model [10]
desired matrix follows.

Perturbations up to the second order give approximations Y=Y+8§Y=Y+N
with errors at least in the third order of perturbatiok. here th . iRV i wrbation to the dat i
Compared with the first-order perturbation results, aiyl ere the noise matr¥ 1s a perturbation to the data matrix

proximation errors will be reduced by one order theoret-* SinceA, = (fQAS IS positive and square dlagonal_, then
ically. a = 0andX = A;~. We will follow our previously described

Second-order perturbations depend on projectionsof procedure to obtain perturbations and compare them with the

i Its in [10].
onto all subspaces determined B, E.,, E,,, and resu ) _
E,.... However, first-order approximations only depend According to (22), the first-order terms become

on “cross-space” projectiors,,, andF,,;, as seen from F=-A'EL F=_A'E,,. (23)
(22). Therefore, second-order approximation is able to _

provide additional information abodtxX . ) Then, from (12), we obtain

Itis observed from (16)—(19) that quantit@s, Q., P2, Q, ~ _AglErfer + A;lEgAglErIi _ A;2EsnE7[L{n- (24)

andP, are square matrices and have a Hermitian (com-
plex conjugate symmetric) property. None of them hav@ompared with long expressions in (12), (24) has a much sim-
first-order terms of6X. These quantities quantify thepler form. Based on (6) and (24), the perturbation of noise sub-
“in-space” perturbations according to their definitionsspace follows:

Therefore, “in-space” perturbation is smaller than the cor- b o H b v Hoyrt oo H

responding perturbation in its orthogonal subspace as far Uy —Y'oY U, + YIOY Y '6Y U,

as a particular subspace is concerned. This is partially ex- -Y'yhreyv,v]isy"u,
plained after (61) in the Appendix. Ly utsyv Aa—vEsy P o5
Perturbation$A, and§A,, up to the second order are nen s s " (25)

not Hermitian in general, even though bath and A, wherey® 2 U A-lVEH andQ, ~ _(1/2)FHF has been
are Hermitian in some cases. The first-order perturbgzgoq Likewise; wé cag fing?, according to (14) and (24)
tionin 6A, is F,,. Itis thus not affected by either other

projections €., E,,, Enn), As, of A,,. However, the P, ~E,,A7' —E, ,AT7'E,,A;' + E,.,EZY A2, (26)
second-order perturbation éi\ , depends on many other
guantities, especially\,,, which exists inF" andF. Sim-
ilar conclusion can be made féA,,.

Therefore, from (5), the perturbation of the signal subspace be-
comes

6) Itis observed that many second-order terms are involveg, U, U sy [VsAgl —(YHHsYV, AL

in the associated quantities, which makes analysis of a 1

perturbation problem complicated in many scenarios. +VnV£16YU5A;2] - 2yfsyfu,utisyv, (27)
However, the number of terms can be significantly 2

reduced in certain applications, leading to simplicity oivhere P, ~ —(1/2)FFH has been used. It can be observed
the analytical results. from (25) and (27) that if we focus on the first-order pertur-
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bations, then expressions fo¥/,, and §U, reduce to those in Based on (32), all second-order term&J}pare partitioned into
[10]. This consistency is not surprising because similar hawo groups for ease of derivation. The first group has five terms
malization and orthogonality properties are employed in owith positive signs, each of which has projectidiig andE,,,
derivation. However, our results in the theorem are extended to

second-order perturbations, whekg = 0 is not required in T, = 0}3E AT Eyy + 0 SEAT'S (A + 021) E;»,

general. Moreover, other perturbed quantities can be obtained +3AE, 2 (AS + aiI) E,,

as well from our theorem. Meanwhile, it is worth mentioning

that the results we derive in this subsection are not restricted¥8PYing (34) and combining the first two ternts; is simpli-

a data matrix according to our derivation. They are also appf'ied to
cable to matrix@ with A,, = 0 and perturbatiody . T, = OEEESSQ_IAS_I(Q " afI)Em +SALE.QE,,.

