
IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 48, NO. 8, AUGUST 2000 2353

Pilot Symbol Assisted Modulation in Frequency
Selective Fading Wireless Channels

Michail K. Tsatsanis, Member, IEEE,and Zhengyuan (Daniel) Xu, Member, IEEE

Abstract—Frequency-selective fading channels are typically
modeled either as a combination of Doppler components or as
lowpass stochastic processes. In both cases, accurate parameter
and/or Doppler frequency estimation is impeded by the fact that
the Doppler frequencies are typically very low (compared with
the data rate) and closely spaced. This problem is mitigated in
pilot symbol assisted modulation (PSAM) systems that employ
distributed training. Those systems can provide information about
a time-undersampled version of the channel that may be easier to
identify. In this paper, we address the problem of estimating the
fading channel’s correlation matrices from the received data by
exploiting the distributed training symbols. Multichannel autore-
gressive (AR) models are estimated to fit the channel’s variations,
and the Doppler frequencies are identified through the peaks of
the AR spectrum. The performance of the proposed methods
is studied through analytical and experimental results. Finally,
Kalman filtering ideas are employed to track the time-varying
channel taps based on the estimated AR model.

Index Terms—Frequency-selective fading, Kalman filtering,
PSAM.

I. INTRODUCTION

E STIMATION of fading channels is a problem of consider-
able importance in wireless communication setups when

strong Doppler shifts are present. Applications include com-
munications with high-speed vehicles, microwave links, or un-
derwater acoustic channels [3]. Apart from the clearly neces-
sary task of tracking the channel variations, recent studies have
shown thatlong-term predictionof the channel gains can be ex-
ploited in a number of beneficial ways when available. For ex-
ample, if a feedback channel is available, channel predictions
can be used for power control purposes [10], [9] and adaptive
coding [13], [14].

In most wireless scenarios, a preamble of training symbols
is used to aid the receiver in identifying and equalizing the
channel. In the case of fast fading channels, however, we will
find it useful to consider distributed training, i.e., the insertion
of one training symbol every transmitted symbols. This
technique is also known as pilot symbol assisted modulation
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(PSAM) (e.g., [25]). In this paper, we study channel estimation
issues for PSAM systems.

Fading channels have been studied extensively, and several
models have been developed to describe their time variations.
Analysis of PSAM schemes in flat Rayleigh fading channels
is provided by [4] and for frequency selective channels in [5].
For both, it is discussed in [21] that coherent demodulation can
be achieved from pilot-symbol aided estimation of the fading
channel characteristics. Other contributions on fading channel
compensation under the PSAM scheme can be found in [1],
[27], and [32]. In many cases, the channel taps are modeled
as general lowpass stochastic processes (e.g., [17]), the statis-
tics of which depend on mobility parameters. A different ap-
proach explicitly models the channel response by the amplitudes
and delays of each multipath component (e.g., [18], [31]). Such
models, however, have, until recently, not been incorporated in
the development of equalization algorithms. Typically, standard
adaptive algorithms are used in fading environments, and the
time-varying (TV) channel models are only exploited to assess
the performance of the algorithms.

The reason for this approach lies in the difficulty of estimating
the parameters of the channel variation model since the channel
taps are not observed directly. Recent progress, however, in this
area has been reported. Suboptimal solutions to the problem of
estimating the statistics of a random tap channel and fitting ap-
propriate models were proposed in [28], whereas optimal max-
imum likelihood solutions were studied in [8]. In [7], a com-
bination of two Kalman filters was utilized to track the input
and channel, respectively. Estimation issues in the context of ex-
plicit parameterization by time-varying amplitudes and delays
were studied in [29] and [30] for a single antenna and in [22]
for multiple antennas. Optimal solutions were reported in [6].
The distributed training case was studied in [11] for flat fading
channels.

An added difficulty to fitting a model to the channel’s tap vari-
ations is the fact that those variations are relatively slow (com-
pared with the bit rate). Therefore, they possess spectral com-
ponents of very low frequencies that are difficult to discriminate
or estimate with precision. For this reason, distributed training
appears to be naturally suitable for the current setup.

