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Blind Channel Estimation for Long Code Multiuser
CDMA Systems

Zhengyuan (Daniel) Xu and Michail K. Tsatsanidember, IEEE

Abstract—n CDMA systems with long codes, the users’ signa- been analyzed in [16] and [30]. Recent research efforts have ad-
tures change in each bit period, impeding the estimation of the dressed the long code case and contributed to the design of new
time-invariant multipath parameters. In this paper, correlation- blind receivers suitable for such systems [24], [31]. In these ap-

matching methods are employed to blindly estimate those multi- . . .
path parameters. For given code sequences, the output correla- proaches, channel parameters are first estimated, and receivers

tion matrix (parameterized by the unknown channel coefficients) Can th?n be constructed. o
is compared with its instantaneous approximation. By minimizing In this paper, we focus on channel estimation problems from a

the Frobenius norm of the resulting error matrix, the channel pa-  different point of view by employing correlation matching tech-
rameters can be estimated up to a complex scalar ambiguity. Both niques. Moment matching approaches have been extensively an-

batch and adaptive algorithms are derived. Under the assumption . . .
of i.i.d. code sequences, identifiability up to a complex scalar am- alyzed in the past [17] and have been applied to a multitude of

biguity for each channel is guaranteed, and the asymptotic con- Problems in blind identification [5], [28], detection and estima-
vergence of the proposed algorithm is established. Furthermore, tion [8], and fractionally spaced equalization [7]. Extensions to
step-size selection for the adaptive version is investigated. Whenthe time-varying systems have been reported in [27].
only the code sequence of the user of interest is available, a single |, the current setup, the channel parameters are assumed time
user receiver is also derived. Simulation results verify those claims . - - Y
and provide comparisons with other methods. |_nvar|ant, _but duetothe _changlng codes, the users signatures are
o ) time varying. Hence, given the long codes for different users,
co?gsex Terms—CDMA, channel estimation, correlation, 1ong \ye match the output covariance matrix (parameterized by these
' unknown channel vectors) with instantaneous approximations
based on the received data. Through this minimization proce-
|. INTRODUCTION dure, closed-form solutions of the channel vectors within a com-
D IRECT sequence code division multiple access (CDMABIeX scalar ambiguity are obtained.

systems have received considerable attention recently inThe contribution of this work is to extend correlation

wireless communications due to their improved capacity [ ‘atcrglng technlque_jltofthe cbq{f[ent:_?I(D:MA setucpj), \{\:Eere the bit
Their importance is expected to increase in future wireless s égk:]a urest;/aryéapl y rorr]n Itho I omp;are tr\lNld previous |
tems, given the increasing demand for wireless services. subspace-based approaches, the proposed method requires only

Many existing CDMA standards (like 1S-95 [9]) utilize amiIoI identifiability assumptions and offers better performance
(] loaded systems.

spreading waveform that is generated using a PN sequeﬁ %oth batch and adaptive algorithms are investigated, and their

with a long period. Hence, only a portion of the waveform is ot ; is studied. Itis sh that timat
used to spread each bit, resulting in a randomization of eﬁ%ﬂ/mp oticperformance is studied. tis shown that our esimates

bit's signature and rendering standard adaptive interfere o all channels corrgspondmgly converge to thelrt.rue parame-
cancellation techniques nonapplicable, e.g., [11] ters, even for a heavily loaded system. If only a particular user is

Itis no surprise that most signal processing research in relafgdn

channel estimation problems has focused on the more tracta%q% belertr;]plclxyed, wgere the comg.utattloilrs] atlre grgatly reduged,
short code case, where the code’s length equals the bit aitge only the fong code corrésponding 1o that user IS required.

tion [1], [14], [22], [23]. In this case, the code repeats at ever hebperformsncedof our d'ﬁﬁrzqt rgethc&ds IS 'corrllp?red W'tk;t
bit and the interference structure is time invariant. Direct d%e subspace-based approach [31] based on simulation results.

sign methods for multiuser detectors have also been pursue jfirns out that the proposed multiuser channel estimation

that case [6], [13], [15], [18], [25], and their performance h ethods (batch and adaptive versions) exhibit superior per-
' ' ' ' ' ormance to both the proposed single-user channel estimation

algorithms and the subspace method [31], especially in a
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derived in Section V. Simulation results and comparisons wit ., () [ s1(m) ni(n)
other method are shown in Section VI, and some conclusiol ai(n) gi(n) v(n)

are drawn in Section VII.
| | y(n)
| | @—é‘

Il. SYSTEM MODEL

In multiuser CDMA systems, different users are assigned di:wM(n) sar(n) oar(n)
tinct code sequences to spread the signal spectrum over ' em(n) gm(n)
available bandwidth. In 1S-95, the code sequence for each use. ..
a mod-2 addition of a periodic code and a long pseudo-random
sequence [9]. Therefore, each bit to be transmitted is modulated
by a time-varying long code. Due to the excessive length of the
code (compared with the spreading factor), it is reasonable goOr¥(n) = [y(np), .-, y(nl + K — DI". Then, from
model it as an i.i.d. chip sequence. We will focus on the chann(e —(5), the received signgt(n) becomes
model under such a modulation scheme. M M

Let us assume that there at¢ users in a DS-CDMA com-  y(n) = Z h; 1(n)w;(n) + Z h; o(n — Dw,;(n—1)
munication system, and let us¢r(j = 1, ---, M) transmit j=1
a zero-mean, i.i.d. bit sequeneg(n) with variancesy, = +v(n) (6)
E{||w;(n)||?}. Attimen, each bit is spread by an uncorrelated -
i.i.d. code sequence. Letus define,(n),n =0, ---, P—1to Wherehji(n) = [0,---, 0, hjn(1), -, hyj o(KE = §;)]
be the spreading code of ugebit &, with P chips ¢ isthe chip  (With &; zeros), kjs(n — 1) = [hjna(P + 1 —
index). Then, theth user's chip rate, discrete-time transmittedi)s > 7ti,n—1(K), 0, - -, 0] [with K — (g+§;) zeros] are

signal can be expressed by the multirate convolution (see [26]% 1 vectors corresponding to signaturesigin), w, (n — 1)
for details; cf. [29]) at'timen, respectively. According to (4), these signatures can

be expressed as

Fig. 1. CDMA system with long spreading codes.

j=1

SJ(TL) = Z w]'(/{})ijk(TL — /{}P) (1) hj, l(n) = Cj: 1(n)gj, hj72(7’L — 1) = Cj72(n — 1)gj (7)
k=—oc