B. Perturbation by Finite Data in Covariance Due to (30) and (34)T; finally becomes
Matrix—Connection With [7]
-1 -1
Perturbation also arises due to finite data samples in estima- T, =Q 7 E,Q B,

tion. For example, the data covariance matrix is estimated fr

N data vectors [7] (gﬂ'nilarly, the second group also has five terms but with negative

signs, each of which has projectiofs,, andE,,,,

N 1 N T, — 222 A QI S E.E
=% Zy(n)yH(n)- (28) o = — [20232 (A, + 021) + X) BBy,
~ (202207 + 2) Eqn B

Assume the true covariancelis= Z+o021, whereZ represents Since

the covariance of all signals, ard is the power of the white

Gaussian noiseZ may have decomposition 20307+ 3 =713 (2071 + Q)

=Q 'S (A, +02]) =22

Z=UQU". (29)
T, is simplified toT, = —Q2E,, E,,,. CombiningF, T,
Then, R can be decomposed into andT’;, we obtain@), as follows:
R=UAU" +U A U" Q ~-Q'E,, +Q'E,,Q'E,, - Q’E,,E,,. (36)
A, =+, A, =02l (30)

Therefore, the perturbation of the noise subspace is

It is recognized [5] (under certain ergodicity assumptlon%b ~ —Z'6RU, + Z'§RZ'6RU,,

that R converges toR asN — oo. However, for largeV, a ) - 1 - o
perturbationsR exists inR [7] —(Z")?6RU U}/ 6RU,, — SUnU, SR(ZT)6RU, (37)
R=R+ R (31) where ()" represents the pseudo-inverse, projections

E.,, E;,, and E,, have been replaced by their def-
Therefore, subspaces are also perturbed. We will apply our théitions, and the last term comes fron,,@,. Since

orem to investigate howR affects subspace decomposition osU, ~ -U,Q — (1/2)U,FF", we can easily obtain
R. Some results will also be used in Section I1I-A. the perturbation of the signal subspace

Under sample average estimation method (28), it is first ob- - . ju ] .
served from (31) thatR¥ = SR sinceR’ = R. Therefore, U, =U U, 6RU.Q™" — UnU, 6RZTSRU Q2
projections o R onto different subspaces have following rela- + U, U 6RU, U SRU 272
tions: _ %ZTéRUnUf SRU, QL. (38)

H H _ H _
Bys = Bssy Brp = Bpny By = Bns. (32) In order to find perturbations in eigenvalues according to (20)
In addition. o = o* and and (21), we first need to simpliff’. From (22), we can obtain
_ _ F=— (2T +oA'S+ A ES,
(M-t =@ (A oD (39) (023 + 0uA TE + A ) B
' =—[ooA7'S (A, +00I) + A E,,

With these simplifications, it is quite straightforward to 5|mpI|fy

our perturbation results. We start from (12) @y. Since Using (30) and (34)F can be further simplified to be
F=—(c]A]'Q'ATHE

=- QAN (R4 02 E,,
according to (33), the first-order terfiin (22) becomes =-QWHsRU, (39)

S(A, +od) =1 (34)

F= —QflUféRUn. (85) which is the same aB. Therefore, from (20) and (21), we can
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find TABLE |
MATRIX PERTURBATION RESULTS

6N, ~UHSRU, + UHSRU, U sRU Q!