In this paper, we model the TV channel response vector as
a multichannel autoregressive (AR) process, and we develop
an algorithm to estimate the AR parameters. The proposed AR
modeling scheme is fairly flexible. It can be thought of as an ap-
proximation to the model of [17] (see also [11]) or as a model for
channel tap trajectories consisting of distinct Doppler compo-
nents [29]). The proposed method is free of convergence prob-
lems and does not suffer from the limitations of [8] and [28].

1053–587X/00$10.00 © 2000 IEEE
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Once the model parameters are obtained, Kalman filtering tech-
niques may be applied to track the channel taps.

The rest of the paper is organized as follows: A discrete-time
input/output model for a wireless communication system with
multipath fading channels is presented in Section II. Section III
associates modeling of the fading channel with a multirate AR
process. The proposed algorithms to estimate the AR model
parameters and correlations of the fading channel taps are
developed in Section IV, whereas Doppler shift estimation is
briefly discussed in Section V. The performance of the pro-
posed method is studied in Section VI, and a channel tracking
algorithm is given in Section VII. Finally, some simulation
results are presented in Section VIII, and conclusions are made
in Section IX.

II. PROBLEM STATEMENT

Let us consider a digital wireless transmission with and i.i.d.
input that takes values from a finite constellation. Sup-
pose that is linearly modulated using a pulse1 and is
received through a time-varying multipath channel withdis-
tinct paths with gains , . If we sample the
baseband received signal at every symbol period , then
the received discrete time signal becomes

(1)

or equivalently

(2)

where is the path’s delay, and is AWGN with variance
.
When the transmitted signal propagates through an unknown

channel, it is customary to utilize fractional sampling at the
receiver to ensure that sufficient statistics are retained. In the
current framework, the model of (2) can be easily extended to
multiple antennas and/or fractional sampling by modifying
and (e.g., [22] and [23]). However, we have chosen
to present the proposed methods using the model of (2) in the
interest of clarity of presentation. By defining the TV channel

as

(3)

with

(4)

1g(t) includes all time-invariant filtering occurring either at the transmitter
or receiver.

and assuming it has order, the input/output (I/O) relationship
(2) can be expressed by

(5)

In order to track the fading channel, a pilot symbol is sent as
training every bits. If we collect successive received
data points in a vector , then the
vector form of (5) is

(6)

where

...
...

(7)

The input/output (I/O) relationship of (6) has too many degrees
of freedom and does not provide a useful model, unless some as-
sumptions are made on the variation of as a function
of . Otherwise, if is allowed to vary arbitrarily, (6)
involves different channel parameters for every received
data point .

Since the channel variations are due to Doppler shifts, a
simple model may be to consider as a combination of
Doppler components (e.g., [11] and [18])

(8)

where is the total number of paths, and is the Doppler shift
at each path; the noise accounts for modeling errors. The
model of (8) is accurate when there is a small number of well
defined, distinct paths but may not be useful for the case of trans-
missions through a random dispersive medium as, for example,
in underwater acoustic channels [3]. In this case, the spectral
components of the channel’s variations are better captured by
modeling as a random process [12], [16], [17]. AR
approximations have been proposed [11], [28] in which case,
the random channel framework can also approximate the har-
monics-in-noise model of (8) (see also [18]).

Unfortunately, the accurate estimation of the AR parameters
(or the frequencies ) is impeded by the fact that the Doppler
frequencies are relatively low (compared with the data rate) and
closely spaced, and hence, is a highly lowpass
process. A long training record would therefore be required to
identify the model. This problem is avoided in PSAM systems
since the training symbols are dispersed, and their response cor-
responds to an undersampled version of , as ex-
plained next.