) . ) where the(g 4+ 1) x 1 channel vector of useris
After passing through a multipath channel, at the chip-rate re-

ceiver, the output signal contributed by ugds (see Fig. 1) g; =[g;(0), -, (@
- and theK x (g + 1) code filtering matrices are defined b
wm = Y s0gn— 8- @ (@+1) g Y
l=—oo 05, x(g+1)
Cin() = | o (V1 e 6. -
where0 < §; < P is the delay in chip periods, ang(n) is the :C’ (n)(1: K =, 2)
discrete-time equivalent channel impulse response that includgs (n—1)= Ciln—1D(P+1-6;: K, 1)} 8)
the transmitter and receiver filters. By considering (1) and (2) v L Or—s5,)%(q+1)
together, we can relate the outpytn) to its inputw;(n) as [ ¢ n(0) 0
= 3 wyEhatn— k) @ o e ©
BT YT e :
hjw(n) =Y gi(m)e; r(n—m—6;) (4) L © G alP = D g
m=—00 and notationX ({; : l», :) from Matlab is used to take out those

whereh; 1,(n) is the signature of usgrfor bit & with chip index Fows from/, to I, of matrix X.. By substituting (7) in (6), the
n. The overall received signain) is then a superposition of OUtPut becomes

signals from allM users corrupted by AWGN(n ) M
M y(n) =Y _[C;1g;w;(n) + C; 2g;w;(n — 1)] +v(n). (10)
y(n) =Y u;(n) +v(n) (5) =t
J=1 If we define theK x K correlation matrix of this received

wherewv(n) has zero mean and variane@ = E{||v(n)|*}. data at timen as

\ _ .

In practice, communication channels are usually .modeled as R,(n) = E{y(n)y (n)|Cj,j=1,~~~,]\l} (11)

having finite impulse response. Thus, let the maximum order

for all multipath channelg;(n) be ¢ and known in the sequel *If &; T<hq, then th%thirdhtecrjm Cogesquing toéhz ngwl;((l +f1) will
Fr3E H appear. The proposed method can be easily extended. For clarity of presentation,

(zero elements can be appended if its Order_ls lessghan . we will ignore this term later following common practice.

To obtain a compact form of our model in an observation aye iy drop the time indices” and *n — 17 for code matrice<C; .+ (),

interval, let us collec = P + g samples ofy(n) ina K x 1  C; (n — 1), respectively, to simplify the notation.
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conditioned on the given code sequencesibrusers, where It may seem thaﬁy(n) is very inaccurate, and hengg, (the

superscript H” denotes complex conjugate transpose (Hermestimate ofy;) will not be reliable. However, our cost function

tian); then, from (10) J employs all data points and results in surprisingly reliable

estimates. This is further supported by our consistency results.
Second, the cost functiohin (17) is a fourth-order function

of the unknowngy; [see also (12) and (13)]; thus, its high non-

(12 linearity may lead to difficulties in estimating the channel vector

In this paper, we will assume in the sequel that these spreadag With this in mind, if we define our new unknowns
codes and delays for all users are known in developing a mul- 9 H 9

tiuser channel estimation algorithm in Section Ill, or only the Dj=04,9;9; =% (19)
spreading code and delay for the user of interest is given in dRen (12) is linearly parameterized By, andz

riving our single-user channel estimation method in Section V.
The code acquisition problem, e.g., [21], is beyond the scope of
this paper. Therefore, it is clear th&f,(n) is only parameter-
ized byo?, 74,9,. Notice that due to the time-varying feature
of code sequences,(n) is also time varying. However, we Substituting (20) and (18) in (13), the error matrix becomes
assume all unknowns,, g; ando? are kept constant. Hence,
the estimation problem is focused on the retrieval of these un-
changed parameters based on the knowledd®, 6f.). We will

focus on estimating alf; next, based on correlation matching I
techniques [17]. +al —y(n)y” (n). (21)

M
Ry(n) = Z 03,]- [C, 1gjg§ICfl +C;, 29;’.95[0]}',[2] + 031-
j=1

M
R,(n)=> (C;1D,C]', +C; :D,;C}y) +zI.  (20)

j=1

M
E(TL) = Z(Cj, leCfl + CL QDijQ)

=1

To evaluate veld(n)] required in our cost function (17), an-
1. BLIND MULTIUSER CHANNEL ESTIMATION other property of “vec” can be employed (see [10, ch. 12])

LetR denote some estimator &, , and let

u(n) u(n) ved X, X»X5) = (XT @ X,)veq X>) (22)

E(n) = Ry(n) — B, (n) (13)  where %" represents the Kronecker product. After defining
) 2 2 .

be the estimation error matrix at tinne To evaluate this estima- new vectorsi;, d (of length(g + 1)° and M(g + 1)°, respec

tion error, let us define an index as the square of the Frobenﬂ}/se'y)

norm of E(n) d; =vedD;), d=[d", - d%]" (23)
J(n) = |E(n)||% = tw[E(n)E" (n)]. (14) acompact form for vgds(n)] can be obtained from (21)

By using the following property of “vec” operation and the trace ~ vedE(n)] = Qd + vedI)z — vedy(n)y" (n)] (24)

10, ch. 12 . . . .
(see [10, c D whereQ is a code-related matrix of dimensiéf¥ x M (q+1)2

tr( X, X7%) = ved (X)veq X;) (15) With time index dropped for notational convenience
(14) becomes Q=1Q, -, Qul, Q;=C; ,0C;1+C;,0Cj
(25)
J(n) = ved? [E(n)]vedE(n)]. (16) and “” denotes complex conjugate. Substituting (24) in (16)

first, we have

J(n) ={Qd + vedI)x — vedy(n)y" (n)]}"
{Qd +vedI)z — vedy(n)y (n)]}.  (26)

Therefore, our cost function becomes

Then, we can build our cost function as a cumulative error
1 <
J=x z_:l J(n)

1 N N
=N ;V“H [B(n)vedE(n)] (17) T =% S {Qad+ved 1) — vedy(n)y" (n)]}"

Wher_eN is the number of bit periods. By minim_izing this cost {Qd + ved Iz — vedy(n)y" (n)]}. (27)
function, all channel parameters could be obtained.