1 € [20x107 | 1L0x 107! [ 1.0x10°% | 1.0x 107% | 1.0 x 107*
— 5Asn—lvff SRU,UPsRU, Q71

eue1 | 2.1 x1072 | 5.1 x 1073 | 5.0%x 1075 | 5.0 x 10~7 | 5.0 x 107°

1
~Q'UYSRU, U SRU Q7 A, 40
+ 2 ? ™ (40) a2 | 11x1072 | 15x 1072 [ 1.5 x 1076 | 1.5 x107% | 1.5 x 1012

— -2 -3 —4 —6 —8
6A.n %UféRUn _ UféRUSQ lUféRUn (41) €A1 3.9 x 10 9.9 % 10 1.0x 10 1.0 x 10 1.0x10
e 15x107% | 9.8x107% | 1.0 x 1078 | 1.0 x 107%2 0

It can be easily observed from (37), (38), (40), and (41) the-
when we focus on one eigenpair only, the first-order results re—

duce to those in [7]. However, instead of considering individugherefore A, ~ ¢2, 6A,, ~ —¢2. Corresponding ta\, and
eigenpair, we present a compact form of up to the second-ordegr, the associated eigenvectors can be found from eigenanal-
perturbations for all eigenpairs. Although we assuis a data ysjs

covariance matrix, the results can be applicable to any Hermi-

tian matrix wnh Hermitian perturbatiofiz. . . U, ~ 1—get| _ U, +U, — =2U,
Up to this point, we have shown connections of our analytical € 2

results with typical first-order approaches. We have also simpli- . _C 1

- i i ianifi i =U, —U; — U,

fied expressions for perturbations significantly in those two sce- 1_ _C n s 5t Yn

narios. Those results can be served as general references in cor-

responding applications. However, we have not shown the imi-notations in our theorem are used, then the corresponding
portance of the second-order perturbations. First-order perturgaantities follow:

tion results have been widely applied as seen in the literature [3],

[17]. Second-order approximation is essential in obtaining more _ _ 1, _ _ 1,

. . . . . P=e, P= €, QL =—c¢ Q2 = €
accurate analytical results. The approximation error will be in 2 2
the third order of perturbatiof’X when second-order terms are ~ 6A; =€°, A, = —¢°. (42)

included, but the error will be in the second order of perturbation

6X when only first-order terms are considered. We will preseftext, we obtain these quantities by directly applying our the-
two numerical examples next to illustrate how our second-ordeliem. Following the procedure described befaie}, Es,,
approximation can improve the accuracy. Although other appfésn, Ens, andE,,, can be found first:

cations may also be found, e.g., in high precision data analysis,

we will not pursue extensive study on applications in the current a=0, X=1, E,=0, E,, =c¢
paper. Ens =c, Enn =0.
IV. NUMERICAL EXAMPLES Then,F' = —¢, andF = —e. With these quantities, we can

rf_btain the same analytical results as (42). This shows that results

In this section, we study applications of our theorem by p h . ith tical Its based
viding some numerical examples in both matrix computati fom ourtheorem are consistent with analytical results based on

and wireless communication. conventional techniques.
In order to show the improvement by our second-order ap-

A. Example in Matrix Computation proximation, we also test the eigenvalue decomposition results

numerically for a large range efbased on a functioncig” in

Iylatlab. Our second-order approximations &6y, U,,,, A, and

A,, are compared with their true values obtained in Matlab. The
absolute errors, which are denotedes», ¢, 2, ea_ 2, and

1 0 X 1 € 0 1 - ? n -

X = 0 0 = ol 0X =€ 10 ea,, 2 are recorded, respectively. When two vectors are com-

pared, the error is defined as the Euclidean norm of the resulting

where0 < ¢ < 1. It can be easily found that the eigenvalu&rror vector. Those errors are also compared with the first-order