Considering (6), and in order that the signature of the pilot
symbol be included in the output vector for our estima-
tion purposes, we focus on a data window in the time interval

for some offset , i.e., we consider
for .
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Notice that is the th element of [cf.
(7)]. If we write in (7) as

(9)

with the th column denoted as corre-
sponding to the signature of the bit , then the
signature of the training bit is the th column of

, i.e., . If and , then the
pilot signature has the following particular form [see
(6) and (7)]:

(10)

which contains all the channel taps at time instant in a
smaller size channel vector

(11)

padded by leading and tailing zeros. Equation (6) now becomes

(12)

The signature contains spectral components at frequen-
cies and is easier to identify. According to (3) and (11), we
have

... (13)

Since our method is based on the second-order statistics of
the channel, we will explore the relationship between the corre-
lation matrix of the undersampled channel

(14)

and that of the path gain

We have shown that the fading process and the TV channel are
related to each other by (13). For a moderate channel orderand
slow fading, is approximately constant for symbol
periods. Therefore, (13) can be approximated by

(15)

where

(16)

Hence, from (14) and (15), we have

(17)

Following common practice, it is reasonable to consider
Rayleigh fading (in the absence of line-of-sight) [25], [26]. The
statistics of the channel’s time variation depends on several
mobility parameters, and various models may be applicable.
For example, in the Jakes’ model, the correlation with lag

of the random gain for theth path is a zeroth-order
Bessel function of the first kind (see [17] for details).

In this paper, we will present a method to estimate
directly from the received signal without stipulating a particular
mobility model. According to (17), can be easily ob-
tained from as long as has full row rank, and the
timing is available. It requires that the channel order and the
total number of paths satisfy .

III. AR M ODEL CONSIDERATIONS

Our method will be applied in an AR framework. We will thus
approximate the fading model (e.g., Jakes’ fading model) with
a general AR model of order for the time under-sampled
gains (see also [11])

(18)

where is a white Gaussian random process with variance
. The undersampling factor should be chosen based on the

maximum Doppler shifts for all paths such that the under-
sampled signal for each path still satisfies the Nyquist
sampling theorem.

Equation (18) can be written in a compact matrix form by
collecting for different paths in a vector and
similarly putting all noise terms in

(19)

with

diag

According to (15) and (19), the undersampled overall channel
now also satisfies a general AR model

(20)

where the new AR parameters are related to by the
linear transformation

(21)

and is the excitation noise. Although both (19) and (21)
can be used for channel estimation, it is more convenient to es-
timate based on (20) if is unknown. However, the esti-
mation of is still not trivial since the channel is not
observed directly. One needs to somehow acquire the channel
correlations in order to solve the Yule–Walker equa-
tions

(22)

and obtain , where is the covariance matrix of .
Similarly, if the exponentials-in-noise model of (8) is

adopted, the channel correlations are still needed to estimate
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the frequencies . Indeed, several spectral analysis techniques
may be employed to obtain once is provided. We
therefore focus next on the estimation of in the current
PSAM framework. Our approach will aim for simple subop-
timal methods. For optimal maximum likelihood approaches,
see [8].

IV. PROPOSEDALGORITHM

Our task is to estimate the correlation in (14). Hence,
further estimation of either AR parameters or Doppler shifts can
be possibly pursued. From (10), it suffices to estimate the cor-
relations of defined by

(23)

in this way being insensitive to possible channel order overes-
timation. The following explicit expression for holds
according to the I/O relationship (12)

(24)

The right-hand side of (24) consists of three terms. If we sub-
stitute (24) into (23) (and under certain length conditions), most
cross-terms are zero for due to the i.i.d. nature of .
Then, (23) reduces to a data-correlation

(25)

Equation (25) is valid if the signature of the th pilot symbol
does not overlap with the signature of the ( )th pilot
symbol, i.e., when . Furthermore, in the case ,
signatures within the same block are correlated with themselves,
and thus, the channel correlation requires separate treat-
ment, as discussed later in this section. Then, from (25), for
given observation windows of received data, we
can obtain an estimator for

(26)

provided that . From (10) and (23), it is easy to show
that the correlation function for the fading channel is
related to as follows:

(27)

where is a selection matrix, and is the
identity matrix. Equation (27) shows that the proposed channel

correlation estimation is not sensitive to overestimation of the
channel order .

Equations (26) and (27) provide a method to estimate the cor-
relation function with any nonzero lagfor the fading channel
directly from the received data and are the fundamental relation-
ships we will exploit next in the development of our algorithm.