However, two problems will impede our estimation. First/hus, we arrive at a quadratic function of new unknowns by
R, (n) needs to be known in (17). Due to the time-varying propverparameterizing the problem by (19). According to our defi-
erty of R, (n), the sample average over the data record (whichfgion in (19), eachD; bears channel information of usgand
usually used for a time invariant system) is not applicable hegdhould be a rank one matrix. It has a unique maximum eigen-
Instead, we will use its instantaneous approximagienjy™ (n)  values?, ||g;||* with corresponding eigenvectty /|g;l)¢**7,
where %" is the imaginary unit, ang; is the phase ambiguity.
R,(n) = y(n)y" (n). (18) Taking into account both the norfiy;|| and the phasé;, we
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can then conclude that this eigenvector is our estimated chanBelAdaptive Algorithm
vector within a complex scalar ambiguity or, alternatively, is the Considering the cost functiof(n) at timen in (26), we can

normalized channel vector within a phase ambiguity. Following ., ,1ate the following LMS type recursion fdwith step size
this idea, we will focus on estimatinB; for all M users based

on our cost function. Two approaches with different demands
on computations will be derived in the sequel. dtD — g _ pN g J(n). (34)

A. Batch Algorithm In (34), V guJ(n) is a function ofd™ andz™) and can be
Notice that our cost function (27) is a quadratic functiomof computed from (26)

andz. If we minimize this cost function, a unique closed-form o H oy n) ) - -

solution can be obtained. To find the minimum solution of (27), Va7 (7) = Q" Qd"™ +b(n)z" — @7 vedy(n)y™ (n)].

it is sufficient to differentiate it with respect toandd, respec- (35)

tively, and set these derivatives equal to zero. Similarly, as (24),0rder t eliminate:™), which is a nuisance parameter in our
we denote our solution aisy anddx estimation problem, we substitute it by [see (55) in Appendix

T A]
~ ~T ~T
dy=|d", .. a 28
vl ] ) 2 = Ly o)~ (@] (@)
which contains estimates for all our unknown parameters. It is o )
shown in Appendix A that the estimadl; satisfies which minimizes/(n) at timen. Based on (34)—(36) can be
. updated by
Tndy =ty (29) 1
(n+1) _ g(n) _ HHy H (n)
with a M (q + 1) x M(q + 1)? square matrix d =d H {Q Q Kb(”)b (”)} d
N N N 1 H H H
i i =] " )~ @vecly(oyy” )]
I'v=w Z(QHQ) “KN? Z b(n) Z[b(”)]H (30) K

n=1 n=1 n=1 (37)

and aM (g +1)* x 1 vector whereQ, b(n) are given by (25) and (32). Similarly, for gll=
1, -+, M, D§"+1) can be reconstructed frodj"“), which is

N
1

ty =+ > {Qvedy(n)y” (n)]} a part ofd™ ).

n=1 Once D, is found either via the batch algorithm or by the

N H adaptive implementation, SVD of; can be performed to

Z[y (n)y(n)] obtain its eigenvector corresponding to the unique maximum

- "=1—2 Z b(n) (31) eigenvalue, which is our estimated normalized channel vector

KN n=1 for userj within a phase ambiguity. This is not computationally

Where demanding becaud®; is a(g + 1) x (¢ + 1) small size matrix
for moderate channel ordet Alternatively, we may employ

b(n) =ved H), H=[H,, -, Hy other subspace tracking methods, e.qg., [3], [4], and [20] to track

H; = Cf'{lc'j, L+ C]HQC,»7 ) (32) this eigenvector. This adaptive method requires on the order of

K?2M (q+ 1)? multiplications for the recursion ant/ (g + 1)®
andC; 1, C; » are given by (8) and (9) with assumed availableomputations for the SVD operation.
delayss; for j = 1, ---, M. Notice that all code matrices de- Our solution is derived either in (33) or from recursion (37)
pend on time, but the time index is dropped for the sake of nofar the multiuser CDMA communication system. We may
tional convenience, and hendd,and@ are also time varying. wonder if (33) is indeed useful or, equivalently, if matifi is
Therefore, (29) had/ (¢+1)? unknown parameters dy under nonsingular, and moreover, if this solution and the adaptive one
our assumption and/ (g + 1)2 equationsd, can be uniquely in (37) converge to the channel parametersVas: cc. By the
solved as same token, the choice of the step size in (37) is also related to
N those questions and will be discussed next.
dy = TH'ty (33)

as long as the matrif’y is nonsingular, as will be discussed V. PERFORMANCEANALYSIS

in Section IV-A. According to (28), our estimaté‘.;; can be  This section will focus on the investigation of properties en-
obtained by taking out corresponding elementd of and the joyed by the proposed methods &5 — oc. Our solution is
reverse operation of the vec function can be performed to alibtained either for a particular numbéy) of observation vec-
tain Dj. The major computational complexity of this methodors from (33) or for a particular number of iterations by (37).
lies in the matrix inversion that requiré¥(M3(g + 1)¢) mul-  As is well-known, the minimization of the quadratic cost func-
tiplications. This may be computationally prohibitive wh&h tion in (27) admits a unique solution, but the question here is
is large. In Section 111-B, we will derive an adaptive version ofvhether this solution can guarantee consistencWas»> cc.

this method to reduce the computational cost. To answer the identifiability question, we start our asymptotic
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analysis from (29) and further show that our solution in (33Jhe necessary condition on the step size is fien u ;| < 1
converges tal asN — . V¢, where);’s are the eigenvalues 6f (see [12]). Equivalently,

0 < i < 1/Amax- This analysis provides a way to select our step
A. Identifiability sizey for a given set of system parameters.

The identifiability of channel parameters depends on the
properties of matrixI’y. This matrix is determined by the V. SINGLE USERRECIEVERS

spreading codes. As mentioned before, we assume all codg s typicalin CDMA communication systems with long code
sequences;(n) (j = 1, ---, M) to bei.i.d. inj andn, taking sequences to employ single-user receivers as in 1S-95. Signals
values from a finite alphabet, with zero mean and variang®m all other users in the system are treated as interference,
o2 and fourth-order moment,.. They are also independentwhich simplifies the receiver design. It is the only feasible solu-
of both the i.i.d. transmitted bits and the AWGN. Then, fronfion when information about other users’ codes is not available.
(33), itis shown in Appendix B that a¥ — oo, our estimator |n other cases, there may be a large number of active users at
satisfies the same time so that it is not feasible to estimate the channel

parameters of all other interfering users. Therefore, it is worth-
(38)  while to modify our method for this typical situation.