Suppose a symmetric matriX is perturbed to beX with
perturbation5 X as follows:

decomposition oX gives approximation errors [with subscrigt);]. The results forll,
andA are presented in Table |, whereas the resultsUfgr
1 0 and An are identical and are thus omitted. The advantage of
U,=v.= [0} y Un=Va= [1} including second-order terms can be easily observed by com-
A, =1, A,=0. paring the third row with the second row and the last row with

the fourth row, respectively.
Here,A; andA,, are not boldfaced since they become scalars.
Now, consider the eigenvalue decomposition¥analytically. B Example in Subspace-Based Channel Estimation
It has two eigenvaluet/2 + 1/2\/1 + 4e2, Ifthey are approx-  Channel estimation has been extensively studied in wire-
imated up toe?, then they becomd, ~ 1+ €2, A,, @ —e2. less communication. One of the most efficient methods is
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the so-called subspace-based method [4], [12]. If the noi&k; up to the second order 61/,
subspace is used, then it can be obtained from subspace, bl " . "
decomposition on the sample covariance makiin (28). As Ohy ~— X C}{U"‘SUzolhl _5 C 65"611" Cihy
an example, we show in this subsection how our perturbation +xfcfsuulle. x'el'u,sUl Cihy
results can be applied to derive the channel estimation error +Xx'efu,sufe xtclu,sut o, h,
analytically up to the second order of perturbatio®. Then,

1 H, ~H H 12
the result is used to analyze such a channel estimator numeri- - §h1h1 CyoUU, Ci(XT)

cally. Wi'gh perturbation up to the second order, the proposed x CHU, U Ch,. (47)
analysis is more accurate than that based only on the first-order _ _ o
perturbation under a small perturbation assumption. Second, according to (37)UV,, is related tosR. Substituting

Consider a synchronous direct sequence CDMA system w(@/) in (47), we can obtainh, directly from covariance esti-
K users [11]. For User 1, the desired user has independent &tafion error6R
|Qe|jt|cally d|§tr|buted (i.i.d.) inputs; (n) and is gssgngd ape- Shy ~SSRZ'Cyhy
riodic spreading sequeneg(0), ..., ¢; (P — 1) with period P. : : . o
The coefficients of its unknown channel are collected in a nor- — S6RZ'SRZ'C1hy + SORU, U $R(Z')"Cihy
malized vectoh, . Similarly, we can define quantities for other - X'cl Z1sRU, U sRZTC by
users. In the presence of additive white Gaussian noise (AWGN) +xtcl z'sRU, U C,SSRZC1 by

v(n), the received data is assumed to follow the model [11] + SSRZTCLSSRZICyhy
K - %hlh{{ CHZ6RSTSSRZC by (48)
n) = Cilywy(n) +v(n) (43) R o
— whereZ is defined in (29), and is defined as
whereC}, is a code filtering Toeplitz matrix constructed from S = (C'f[UnUfZ[CH)T cl'u, Ul

;?oen?gire:r?\l/r;?ugoddeiso?r: uogseitriﬁﬁség%thﬁii rt]r?(lassuiibj::ae?ﬁ can be observed that the first term in (48) represents a first-
9 b P order perturbation due t&R, which is consistent with the re-

based method to obtain the desired channel parameters cah ths in [3], [11], and [17], whereas all other terms are in the
formulated as follows:

second order of R. With second-order terms included, it is an-

hy = arg min e cly, o lez. (44) fticipated that the predicted channel estimation error becomes
k=1 smaller under the small perturbation assumption.
R R In the current work, we restrict our attention to the perturba-
Therefore,h, is an eigenvector of the objective matk = tion of the channel estimate dued® up to the second order.

Cf’U U C; corresponding to its minimum eigenvalue. Dud he statistical property of the subspace-based channel estimator
to inaccurate estimate fd®, perturbatiord R results in a per- based on (48) will not be further derived analytically, which is
turbationsU,, in U,,. Hence, matrixX is a perturbed version of beyond the scope of the paper. However, for the first-order based
X = cHu, Ut ¢, with perturbation statistical analysis, see [9] for a single-input multiple-output
(SIMO) channel or [20] for a CDMA channel. Meanwhile, the