It appears that the correlation estimates from (26) can be used
directly in (22) to solve for . However, (26) is only correct
for ; hence, we need to avoid in (22). For simplicity,
we denote as . If we first let
in (22), we arrive at equations to solve for

...
...

...

(28)

Once these AR parameters are obtained, can also be es-
timated. If we set in (22), another set of equa-
tions can be obtained to solve for by utilizing the estimated

and up to this point

... (29)

where the property of has been used ac-
cording to its definition.

Furthermore, the estimation for could be im-
proved if we employ all the results we have obtained. Letting

in (22), we arrive at a new set of overdeter-
mined equations that haveunknown matrices but

equations. By solving these equations, can be
estimated. The proposed AR modeling procedure is therefore a
two-step one and is summarized in Table I. This procedure may
be further repeated to improve estimation accuracy.

A. Estimation of

In the previous section, an AR modeling and spectral estima-
tion method was presented to describe the channel’s variations.
It is clear that several other spectral estimation techniques may
also be applicable once the correlations are available. For
example, subspace methods of the MUSIC or ESPRIT type (e.g.
[19]) could be used based on the model of (8). However, the
estimator of (26) is not valid for , and we have not yet
provided a method of estimating from the data. This is a
crucial detail on which the application of general spectral anal-
ysis techniques depends.

In order to derive an estimation method for , let us con-
sider the output correlation given pilot symbols

(30)



TSATSANIS AND XU: PILOT SYMBOL ASSISTED MODULATION IN FREQUENCY SELECTIVE FADING WIRELESS CHANNELS 2357

TABLE I
PROPOSEDALGORITHM

Let us denote by and the power for the pilot symbols and
the unknown transmitted symbols, respectively. Then, based on
(12) and (30), yields2

(31)

where accounts for the contribution of interfering symbols
and noise

(32)

According to the structure of [c.f. (7), (9), and (10),
it is easily seen that its th column is
related to the channel vector by the following
transformation:

(33)

where is defined as in (11), and is a shifting matrix
of dimension with ones in the th
diagonal.3 Therefore, (32) can be expressed by
as

(34)

If we assume that is a stationary random process,
then we have

(35)

Substituting (35) in (31) and (34), respectively, we obtain

(36)

2We will drop the index “nP + d” later because of the equal power for all
pilot symbols. However,� need not be equal to� .

3We can see thatQQQ in (27) equalsJJJ .

(37)

Combining (36) and (37) together, we can express by

(38)

In (38), can be estimated from the received data by the
sample average of available data vectors

(39)

In our context, and are assumed known. The only un-
knowns in (38) are and . To solve for them, we intro-
duce the “vec” operation (see [20, ch. 12]) and arrange them in
a new vector

vec
(40)

By taking “vec” operation on both sides of (38), we obtain

(41)

where

vec (42)

vec

(43)

and represents the Kronecker product (see also [20, ch. 12]).
Matrix is determined by the relative power of the pilot and
the transmitted symbols. For a variety of choices for, , it is
observed that this matrix is left invertible in most cases, except
when . Notice that does not depend on the data and
can be studieda priori. Under the full rank condition of ,
can be estimated uniquely from (41) in the least square sense

vec (44)

Once is estimated, can also be obtained by the reverse
operation of “vec” on the appropriate part ofaccording to (40).

This method provides us with a direct estimate of . To-
gether with the estimates of for discussed in the ear-
lier part of the section, AR parameters can be directly obtained
by solving the normal equations, thus simplifying our algorithm.
Due to the additional information of the training symbols, the
accuracy for estimates is expected to improve compared with
the previous two-step procedure. This point will be verified by
our simulation results.

V. DOPPLERSHIFT ESTIMATION

One of the applications of the proposed method is to estimate
the Doppler shifts. This time, we assume the model (8) is locally
valid for . We have presented an algorithm to esti-
mate the correlations of the TV channel . Then,
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the associated AR parameters can be estimated frombased
ontheproposedmethod.Followingstandardautoregressivespec-
tral analysis techniques (e.g., [19]), one can plot the spectrum of
this AR process, search the peaks corresponding to the multiple
Doppler shifts , and find . A general discussion of multi-
variate AR spectrum can also be found in [24, ch. 9].