. . .. Ifthere is a large number of users in the system and we focus
whereT' is a constant matrix whose closed-form expression & the estimation of the channel experienced by a particular user
also derived in Appendix B. Equation (38) tells us that our e P yap

timated... wil converge to its true valud as long a&’ is non- f\ivithout loss of generql_ity, we assume user 1 to be the desired
singularC?oAs is seen from Appendix B, this constant malfie user), then due to the i.i.d property of the code sequences of all

) , users, it is reasonable to treat the contribution from other users
parameterized by system parametgrs\f, ¢, 6; and the codes . . . . )
. . ) as a stationary interference with correlation mafjx;. Under
second order, as well as fourth-order informatigin m... It is

! : . : this assumption, for give@'; (n), the output correlation matrix
not possible to obtain a general proof of nonsingularity of ma- ~,
) . : is defined as
trix 7" due to a variety of settings of these parameters. Howevér,
these parameters (and, therefore, méifare knowna priori. R,(n) = E{y(n)yH(n)|C 1
They do not depend on unknown channel coefficients and the ' 2(m)-
transmitted bits. For different combinations of these parameteagd can be expressed as
we can check the rank df by computer beforehand. From our " "
Ry(TL) = C171D10171 +C172D1C172 +1L (40)

numerical test, we observe that for a large range of poséible

e.g., up to 256 (with M < P), ¢, e.g., 1 t0 20, and binary \yhereR. = R, + 021 accounts for interference and AWGN,
random spreading codef, has full rank for synchronous sys-54 generally, it is not diagonal. In the current context, we as-
tems ¢; = 0). If we take into accoun]twall possible delays (bothy ;e code matrice; ; andC; » are known. This indicates
zero and nonzero) fak/ users, ther?™ combinations need to 4 jyoth the spreading sequence and delay for this user is given.

be checked because we alléwto vary betweed < &; < P.  gqjiowing similar steps in the previous section and using a def-
This nonsingularity ofl” will lead to the identifiability of ma- ;ition similar to (13), we have a new error matrix

trices.D; for all users.

Td., =Td

Ei(n)=0C1, 1D1051 + 01,2D10£’2 +R; —y(n)y" (n).

B. Asymptotic Convergence (41)
Our previous discussion indicates thAt; asymptotically Defining the index of this error at time in the similar form as
converges td); for all possiblej (j = 1, ---, M). Since the (16), we obtain

normalized channeg;/||g;| is the eigenvector oD; corre- _ ‘ " H
sponding to its maximum eigenvalue, all channel parameters Ji(n) ={Qud: + vedR;) — vedy(n)y Hn)]}
can be identified up to a complex scalar ambiguity. {Q1d1 + vedR;) — vedy(n)y” (n)]} (42)

C. Convergence in the Mean where

Let us turn our attention to the asymptotic behavior of our Q; =C7 ; @ C1,1 +C7 , @ C4 2, d =vedD).

adaptive algorithm described by (37). . . .
If we introduceAd™ = E[d™] — d to be the bias at time First, we investigate our batch approach and construct the cost

n and use the independence assumption, e.g., [12], and the i Ugction

assumptions of codes, inputs, and noise, then from (37), the dif- 1 N
ference process abides by the recursion (see Appendix C) J1 = N Z Ji(n) (43)
n=1
AdTTY = (1 — qU) A d™ (39)

which after substituting (42) is

whereU is a constant matrix parameterized by given system pa- 1 X
rameters. Its closed-form expression is also derived in Appendix J; = — Z{Qldl + ved R;) — vedy(n)y" (n)]}"
; S N
C. Equation (39) implies that the convergence of the proposed n=1
adaptive method depends on the eigenvalues of matrix.U. {Qd; + vedR;) — vedy(n)y" (n)]}. (44)
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This is a quadratic function of both veR;) andd; . If we take from timen — L + 1 up ton and approximate this gradient at
the derivative with respect to veR;) first and set it equal to timen as [see (45)]
zero, we can obtain an estimate for ¢B¢). Under this estimate,

the derivative with respect @ can be easily shown to be 1 & . 1
Vdfjl(”) =17 Z @ (DQ(D] - 12
I=n—L
Vel = Fxdi = f (45) " .
~ [ > m] [ > QO }d§">

where I=n—L+1 I=n—L+1
1« 1
-7 2 (@ Ovedyy O} + 4

N N N
Fy= Y @Q) - o <Z Qf’) <Z Ql> b
n=1 n=1 n=1 . [ Z Q{{(l)] ZVGC[y(l)yH(l)] (50)

I=n—L+1 =1

Ir =5 Do (QMvedy(nyy™ ()]}

where we add the time index back @ to avoid ambiguity.

N N
— % <Z Qf) Z vedy(n)y™ (n)]. According to (50)d; can be updated as
n=1 n=1
d"tY =d™ _ v g1 (n) (51)
By setting (45) equal to zero, we can obtain our estindatior
d; wherey; is the step size. In this approach, the computational
X complexity is aboutk?L2(q + 1)2. The factorL will affect
d; = F;} I (46) both this complexity and convergence rate of this algorithm, and

. . therefore, there is a compromise between them. The ldriger
Onced; is obtained,D; can be reconstructed by the reverse dhe faster the algorithm converges, but the more computations it
the “vec” operation. requires.

Following the same procedure as in Appendix B and consid-
ering (68) and (77) therein, we can obtain the asymptotic result VI. SIMULATIONS

asN — oo . . . . .
In this section, we will show some computer simulation re-

S - sults for our channel estimation algorithms both for the mul-
Fy 5 F, fy =5 Fd, (47) tiuser (in Section Ill) and single-user (in Section V) case. For
simplicity, notations MU (multiuser) and SU (single-user) will
be used to represent these two methods. The performance of

where
both batch and adaptive algorithms is investigated.
woT In our experiment, a DS-CDMA system is simulated. All
F=A,,-0.B'B (48) users’ long spreading sequences and transmitted bits are as-
P-1 i i sumed i.i.d. taking values frofi+1, —1}. The spreading factor
B=)_ [(XHGIM) ® (XHGIM) for each bit is set to be 16 (as in [24]) for every user. The max-
=0

= imum communication channel order for all users ig; 3 3).
+ (XP—‘SIXIM) ® (XP—‘SIXIM)} (49) The 15 dB AWGN noise is added to the systeffihe channel
coefficients for all users are randomly generated and kept con-
. . . ) stant. Since our estimate for channel vegtprs obtained from
andA,,; isgivenin Appendix B. Therefore, ' is nonsingular, gyp gperation, a complex scalar ambiguity exists. For com-
then the solution of (46) will asymptotically converge to the,,jsqn  this ambiguity should be eliminated. To consider the
true vectordl_. The rank of _th|s matrix can also be che_zcked b|\6hase ambiguity first, we calibrate the phase for our estimate
computer. It is also found in our test that for all possible< 4; according to the phase of a particular elemeng,inFor ex-