0X =X - X asymptotic distribution of the subspace-based channel estimate
=cisu,utc, +clu,sutc, is derived in [1] and [2]. In those works, it is shown that the
+clsu,sulc,. (45) second-order statistics of the estimated channel vector depend

on up to the fourth-order information of the received data. If our

Under certain identifiability conditions, the true channel vectafecond-order perturbation terms are considered, then those sta-
h, is the unique null vector ofX. Then, k, is a perturbed tistics will finally depend on up to the eighth-order statistics of
channel vector with perturbatiath, . This perturbation can be the received data, which turns out to be highly complex. Instead,
obtained analytically in two steps according to our previouge turn our attention to simulation study next.
results. First, due téX, oh; is expressed as a function of Consider a direct sequence CDMA system with six syn-
6X up to its second order. Second, by expressibig, as a chronous users. Gold sequence of lenBtk: 15 is used as the
function of 6B, 6X in (45) can be derived froiR. Therefore, spreading sequence for each user. Each user transmits a binary
an analytical result fosk; can be derived fromdR up to its information sequence with equal power. Channel coefficients
second order. are arbitrarily selected from a zero-mean Gaussian process with

In the first step, (25) is directly applicable as explained ainit variance and put in a matrix shown at the bottom of the next
the end of Section llI-A, which gives a perturbation in the nufpage, where each column represents the normalized channel
vector of X vector for the corresponding user. Chanigl is estimated

according to (44). The mean square error is defined as [1], [9

§hy ~ —XT6Xhy + XT6XXT6Xhy — (XT)26Xhi 16Xy ing to (44) au 1S del (1. ]
_ . P 2

—%hlhf’éX(XT)QéXhl. (46) MSE = 1010g,0 B [[hs = ha[|7}-

In order to gain some insight into the roles of the second-order
Substituting (45) in (46) and usingf,’i’Clh]L = 0, we obtain perturbation terms in (48), this MSE is compared with the ex-
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SNR=5dB
T

I
— : Experimental

x : Analytical (first-order)
— - : Analytical (second-order)

50 100 150 200 250 300

Fig. 1. Channel estimation error versus the sample size when=SNRIB.

pected value of the squared norm of (48) and the analytical 1
sult by [20], which considers only the first-order perturbation

-14

-16

SNR=10dB

I
— : Experimental

x : Analytical (first-order)
— - : Analytical (second-order) | |

SNR=15dB

200 250 300

Fig. 2. Channel estimation error versus the sample size when-SNRdB.

I
— : Experimental

x : Analytical (first-order)
— - : Analytical (second-order)

The average results over 500 realizations of the noise and d
processes are obtained. We study the effects of the sample ¢
N and the signal-to-noise ratio (SNR), which are two of th:
most important factors to cause perturbation in channel es
mate. First, the effect of the sample size on the MSE is shown
Fig. 1, starting fromV = 20, when SNR= 5 dB. The solid line 8 20
is the subspace-based channel estimation result. The dashed
represents the result predicted by our second-order perturbat -2«
analysis, and thex”s denote the result by [20]. It can be ob-
served that the first-order perturbation cannot provide reliab -z
prediction in such a low SNR level, even whahis large com-
pared with”. However, the second-order approximation highh -2
agrees with the experimental result for a large rang® o€er-
tainly, it is inaccurate for smalV, where the small perturbation ~*° 50 100 150 200 250 200
assumption may be violated. Although the first-order approxi-
mation appears better for small, theoretically, itis not reliable Fig.3. Channel estimation error versus the sample size when=SNRdB.
either. When SNR increases to 10 dB, the results from experi-
ment and our second-order approximation are almost indistiesults than the first-order based results [20]. For SNR higher
guishable, as observed from Fig. 2, but the first-order apprakan 16 dB, both first- and second-order analyses show satisfac-
imation still shows some deviation for sma¥l. However, the tory performance. In the low SNR region, we should not rely on
gap between the first- and second-order approximation resuhe perturbation analysis, as expected. In FigySncreases to
decreases. It diminishes when SNR further increases to 15 @0. Consequently, the gap between two analytical curves de-
as shown in Fig. 3. This time both approximation methods parreases. Both analytical results appear more accurate for a large
form satisfactorily. range of SNR when this figure is compared with the previous
The effect of SNR on channel estimation error is also studieahe. Meanwhile, the experimental results tend to converge to the
The average results from 2000 independent realizations wittoposed analytical results even at lower SNRs. For example, at
N = 100 are presented in Fig. 4 for SNR ranging from 0 taslow as 5 dB SNR, the solid and dashed lines almost overlap. If
20 dB. It is seen that in the 6— to 16—dB region, the proposédincreases further to 500, the first- and second-order analyses
analytical results are in better agreement with the experimentia not yield much difference, as observed from Fig. 6.