In order that the Nyquist sampling criterion be satisfied,
the undersampling factor should be chosen according to

, where is the Doppler frequency in hertz.
in addition, considering the conditions discussed earlier [see
discussions after (9) and (25)], we arrive at

(45)

in order for the proposed method to be applicable.

VI. PERFORMANCEANALYSIS

We have shown that the correlations of the undersampled
TV channel coefficients with different lags can be estimated
from received data by employing distributed pilot symbols at
the input. In this section, we will investigate finite sample ef-
fects on the performance of the algorithm in terms of the mean
and the variance of both the channel coefficients and their cor-
relations.

Assume that we collect observation vectors ,
. Recall that this output is explicitly expressed in

(12) as a combination of three parts:

1) training;
2) interfering;
3) noise parts.

Under the assumption of zero-mean inputs as well as noise and
given training bits , the mean of can be com-
puted from (24) as

(46)

Therefore, it can be estimated by

(47)

Substituting (12) in (47), we obtain

(48)

where

(49)

Equation (48) is our basis for the following analysis.

A. Estimation of the Mean

According to (48), if the inputs and noise are all zero-mean,
we can immediately obtain the expected value of, given pilot
symbols

(50)

which shows that is an unbiased estimator of . For sim-
plicity, we will assume that this mean is zero in the sequel. Then,
using (48), we obtain

cov

(51)

where

The first term in (51) can be transformed to a single summation
similarly to [24, ch. 5]. In the second term,

for , again due to the i.i.d. property of the inputs and
noise. Therefore, (51) is reduced to

cov

(52)

Since is related to by (33), their correlations
, have the following correspondence:

(53)

From the definition of in (49) and in (32), it is evident
for the second term that

(54)

Hence, the covariance follows

cov

(55)
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If the AR process for the fading channel is stable, then
the channel correlations are absolutely summable

from which we can conclude that

cov

Therefore, is a mean square consistent estimator of.

B. Estimation of the Correlations

Our estimation methods for depend on the lag. Dif-
ferent methods are used for and for . We will
discuss them, respectively, next.

Case 1— : The estimate of for is
given by (26). The case of can be similarly dealt with. If
we substitute (12) in it, we have

(56)

Taking expected value on both sides of (56), it can be easily
shown that

because of properties of and . Thus, is an
unbiased estimator of . Next, we will evaluate the vari-
ance of this estimator. Let us introduce some notation at this
point. We will use or to indicate the th element
of the vector or , to represent the th ele-
ment of the matrix . Let us further denote by

and by

(57)

It is shown in Appendix A that can be computed from
the correlations of the channel with different lags as

(58)

where is given by (37). From (58), it can be con-
cluded that the variance of the estimate of the th
element of will converge to zero as if

, which establishes consis-
tency.

Case 2— : When , is estimated based on
(44). Then

Applying (41) and under the full-rank condition of, we have
. The estimate of is obtained by the reverse

“vec” operation on , and therefore, this also provides an unbi-
ased estimator for .

Next, we turn our attention to the covariance of our estimate
. From (44), this is given by the following matrix:

(59)

In (59), our estimate is obtained from sample averaging. For
notational convenience, let us denote the received data vector

by . Then, according to (39) and (42), we arrive at

vec

Therefore, is readily computed by

vec vec

(60)

Due to the stochastic nature of the channel parameters, no ele-
gant relation can be derived between the fourth-order statistics
of the output and the input. An alternative to this analytical in-
tractability is to obtain estimates for (60) from the received data
samples.

VII. CHANNEL TRACKING

Up to this point, we have discussed channel model identifi-
cation issues, and we have presented techniques for estimating
the channel correlations. Based on the correlations, the param-
eters of either the model of (20) or (8) can be estimated. Once
the model parameters are identified, Kalman filtering ideas may
be employed to track the time-varying channel coefficients.

An obstacle in developing this procedure is the fact that we
have only modeled the time undersampled channel in
(20) and estimated only the undersampled correlation sequence

. Since the Kalman filter would require a full-rate
model, we should give some thought to the question of how the
undersampled and the full-rate models are related.