128, ¢ < 20, andé; < P, this square matrix has full rank.  ypie it we use its first elemen;(0) as a phase reference,
This algorithm provides a simpler procedure to blindly esthanote its phase by, o, and the phase of; o (the first ele-

mate the channel for the user of interest with less computatio%ént ing.) by</3 - then. our estimate becom@;ewj 0—idi o
i 67 i 2 i 7,05 ) < , 0,
complexity [aboutg-+1)] since we only needto solg+1) We will not introduce a new notation for this phase-calibrated

. 5 )
eq\l/JVatlons fo(q(—; 1?f uqkr!lc)wnc;j)ar?meters.ml. be obtai estimate later but will still usg; to simplify the presentation.
€ may wonder it a simiar adaptive Version can be obtaine econd, in order to avoid the norm ambiguity, we choose the fol-

S|2n_ce we have d|fferent_ structur_e Of. the moda nstead of lowing mean square error (MSE) as the performance measure:
aZ in the output correlation matrix with more parameters), th Ky A (k) 5 .
v ; . . . JKU) Y w2 g —(g,/119;1DII?, whereK is the number of
cost functionJ, (n) at timen is overparameterized h#, and =11 20y : .
. L . Monte Carlo runs, which is set to be 50 in our experiments.
R;. Therefore, the instantaneous approximation of the gradien

cannot be used directly. Instead, we kéefd. > 2) data vectors  SFifteen dB is the bit SNR and not the chip SNR.
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o a) MSE of channel 1 under power control o b) MSE of channel 1 for the weak user o a) MSE of channel 1 under power control b) MSE of channel 1 for the weak user
10 T T T 10 T T 10 T T T T L S P P A

10°

MSE of channel 1
MSE of channel 1
MSE of channel 1
MSE of channel 1

100 200 300 400 500 100 200 300 400 500 100 200 300 400 500 100 200 300 400 500

Data length (in bits) Data length (in bits) Iterations lterations
@ (b) (@ (b)
Fig. 2. MSE of channel 1 (MU batch method). Fig. 3. MSE of channel 1 (MU adaptive method).
We first test our MU batch method with eight users in the a) 3-user system . b) 8-user system

10

system (4 = 8). Each user transmitted 500 bits. All users ar
assigned equal power. The typical result of channel estimati
error (e.g., channel 1) is presented in Fig. 2(a). It can be se
from this figure that the MSE for channel estimates reach
5 x 10~2 after 500 bits are transmitted. In order to see th
near-far effect on the performance of our method, we let us _
1to be 5 dB weaker in power than all other equally powere?
users and repeat the experiment. The result for this weak uses 0% {;
plotted in Fig. 2(b). Compared with Fig. 2(a), a penalty line est %
mation occurs due to the imperfect power control. For exampl
the error become® x 10~2 after 500 bit periods.

We also test our adaptive method under those two differe
power assignments as above. In implementing the algorithi
each bit corresponds to one iteration, the step size is choser

MSE of channel 1

be 3 x 10~3, and initial values for all channels are set to bt 4 : G e e T e A
. . . 1

[1, 1, 1, 1]7. The results for channel 1 are depicted in Fig. 3(¢~ ° ' oaa engn (nbis) Data langth (m bis)

and (b), corresponding to those two cases, respectively. Under (@) (b)

power control, t_he M_SE for Chann_el 1 aCh!eveS abobar) . .Fig.4. MSE's of channel 1 for a three-user system and eight-user system with
level after 500 iterations, according to Fig. 3(a), whereas it ig: = 4, .

creases td x 10~2 when the power for user 1 is reduced. Simi-

larly, performance loss is observed if there is a near-far problem., ) )

Itis also evident that compared with the batch method, the ag&@yi€ved in case 1. Moreover, from Fig. 4(a) and (b), we can
tive algorithm converges more slowly and to a higher MSE levaf® that the channel estimation error increases with the number

due to the excess error common in all LMS-type algorithms (588 users. For Figj 5, the true channel_ order is 2 for all USETS,
[12]). whereas the maximum channel order is assumed to be 3, which

overestimated. The convergence level at alioat can be
Iseerved from Fig. 5(a) after 500 input bits, el 10~3 from
_ o ig. 5(b). In case 3, we underestimate the maximum channel
1) Some users experience the same communication changgler py assigning channel for each user with order 3 while set-
2) Maximum channel order is overestimated. ting the maximum order to be 2 in the algorithm. Therefore, the
3) Maximum channel order is underestimated. fourth tap coefficient is not estimated. The MSE of channel 1 is
In each case, MSE'’s of channel estimates are obtained bothgtatted in Fig. 6(a) for a three-user system and in Fig. 6(b) for
a three-user system and for an eight-user system to reflect #imeeight-user system. This time the error levels are increased
influence from different system loads. Those results are shoaompared with Fig. 5 due to the omission of the fourth element
in Figs. 4-6, respectively. Fig. 4 uses the same channel for usethe channel vector. This indicates that the maximum channel
1and 2 g, = g,), which is different from all others. From order should be large enough to cover all the channel length. In
this figure, we can conclude that low error level can still bsome cases, this can beriori known. However, it is true that

We also study the performance of our MU batch method |
some extreme situations. Three typical cases are considered @
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a) 3-user system
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MSE of channel 1
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Fig. 5.
channel order over-estimation.

a) 3-user system
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b) 8-user system
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Ffﬁ 7. Comparison of the proposed MU and SU batch methods with subspace

MSE of channel 1 for a three-user system and eight-user system WItH 1 od for a two-user and an eight-user system.

o
[
T

MSE of the common channel

o
)
&

T

Comparison of MSE of the common channel
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s L 1 L

~Hx * 0O
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Number of users

Fig. 8. Comparison of the proposed MU and SU batch methods with subspace

Fig. 6. MSE of channel 1 for a three-user system and eight-user system vitthod after 500 bits are transmitted.

channel order underestimation.