0.6653 0.5771 0.5008 0.3986 0.7373 0.3837
H— —0.4377 08002 —-0.4519 —-0.7639 -0.6144 —0.5279

0.6043 —0.1620 -0.0297 0.0336 0.2274 0.2254

0.0224 —-0.0192 -0.7376 —0.5065 —0.1647 —0.7234
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— : Experimental
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N — — 1 Analytical {second-order)
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Fig. 4. Channel estimation error versus SNR whér= 100.

5 T T T T T T I I I
— : Experimental

x 1 Analytical {first—order)
N — ~ : Analytical {(second-order)

2 4 6 8 10 12 14 16 18 20
SNR (dB)

Fig. 5. Channel estimation error versus SNR whénr= 200.

0 T T T T T T I I I
— : Experimental

x 1 Analytical {first—order)
— ~ : Analytical {(second-order)

-5

2 4 6 8 10 12 14 16 18 20
SNR (dB)

Fig. 6. Channel estimation error versus SNR whérn= 500.
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Based on the previous simulation study, it can be concluded
that our second-order perturbation analysis can predict the es-
timator's performance more accurately for a larger range of
number of data samples and SNRs than the first-order pertur-
bation analysis. Thus, the superiority of our second-order per-
turbation analysis is numerically established.

V. CONCLUSIONS

In this paper, perturbations in subspace decomposition on
a perturbed matrix are studied. All relevant quantities such as
subspaces and singular values are considered. Their perturba-
tions are derived as functions of the perturbation in the ma-
trix up to the second order, respectively, all in closed forms.
It is also shown that if the proposed results are truncated at
the first order, they reduce to those of existing approaches, as
expected. Demand on the availability of second-order pertur-
bations may arise if the first-order perturbation cannot provide
sufficient accuracy in data analysis, depending on applications.
Numerical examples in matrix computation and subspace-based
blind channel estimation for CDMA systems are provided to il-
lustrate the roles of second-order perturbation terms.

APPENDIX

Proof of the Theorem

We will derive a set of equations for our unknowns. First,
substituting (1), (5), and (7) into the first equation of (11) and
applying the first and second equations of (10), we obtain

sXHU, + X" U, P, +V, AP,
+V,AEP, + 6XHU,P,
=V A? +V, P AT LV, P 6AY
+V.Po AT 1V PysAE, (49)

If we premultiply both sides of (49) by and V¥, respec-
tively, and use (8), then

EYL L EI P + APy + EL Py =6AH + PAH

+ PysAHE  (50)
Ef Ly EP P+ AZP, + EX P, =P A"
+ P SAE.  (51)

These are two equations where unknowns are involved based
only on the first equation of (11). We will next obtain two equa-
tions from each of other three equations of (11).

Second, from the second equation of (11), we can obtain

sXHU, +sX"U,Q, + V., AEQ,
+V,.AFQ, +§x7U,Q,
= V.M + V. QA +V.Q5A)
+V.QuAY 1V, Q,6A (52)

where the firstand second equations of (10) have been used once
more. If we premultiply both sides of (52) by’/ and V',
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respectively, and use (8), we have which becomes
EX 4+ ELQ, + AYQ, + EX.Q, =AY + Q,A! 20 +Q:+Q1Q =0
+ Q,6A7 (53) after using the Hermitian property €},. It can be easily ob-
EH L pH AH EHO. —O. A" served that), cannot have first-order terms 6, although
ns + ssQl + s Ql + nsQ2 Ql n Ql may haVe. Then

+Q6AT.  (54)

1
) Q= _§Q{{Q1 (61)
These are another two equations for our unknowns.