We should clearly make the assumption here that the channel
is a bandlimited process and that no aliasing is incurred

by the undersampling by . Therefore, the full correlation se-
quence may be recovered from the undersampled one

by interpolation.
Under this condition, the model of (8) is related to the un-

dersampled one by simply changing the frequenciesby a
factor of . The transformation of the random model of (20)
to a full-rate one, however, is more involved. Notice that the
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TABLE II
KALMAN -BASED, CHANNEL TRACKING ALGORITHM

full-rate channel is bandlimited; hence, it cannot be exactly rep-
resented by an AR process (AR spectra are not bandlimited).
An approximate AR spectral model can be obtained, however,
by reducing the frequencies of the spectral peaks by a factor of

. A procedure to achieve that could be to find the poles of
the undersampled model and create
the poles of the full-rate model by reducing the phase by,
i.e., . Once the full-rate model parameters have
been identified, Kalman filtering ideas may be employed to de-
rive minimum variance estimators for the time-varying coeffi-
cients . The proposed method yields an adaptive full-rate
channel tracking algorithm. However, it requires knowledge of

, which is not available for all time instants. It can be ob-
tained by a delayed or tentative decision, and therefore, the algo-
rithm has to be implemented in a decision-feedback mode (see
also [7] and [28]).

Let , , be given, and let the determinant
have zeros inside the unit circle, where

. If we define
, then (20) can be written in state-space form as

...
...

...
...

(61)

Let be the block square matrix in the right-hand side of (61);
then, the state equation becomes

(62)

where . In order to obtain the measurement

equation, define and

. Then, (5) can be written as

(63)

Equations (62) and (63) offer a state space representation of
the fading channel model with transition matrix (which is
assumed known in this section). Based on this representation,
the minimum variance estimator for the state vector, i.e., the
conditional expectation of , given , can

Fig. 1. Comparison of AR(2) spectrum with that of Jakes’ model.

be computed using the Kalman filter [2]. The recursions are
summarized in Table II (see also [2, p. 44]). Matrices and

denote the Kalman gain and the covariance of the state
vector , given data , respectively.

VIII. SIMULATIONS

We simulate a communication system with QPSK mod-
ulation. A raised-cosine pulse-shaping filter is chosen for

with roll-off factor . The transmitted signal
passes through two distinct paths. Each of them experiences
independent Rayleigh fading with U-shape spectrum (see
Jakes’ model [17]) and normalized Doppler frequencies

rads and rads. A training bit with
double power is sent every bit periods. An AR(2)
model is used to approximate the Rayleigh fading process.
These AR parameters are finally chosen for the two paths
as follows: , for the first path
and , for the second path. Our
undersampled fading channel coefficients were then generated
according to the AR(2) model in (19) with these parameters
excited by complex AWGN with power 0.1. For the full-rate
channel coefficients, we used linear interpolation based on
those undersampled ones. We added 20 dB AWGN to the
communication system. Other parameters are set to be ,

, and .
First, we compare the AR(2) model with Jakes’ model in

terms of their spectra to show the error introduced by our ap-
proximation. Fig. 1(a) shows the result for the smaller Doppler
frequency . The dashed line represents Jakes’ model with

. The peaks of this spectrum occur at frequencies about
. The solid line is for the AR(2) model. From this figure,

we can observe the similar behavior of these two different
channel models with some difference in the peak locations. The
same conclusion can be made from Fig. 1(b) when Doppler
frequency increases to . However, this time, the frequency
points corresponding to the peaks of the spectrum move to
about for both models.
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Fig. 2. MSE of estimated AR parameters.

Second, we estimate the AR model parameters, ,
, and by sending a total of 1000 pilot symbols. We ran

50 Monte Carlo iterations to obtain the average results. Fig. 2
shows the mean-square-error (MSE) of the estimates for
[in Fig. 2(a)], [in Fig. 2(b)], [in Fig. 2(c)], and
[in Fig. 2(d)] versus the number of available pilot symbols.
The MSE’s are measured in terms of the square of the error

for . Three different approaches
to estimate the AR model parameters are studied. The first
follows the one-step procedure without the knowledge of ,
as described by (28). The second one is a two-step approach,
as described in Table I. The third one employs the knowledge
of estimated discussed in Section IV-A in estimating AR
parameters. These results are plotted in the dashed-dotted line,
the solid line, and the dashed line, respectively. It is clear that a
small improvement on the accuracy of the estimates is achieved
in the two-step approach. However, some improvement can
also be observed by the direct estimation of .