dashed lines for the subspace method. From Fig. 7, it can be

more unknowns could be introduced, and thus, the higher coabserved first that the MU algorithm performs better than the
putational cost is expected. SU one. This difference is more evident, especially for a system
Our next experiment is to compare the proposed MU batelith heavy load as in Fig. 7(b). This, of course, comes at the ex-
method with the SU one and the recently presented subsppease of increased computational complexity. Second, the sub-
method [31] for systems with different loads. We assume usgrace method has better performance than the proposed SU and
1 is the desired user and that each user has 500 binary bitdMid algorithms when the system has only a few users according
transmit through a common FIR channel of order 3. We inte Fig. 7(a), whereas it becomes inferior under heavy load as it
plemented the subspace approach in [31] by assigning usesohverges to a higher error leval 10~2). However, the MSE
in group 1 and all other users in group 2 so that the matrof the proposed methods can convergete 10~2 after 500
é'm, 1 would be left invertible, which is required in that con4nput bits. A detailed comparison of the MSE’s with respect to
text (see [31] for details). According to this grouping method, different number of users is shown in Fig. 8. The circles are the
is fair to compare it with our SU method because both of therasults for the proposed MU method and the stars for the pro-
treat other users as interfering users. The channel estimationpersed SU method, whereas we use “x” for the subspace method.
rors for a two-user system are compared in Fig. 7(a) and for @he similar conclusion can also be easily made from Fig. 7.
eight-user system in Fig. 7(b). Solid lines represent the resultfOur methods are derived under the assumption of time-in-
of the MU method, dash-dotted lines for the SU method, amdriant channels. This can be hardly met in some communi-
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Tracking of amplitude of g,(m0) Tracking of amplitude of g|(n;1)

g;(n; 1), g;(n;2), andg;(n;3) corresponding to four tap co-
efficients. To avoid phase ambiguity, we adopt the amplitude
of each element as a performance measure for comparison and
apply our method to track those four amplitudes. A typical result
for channel 1 for a three-user system is plotted in Fig. 9. Dashed
lines represent the true values after normalization, whereas solid
lines are their estimates. The deep fading can be seen from this

Ov

Amplitude of g'(n;O)
Amplitude of g,(m1)

. . estimated | - e ——  estimated
s e : true value o — - true value

"] 00 200 300 400 500 0 100 200 300 400 500 1 i
1 e ongth erbits) Detaongih (i) figure, and its waveform can be tracked based on the proposed

Tracking of amplitude of g,(n;2) Tracking of amplitude of g,(n;3) method. HOWeVer, a |arger deviation exists within 100 bit pe-

s 5 riods. With increasingly more received data, the tracking perfor-
mance is improved for some of the four elements. When there
are more users active in the system, the reliable estimate for
time-varying channel coefficients are still obtained as indicated
by Fig. 10, although the tracking performance degrades.

Amplitude of g'(n;2)
Amplitude of g'(n‘,a)

estimate: - — : estimated

true value | ,b AT = -t true value

o 100 200 300 400 500 0 100 200 300 400 500 V” CONCLUSIONS
Data length (in bits) Data tength (in bits)

Our experimental results and performance analysis demon-
Fig. 9. Tracking of the amplitude of fading channel coefficients for &trate the applicability of correlation techniques in estimating
three-user system. channel parameters for long code multiuser CDMA communi-
cation systems. Furthermore, under mild conditions, these esti-
mators asymptotically converge to the true channels and are not
sensitive to order overestimation. They also exhibit good per-
formance, even when the system is heavily loaded. For reduced

Tracking of amplitude of g‘(n;o) Tracking of amplitude of g (ni1)

%_ 56 107 .|, cqmputational complexity, qlternativgs of single—user estimators
3 H i with both batch and adaptive algorithms are provided. Com-
2 2 5 i parison results show that the performance of our single-user
2 < E . channel estimation method is inferior than, but very close to,
L ol the proposed multiuser one. Furthermore, our methods are suit-
O by 0 Daé?i’ng.h?.?b..s) “0 % aple even for heavily loaded systems, in which case, subspace

Tracking of amplitude of g,(n;2) Tracking of amplitude of g, (n;3) methods show unsatisfacto ry perfo rmance.

APPENDIX A
DERIVATION OF (29)

Ol

In order to solve fod andz, we take the derivative of (27)
with respect ta:* andd”, respectively

Amplitude of g (n:2)
Amplitude of g,(n;3)

: estimated
- = true value

. : estimated
5 ! : — : true value |

0 100 200 300 400 500 o 100 200 300 400 S00

N

1
Data length {in bits) Data length (in bits) Ved =Kz + — Z
N n=1
Fig. 10. Tracking of the amplitude of fading channel coefficients for an
eight-user system. {VeCT Qd VeCT( )Vec[ ]} (52)

1 &
Vol = HQd + Q" vedI
cation environments. We may wonder if the MU adaptive al- d” nz_:l {Q Qd+Q vedl)s
gorithm is applicable for tracking time-varying channel taps. —Q"vec [y(n)y”(n)] } (53)
We will test it for a Rayleigh fading communication system. .
However, examples shown next are only intended to illustrafd the equilibrium point £ x-, dn) of our cost function/, these
the use of the proposed method and should not be regardedivatives are equal to zero. By setting (52) to zerg, is
as a detailed simulations study. Similar to the previous expeelved first as
iments, both three-user and eight-user systems are considered.
Each user has information to transmit through a two-ray indes ,, = —— Z
pendent Rayleigh fading channel. The maximum order of all N =
different channels is equal to 3. The carrier frequency is 900 H _ A
MHz, and the symbol rate is 9600 b/s. The speeds for different {vecT( )vec[ (n)y (n)] VeCT(I)QdN} - 4
users are randomly chosen 3 ~ 100 km/h. The channel Equation (54) can be simplified after considering (15) and (22).
coefficients are then generated based on a Rayleigh simulagfst, using (15), we have
e.g., [19]. The initial values for all channel vectors are set to be - -
[0, 0, 0, 0]7. The step size is chosen to be< 10~*. For such vec” (I)vedy(n)y" (n)] =tr[y(n)y" (n)]
a setup, each channel vecigi(n) has four elementg;(n;0), =y (n)y(n).
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Observe that v&l = [@ vecz(I)]H By using (22), To evaluatet given by (57), the outpui(n) is required.
theJth subvectorQ veq!) in Q7 vec(I) can be written as Accordmg to our input/output model (10), its first term
Q vedl) = vedH) Therefore Q"vedI) = b(n). Then, E{Q"vedy(n)y'’(n)]} can be evaluated as
(54) becomes
E{Q"vedy(n)y" (n)]} = E{QTQ}d + s2E{Q" ved 1)}
H (59)
By = KN Z [ — b7 (n )dN} ’ (55) whereas all other terms vanish due to the zero-mean, i.i.d. prop-
erties of the inputs and AWGN. Sin€@”vedI) = b(n), (59)