Next, from the third equation of (11), it can be easily verified his result is analogous to a case when a unit-norm vegtor
that the following holds: is perturbed to be. If the angled betweenz andzx is very

small (¢ < 1), then the perturbation in the direction orthog-
XV, + 86XV, P, +U, A, P, +U,A Pyt 65XV, Py onal toz is sin 0z ~ 6z, where vectoez' has unit-norm,
_ whereas the “in-direction” perturbation (in parallel wit) is
= UsbAs +UnPLA; +UnP10A, (cos® — 1)z ~ —(1/2)6%x, which appears as a second-order
perturbation. Sincé? < 4, the “in-direction” perturbation is
much smaller than the perturbation in its orthogonal direction.
In a much similar way, we can obta,, P>, P as follows:

+ U PsA, + U, P36A,. (55)

Premultiplying both sides of (55) by andU#, respectively,
we arrive at two more equations:

~ 1 m~ 1 - 1 _mg-
Q, ~ _EQ1 Q, Py~ —EP{{Pl, Py~ -_P/ P,

Ess +Esnpl + A-SP2 +E55P2 :6A5 +P2As 2 (62)
+ P2oA, (56) Now, we continue our derivation af,. SubstitutingéA.,,
E,..+E,,P,+A,P,+E,.P, =P, A, from (59) into (60), we eliminatéA,, and obtain an equation

Y PSA,.  (57) of only @, and@); up to the second order

Esn + EssQl + ASQl ~ QlAn + QlEnn (63)
Finally, two additional equations are obtained from the fourth ) ) . )
equation of (11) by expanding multiplications where higher order terrasiave been discarded, including those

terms with@, and@, multiplied by the first order o6 X. Then,
§XV, +6XV,Q, +U,AQ, + U, ALQ, + 56XV, Q, (63) can be written as
=U, A, +U,Q A, +U,Q,6A, Q, ~A'QA, —AT'E,, — AT'E..Q, +AT'Q.E,,.

In order to expres®), by @, in a closed form, we adopt an

iterative approach. Substitutin@, on the right-hand side of
(64) by its expression (64) and neglecting higher order terms,
we eliminate@}; on the right-hand side of (64)
Enn + EnsQl + A-nQQ + EanQ :6Aﬂ + QQA'"/ Ql ~ As_lQlAn - As_lEsn
) ) @A, (39) —A7'E (AJ'QA, — AJE) + AJ1QE .. (65)
E., + ESSQl + ASQl + EanQ :QlAn
+Q16A,.  (60)

and premultiplying both sides of (58) &y’ andU*, respec-
tively:

Ater rearrangement, (65) becomes

Q. ~ —A7'E,, + AT'E,,AT'E,, + AT'Q, A,

Thus far, we have obtained following eight equations for our —A;lESSAS—lQlAn + A;lQlE,m. (66)
unknowns: (50), (51), (53), (54), (56), (57), (59), and (60). We

- . . o .
may obtain more equations from (9) when necessary to derive!n a mgch S|m|!ar way, if we SubstituteA,, .from (53) into .
our solutions (54) and ignore higher order terms, we obtain another equation

Let us conside®, first. It is involved together withQ,, Q.. for @, and@,

Q,, 6A,, in (53), (54), (59), and (60). HoweveR, and Q, EL yEEQ +ATQ, ~Q AT +QEZ. (67)
are related taQ, and @), respectively. Following the line of S ] ] ] )
[16, ch. V], let us expresE,, in (6) similarly by another form Substituting@®, in (66) into (67) and discarding higher order