The direct application of our algorithm is to estimate the
fading channel’s statistics. Here, we also apply it to estimate

, which is the correlation matrix of the different path
gains. In Fig. 3, the MSE of the correlation estimates for the
gain is shown for different number of pilot symbols
[recall is diagonal]. These correlation estimates
are obtained from the estimated according to (17),
assuming matrix and associated delays are known. The result
for is shown in Fig. 3(a) and for in Fig. 3(b). For
comparison, the theoretical MSE results according to (58) are
also plotted in dashed lines, respectively. From this figure, the
MSE’s can be observed to decrease to after 1000
pilot symbols are transmitted. In addition, good agreement
is observed with the theoretically predicted performance. A
similar conclusion can be drawn based on the results for the
second path, as shown by Fig. 4(a) and (b). However, the error
level is higher due to the larger value of true correlations.

Another application of the proposed method is to estimate the
Doppler shifts based on the channel model (8) in our next ex-
periment. We still use two Doppler frequencies:

Fig. 3. MSE of estimated correlations for� (nP ) with k = 1 andk = 2.

Fig. 4. MSE of estimated correlations for� (nP ) with k = 1 andk = 2.

rads and rads. The coefficients , , ,
and are randomly generated in . In total, 200 pilot
symbols were available. Other simulation parameters were set
as before. The channel correlations were first estimated based
on our algorithm. An AR(2) model was fit to those correla-
tions. Then, AR parameters can be estimated by three different
approaches, as discussed before. The estimated Doppler fre-
quencies were obtained using AR spectral analysis methods by
peak-picking of the AR spectrum. In these three cases, their
normalized MSE’s are compared in Fig. 5(a) for the larger fre-
quency and in Fig. 5(b) for the smaller one. Both of these figures
show that the estimation error is larger if is not obtained in
the first step, as indicated by dashed-dotted lines. An improve-
ment can be achieved after is estimated in the second step,
as presented by solid lines. Further improvement can be ob-
tained by employing the estimated directly from the re-
ceived signal, as shown by dashed lines.

In order to show the detailed performance for different
iterations, we also plot the spectrum after 200 pilot symbols
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Fig. 5. Normalized MSE of estimated Doppler shifts.

Fig. 6. AR spectrum from the one-step approach.

are transmitted. A spectral matrix is obtained from
estimated AR parameters according to [24, ch. 9] for 50
realizations. The four elements of the spectral matrix

) versus are shown in
Fig. 6 for the first step estimation. For most of the realizations,
peaks can be observed centering at the two true Doppler
frequencies and , although some false peaks appear for a
few iterations. This applies to all four elements. In the second
step, even with estimated , from those estimated AR
parameters, the false peaks still exist in Fig. 7. However, after
the more accurate estimate of is obtained, the spectrum
estimate appears to be substantially more accurate, and false
peaks disappear, as shown by Fig. 8. Therefore, the estimation
error is expected to be reduced. This agrees with the simulation
results at the point of 200 pilot symbols in the previous MSE
figures, where the error level stays around for the two-step
procedure, while it reduces to with the direct estimate of

.

Fig. 7. AR spectrum from the two-step approach.

Fig. 8. AR spectrum with estimatedRRR(0) from received data.