Substituting (55) in (53) and setting it equal to zero, (29) folecomes
lows. O

E{Q"vedy(n)y" (n)]} = E{Q"Q}d + o3 E{b(n)}. (60)

APPENDIX B

DERIVATION OF (38) For E{y" (n)y(n)} in the second term, it is not hard to obtain
We start our derivation from (29), where our estimator is ob-
tained. Both the convergence propertiesitf andty in the  E{y"(n)y(n)}
equation will be investigated. Let us first focus on the first term
of T'y andt [cf. (30) and (31)] without the summation, thatis, — p{y (n)u(n)}+F {Ztr 1+O’ L,C;,2)Dj] }

A(n) = Q" Q anda(n) = Q" vedy(n)y" (n)]. From the ex-
pression of? in (25), it can be seen that each element in matrix

2 H
A(n) is the fourth-order product of the spreading codes. Simi:avK E{b"(n)}d. (61)
larly, by recalling (10)a(n) also contains products of the codes
up to the fourth order and products of the codes with Gaussiifiereforez can be computed according to (60), (61), and (57)
noise. Under our assumptions, it can be easily shownAhaj
anda(n) are stationary with finite and absolutely summable cu- t="Td. (62)
mulants of any order. A% — oo, their sample averages there-

fore strongly converge to their ensemble averages, e.g., [2], teabstituting (62) in (58), we obtain (38). Next, we will derive a

IS closed-form expression for the constant maiix
N N We know from (56) tha” depends oE{Q" (n)Q(n)} and
S ZA( wpl E{A(n)}, Z ) L Efa(n)}. E{b(n)}: Let us grst focus onE{Q" (n)Q(n)}. Its (k, j)th
N &~ — submatrix isE{Qy; (n)Q;(n)} for k, j = 1,.--, M. Letus

denote them by
Similarly, we obtain

A =E{Q"(n)Q(n)}

N
% Z b(n) “E5 E{b(n)} St
et A];ll AJ\:{J\I

L Zy {y" (n)y(n)} Ar; =E{QImQ;(n)} . (63)

Putting everything together, we obtain the limits Matrix @, (n) is related to code matrices by its definition (25).

Those code matrices stem fraffy by shift operation, which is
A}gn Ty O T, T =E{Q"Q\ - —E{b( W E {bH(n)} determined by dela§; [see (8) and (9)]. Since each subdiagonal
= (56) of C; has the same element, we can wite as

lim 2y Ly ¢ = E{Q"vedy(n)y" (n)]} p-1

Ci(n) = ¢ ()X'M 64
— LBy} BB (67) = 2 ol (69

where we have used the fact that the product of sample averagigre X is a Jordan matrix of dimensioli x K, andM is a
of two random variables with finite cumulants strongly converg™ x (¢ + 1) matrix

to the product of the limits. If we defind.. = limy_..o dy,
then from (29), our estimator satisfies 0
. 1 . 1
Td. =t. (58) X = o , M= { 40“}
4Do not confuseE{y ¥ (n)y(n)} with the correlation defined in (11). In the 0 . 1. 0

current casey(n) is not conditioned on any codg;(») and is therefore sta- T T
tionary. X=X, M=M". (65)
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For notational convenienc&;” andM” are denoted b and tits . .
M in (65), respectively. Ther(?; 1(n), C; 2(n — 1) can be Sy = Z B -l g n1 (L2 n 1 (Ia)jn-1(la)}
obtained fromC,(n) andC;(n — 1) by the shift operation listz.ls,1a=0 .
P 'U4(117127l3vl47k7j) (71)
Cj71(7’L) =X 5CJ(7’L)
Cj2(n—1)=X""%C;(n—1). (66) and
Substituting (64) in (66), we obtain Ui(ly, lo, Is, 1y, K, §) = (MXP 0 X85 pp)
Pt ® (MX12+(5le4+(5jM)
Cj71(7’L) = Z cj:"(l)XH—éjM U2(lla l?a l3a l4a ka j) = (MXP+II+6k_6leSM)
=0 ® (MXP—l—lz—l—(Sk—(SjXL;M)
r—1 -~ . .
C;2n—1)= ¢ (DXT XM, 67) Uslly, bz, 13, la, K, j) = (MX X THt0 =00 b
7 = @ (MX 2 X PHat0i=01 pr)
Then, from (25)(; becomes Us(ly, I, I3, Ly, &, j) =(MXB X720 X P20 X M)
@ (MX= X% x =8 xla pp),
r—1
Q= > (e ()X M) @ (X M) (72)
Iy,1,=0
' 2P_1 Next, it suffices to discuss those expected values for random
+ Z c}% (e, n71(12)(XP_6le‘ M) codes inS; ~ S in different cases.
I, 12=0 ’ Case 1% # j: Inthis caseAy, ; is an off-diagonal sub-
® (XP% X" M). (68) block of matrixA. Under our i.i.d. assumptions on the random

codes, it can be shown fér# j that

Based on the properties of the Kronecker product (see [10, ch.

12)) . r-
Ap,j =0,

(X:©X)' =X @ X3 I, =0

(X1X2) @ (X3X,y) =(X1 @ X3)(X20Xy)

—

[Ul(lla lla 127 127 k? j)

+U2(lla llv 127 127 k? j)]
Q4 becomes

r-1
r—1 4 .
. . . +0o, Us(ly, i, l2, 1o, K, 5)
Qi = D )G () (MX" %) @ (MXH) ll,zl;:o
11712:21 + U4(lla lla l?a l?a k? j)] (73)
+ cno1(I)ek () (MXE X% , _ ,
llzl;_o Son-1(11), 1 (F2)( ) Case 2% = j: Inthis caseA, ; is a diagonal subblock
U _ of matrix A. Due to i.i.d. codes in time, we can easily obt&in
® (MXIZXP 6k)' (69) and S5 first:
Therefore, Ay, ; in (63) can be easily expressed by Pl
_ 4 P4
Ay ;=8 +84+853+8, (70) 32—0cl : 0U2(117117127127J7J)
1, t2=
where . Pl
Po1 S3 =0, U3(llv llv 127 127 j? j) (74)
Si= Y Flan(l)e . (2)e) (ls)ein(le)} o
llil;’lgl’l“lzol Y However, there are different cases to be discussed in order to
Uiy 2,13, U, ks ) evaluateS; andS,. Let us first focus or$; . It can be seen from
= . . the definition ofS; that whenk = j, only three cases make
Sz = Z Eenn(l)ernl2)¢ n-1(la)¢jn-1(la)} contributions to the value &;.
l1,l2,l3,14=0 . . rP—1
) 1), = I, = I3 = I, will contribute mu. > ,_
'1]2(117127137147]@7]) ) llfl(l l ZQ l 1 1)3 * m4‘21_0
P*l ? ? ? DIV I .
" " 2)ly = Il ls = i butly # I3 will contribute
S3 = Z E{ckn—1(l1)cy n_1(l2)c; n(l3)cjn(la)} AP -
1ot ds =0 [epa EZE;ZIZSO Ul(lla lla l37 l37 Js J)'
SUs(ly, 1,13, 14, K, 5) Al = I3,ls = Ly, butly # Iy will contribute

O—i} ZIII,_IZI:O Ul(llv 127 llv 127 jv J)!