(q? 1 U,A)As, whered, = I +Q, andQ, = A, A,. Since terms, an equation fa@, follows:

U, U, =1, A, andA, must satisfy normalization requirement (A — «A7Y) Q, ~ — EX, — AJ'E,, Al

A} (I+ A{'A1) A> = 1. We thus may constraidt, to be a AT, AR, A

Hermitian matrix(I+A{{A1)_1/2. Therefore}L,’Q2 must be a _AT'ELEY —E"Q,

Hermitian matrix@;” = Q,. Again, applyingl/,, U,, = I with AT ELATLQ, + ALQ B AT
our current expression @f,, in (6), we obtain +FATIQALEN (68)

Q,+QY+Q%Q, +QQ, =0 2In the current context, “higher order” means order greater than two.
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whereA,, A has been replaced layl. Q, is not easy to solve SinceQ, and P, do not contain the first-order perturbations
in the current matrix-form equation. However, since we are onéccording to our earlier analysis, we conclude from (72) that

interested in the expression ¢; up to the second order of P,

~
~

—Q!, which is (14) and similar to [10]. Similarly,

6X, we may still apply the recursive technique. Multiplyingrom f/ff/s = 0, we getP;, = _Qf, which is (15).

both sides of (68) by, the left-hand side becoméA ,AH —
a)Q, . Applying our definitions = (A, A — aI)_l, we ob-
tain

Therefore, according to (62) and usify ~ —Q%, we have
PQ ~
we obtainP,, which is given in (18). Similarly, from (62) and

—(1/2)Q, Q¥ . Keeping only the first-order terms @, ,

usingP; ~ —Q!', we obtainP,, which is given in (19). Other

Q, ~- = (AEL + E, A
+XE A'E, A —XE, EY

two unknownstA; andéA,, can be solved based on (56) and
(59),

respectively. According to (56JA.; can be expressed up

to the second order as

- S (AEL +aE AT Q

+3Q, (EnAl + ALEL). (69)

oA, =F,, +Esnpl +A5P2 — PoA,.

_ ) After considering (15), (18), and (19) and keeping up to the
Based on our recursive method and keeping terms only up to the.ynq order, we obtaifA, as in (20). Similarly, from (59),

second-order perturbations, we can ob@in

Q ~- % (AEL + E..AY) + SE..AJ'E, . AY
~SE.EY,
+ 2 (AEE + 0B A7 S (ALEY + E AT
- 3?2 (AE) + E, Al

Using (16) and (17), (21) follows, which givéa\,,.

we have

6An = Enn + EnsQl + AnQQ - Q2An
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After rearranging all terms in (66) and combining corresponding
terms, we obtair®,, which is (12). With@,, other unknowns
can be easily derived, as explained next.

First,@, can be found fron®; according to (66). After sub- g
stituting (12) into (66) and ignoring higher order terrgk, be-
comes 2]

Q ~—A'E,,+ A]'E AT'E,,

~A7'S (ALEY + E, AT A, B

+ AT S (B A By — SE A By, 4]
+aE A SE,,) AA,

+A7'S (ALELXE,, - SAELE,,) AIA, o

+A'S (ALEESAE! - SAEXALE]) A, .

+A'S (aESEL - SE,,AFA,EY, [7]
~E,E;,) A, "

+ A ELATYS (ALEY + B AT A, o

~AT'S (AEL +E AN E,,. (71)

With some simplification and reordering, (71) becomes (13),[10]
which givesQ; .

Once we obtairQ, andQ),, other remaining quantitieq,,
Q,, P, P, Py, Py, 6A,, andéA,, can be easily derived as fol-
lows. @, is related toQ; by (61). Keeping only the first-order
terms in@Q; when using (61), we obtai@), as in (16). Simi-
larly, from (62), we obtain, as in (17). From orthogonality

U, U, =0, we have

(11]
[12]
[13]

[14]

P +Q +QP,+ Q)P =0. (72)
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