The proposed Kalman-based channel tracking algorithm
based on pilot symbols only is compared with the channel
tracking method with initial block training and decision feed-
back (DF) equalizer (e.g., [28]). The following AR(1) full-rate
channel model is adopted:

where is circular complex AWGN with zero mean and vari-
ance . The input 16-QAM signal is corrupted by 20
dB AWGN. In total, 2000 symbols are transmitted. In imple-
menting [28], the initial 200 symbols are treated as training.
After 200 symbol periods, the Kalman filter and DF(1,1) (both
the feedforward and the feedback branch have order 1) are com-
bined to track the fading channel and equalize the received sym-
bols. To gain a reasonable comparison, we use a pilot symbol
every tensymbols (10% of the transmission time) in our method.
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Fig. 9. Comparison of channel tracking performance between the proposed
method (PSAM) and the method with block training and DFE

Since undersampled AR parameters can be estimated by the pro-
posed method, the channel coefficients at those training time in-
stants can be tracked based on pilot symbols. Then, the full-rate
channel coefficients are obtained by linear interpolation from
undersampled ones. From a typical realization, the tracking re-
sults for both real part (“Re”) and imaginary part (“Im”) of

are obtained and shown by Fig. 9. All dashed lines in
these figures represent the true channels. The channel tracking
ability of our method (PSAM) can be observed from Fig. 9(c)
and (d) in the current AR framework. With initial block training,
[28] can track the fading channel in the training periods, as
shown by Fig. 9(a) and (b). However, its tracking performance
degrades after 200 symbols. Thus, a periodic retraining scheme
is suggested in [28] to avoid the “run-away” effect caused by
the DF equalizer.

In order to better evaluate the channel tracking performance
of our method, we compare it with other previously developed
PSAM-based methods in the presence of intersymbol inter-
ference (ISI). A typical method by Cavers [5] is adopted as a
comparison. We assume two independent Rayleigh fading paths
with equal power and a U-shape spectrum. The normalized
cutoff frequency is set to be 0.005. The BPSK signal-to-noise
ratio (SNR) is 20 dB. In every 10 bits, we assign the first bit as
a training bit with 200 pilot bits available in total. The channel
is assumed to have order 1. In implementing [5], we use ,
and thus, . The channel gain is estimated according
to (13) in [5], where the optimal estimation coefficients are
obtained by Wiener filter, as described in [4]. In our method,
we use an AR(1) model to approximate the true undersampled
channel variations. Our Kalman-based tracking procedure is
same as in the previous experiment. The results for [5] are
shown in Fig. 10(a) and (b), whereas the results are shown
in Fig. 10(c) and (d) for our method. It can be seen that both
methods can successfully track the channel variations and show
equivalent performance. However, in implementing [5], we
have assumed perfect knowledge of the channel correlations,
whereas these correlations are completely unknown in our
method and, thus, should be estimated for the estimation of

Fig. 10. Comparison of PSAM methods in channel tracking: the proposed
Kalman-based method versus Wiener filter-based method.

AR parameters. Of course, more computational complexity is
introduced along with this estimation process. It is expected
that if the assumed channel correlations in [5] are appreciably
different from the actual ones (model mismatch), the method
will exhibit worse performance.

IX. CONCLUSIONS

The algorithms developed in this paper suggest that
distributed training may be advantageous in identifying
time-varying channels. We show that estimation of the channel
correlations is possible in the PSAM framework with relatively
simple algorithms. Furthermore, the estimators for the channel
correlations are shown to be asymptotically mean square
consistent. If the channel variations are approximated by an
AR model, then AR parameters can also be estimated from
channel correlations. Therefore, Kalman filtering ideas can
be employed to track the TV channel. Moreover, based on
the proposed algorithm, AR spectral analysis techniques are
successfully demonstrated here for identifying the Doppler
frequencies.

APPENDIX A
DERIVATION OF (58)

To compute the first term in (57), we first write in
an explicit form according to (56)

(64)

Substituting (64) in (57), we obtain

(65)
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where

(66)

If and were Gaussian, it can be shown that [24,
ch. 5]

where

is indeed Gaussian due to our channel modeling as-
sumptions. However, is given by (49) and can be shown
to be Gaussian only if is a constant modulus signal and
the channel taps are circularly symmetric. Therefore, the rest of
this analysis is restricted to a constant modulus . It is not
hard to show that

and similarly

Therefore, (65) is simplified to

(67)

In (67), , and
survive only for . For the

summation of the correlation with double indices, the
technique in [24, ch. 5] can be applied. Then, (67) becomes

(68)

By noticing (54), we can finally obtain (58).
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