5\We definex® = X° = I. I 21
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whereas all other cases have no contributions. Therefore, Hyerefore, our constant matrik can be obtained according to
adding these results up, we can obt8infor the cas& = j

=A— %bbT (81)

r—1
Sl m4c_20 ZUll lv lv levJ)
=0 based on the following parameters:

P-1  spreading factof;
tor Y Uil by, b, by, 4, ) « number of users/;
Iy, 12=0 « maximum order of all channelg
P-1 e delaysé;;
+ o Z Ui(ly, ba, U1, 1o, 4, 5)- (75) » second- as well as fourth-order momeafs m,.. of the
l,lo=0 random spreading codes.
Similarly, S, follows: They are all assumed known in this paper. Thereférean be
precomputed. O
r—1
Sy =(mae —202) > U, 1,1, 1, 4, §) APPENDIX C
=0 DERIVATION OF (39)
PRy o If we subtractd on both sides of (37) and take expectation,
+ U, Z U4(ll, lla l?a l?a Js J) we obtain
I1,15=0
L= . A = [1 - uB{Q QY + L E{b(n)b" (n)}] A )
tor Y Ul b, I, b, 4, ). (76) . K '
hy =0 + E[E{b(n)bH(n)}d — E{y" (n)y(n)b(m)}]
Combining (74)—(76) and noticing (70), ttfg, j)th diagonal + nE{Q"vedy(n)y" (n)]} — nE{Q" Q}d.
subblockA ; ; becomes (82)

According to results (60), (63), and (80) in Appendix B, (82)

r—-1
Aj,j = (mae = 207) lz_% UECRACREN ) can be simplified as

+ U l? l? l? l? ”7 j
4 3 D) £ =1 = &+ 2 BB ()} & d + o

r-1
+ ajl ;:0[%(11, I, b, 12, 4, §) + %[E{b(n)b”(n)}d— E{y" (n)y(n)b(n)}].
UM b b b, g )] (63)
tot Pz_:l [Us(ly, 1, b, 1o, 4, ) It can be similarly shown as in (61) that
U, 1o 5 ) By (n)y(n)b(n)} = o2 Kb+ B{b(n)p (m)}d.  (84)
t ot Pz_:l Uiy, 11, o, 1o, 4, ) Therefore, (83) becomes
T b @) DAY = [ — U] £ d™ (85)

Next, we will evaluateZ{b(n)} in T Recalling (32), we will Where our constant matr{ can be defined as
computeE{H;} first, which is 1
U=A- EE{b(n)bH(n)}. (86)

def
E{H;} =

= E{C],C; 1+ C],C) 2} (78)

Hence, (39) is obtained. Next, we will derive a closed-form ex-
According to (67) and the i.i.d. property of the codes, it is nqtression for matrixJ in (86).
hard to show that We have shown in Appendix B thak is explicitly deter-
mined by system parameteEs M, q,6;, 0%, andm,.. We can
similarly evaluateF{b(n)b" (n)} in (86) as in Appendix B. By

noticing thatb(n) can also be written as

—

A;=c2 S MX T XM MX X" XY X M),

=0
(79)
Then, E{b(n)} can be computed from (79) as vedH (n)]
oy=| (87)
E{b(n)} = b=vedAy, -+, Au]. (80) vedH  (n)]
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the (k, j)th subblock of b(n)b"(n) has a form of
vedH(n)lvec[H ;(n)]. Let us define

A A
A=Epmp ) = | -
An1

Ay, ; = E{vedH (n)lvec" [H (n)]}

An, m
(88)
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N [WQ(llv llv l?v l?v j7 7) +W3(ll7 llv l?v l?v j? 7)]

P-1
+ o*f Z
l1,15=0
CWaly, I, o, 1y, 4, ) + Wa(ly, Ie, 1, Do, 4, 9))-

(92)

OnceA and A are precomputed from system parameters, ma-

for notational convenience. According to (32) and (6),(n)
can be expressed by

r-1
Hj(n) - Z cj;;n(ll)cj,n(lQ)MXll+6jX12+6jM
e [1]
r—-1 o )
+ Z C; nfl(ll)CL n*l(ZQ)MXllXP_‘SjXP—éj
Lol=o 2
1, 2=
oM 89 @

Let us also define
[4]

Wl(lla l?v 137 l47 k? j) [5]
— ved X!+ XU Myved (MX+ X' M)
WQ(ll7 l?v 137 l47 k? 7)
_ VedMXll—l—élez'l"Sk M)
ved (MX X P05 xT=% X M)
W3(lla 127 137 l47 k? J)
= veq MX“ X0 XP=% X2 M)
~ved (M X'+ X1+ M)
W4(lla 127 137 l47 k? j)
=veqd MX1 X% XI5 X2 M)

(6]

(71

(8]

(9]

-vedt (MX' XT=% XT—0 X1 M). (90) [10]
Then, fork # j, we similarly obtain (cf. Appendix B) 1]
r-1
12
Ans ot Z [12]
i1, l2=0 [13]
Wl I, oy e, by )+ Wally, I, L, Do, K, 9)] [14]
rP-1
4
tol 2 (151
Iy, 15=0
Wl U, Uo, by Ky ) + Wa(ly, U, Do, o, K, )] 6
©1) [16]
whereas whelk = 7, we have [17]
P-1 [18]
Ajj=(mye =208 )
=0 . [19]
: [Wl(lv lv lv lv Js J) +W4(l7 l? lv lv Js J)]
r—1 [20]
4
tor Y [21]
Iy, lo=0
Wiy, Uy, U2y Doy 4, 5) + Wa(ln, Ie, 1, 1o, g, 5)]
[22]

r—1
+ o*ff Z

Iy, 15=0

trix U can also be obtained according to (86).

O
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