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Blind Channel Estimation for Long Code Multiuser
CDMA Systems

Zhengyuan (Daniel) Xu and Michail K. Tsatsanis, Member, IEEE

Abstract—In CDMA systems with long codes, the users’ signa-
tures change in each bit period, impeding the estimation of the
time-invariant multipath parameters. In this paper, correlation-
matching methods are employed to blindly estimate those multi-
path parameters. For given code sequences, the output correla-
tion matrix (parameterized by the unknown channel coefficients)
is compared with its instantaneous approximation. By minimizing
the Frobenius norm of the resulting error matrix, the channel pa-
rameters can be estimated up to a complex scalar ambiguity. Both
batch and adaptive algorithms are derived. Under the assumption
of i.i.d. code sequences, identifiability up to a complex scalar am-
biguity for each channel is guaranteed, and the asymptotic con-
vergence of the proposed algorithm is established. Furthermore,
step-size selection for the adaptive version is investigated. When
only the code sequence of the user of interest is available, a single
user receiver is also derived. Simulation results verify those claims
and provide comparisons with other methods.

Index Terms—CDMA, channel estimation, correlation, long
codes.

I. INTRODUCTION

D IRECT sequence code division multiple access (CDMA)
systems have received considerable attention recently in

wireless communications due to their improved capacity [9].
Their importance is expected to increase in future wireless sys-
tems, given the increasing demand for wireless services.

Many existing CDMA standards (like IS-95 [9]) utilize a
spreading waveform that is generated using a PN sequence
with a long period. Hence, only a portion of the waveform is
used to spread each bit, resulting in a randomization of each
bit’s signature and rendering standard adaptive interference
cancellation techniques nonapplicable, e.g., [11].

It is no surprise that most signal processing research in related
channel estimation problems has focused on the more tractable
short code case, where the code’s length equals the bit dura-
tion [1], [14], [22], [23]. In this case, the code repeats at every
bit and the interference structure is time invariant. Direct de-
sign methods for multiuser detectors have also been pursued in
that case [6], [13], [15], [18], [25], and their performance has
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been analyzed in [16] and [30]. Recent research efforts have ad-
dressed the long code case and contributed to the design of new
blind receivers suitable for such systems [24], [31]. In these ap-
proaches, channel parameters are first estimated, and receivers
can then be constructed.

In this paper, we focus on channel estimation problems from a
different point of view by employing correlation matching tech-
niques. Moment matching approaches have been extensively an-
alyzed in the past [17] and have been applied to a multitude of
problems in blind identification [5], [28], detection and estima-
tion [8], and fractionally spaced equalization [7]. Extensions to
the time-varying systems have been reported in [27].

In the current setup, the channel parameters are assumed time
invariant, but due to the changing codes, the users’ signatures are
time varying. Hence, given the long codes for different users,
we match the output covariance matrix (parameterized by these
unknown channel vectors) with instantaneous approximations
based on the received data. Through this minimization proce-
dure, closed-form solutions of the channel vectors within a com-
plex scalar ambiguity are obtained.

The contribution of this work is to extend correlation
matching techniques to the current CDMA setup, where the bit
signatures vary rapidly from bit to bit. Compared with previous
subspace-based approaches, the proposed method requires only
mild identifiability assumptions and offers better performance
for loaded systems.

Both batch and adaptive algorithms are investigated, and their
asymptotic performance is studied. It is shown that our estimates
for all channels correspondingly converge to their true parame-
ters, even for a heavily loaded system. If only a particular user is
of interest, a simplified single user channel estimation method
can be employed, where the computations are greatly reduced,
and only the long code corresponding to that user is required.

The performance of our different methods is compared with
the subspace-based approach [31] based on simulation results.
It turns out that the proposed multiuser channel estimation
methods (batch and adaptive versions) exhibit superior per-
formance to both the proposed single-user channel estimation
algorithms and the subspace method [31], especially in a
heavily loaded system. The proposed adaptive algorithm is also
tested in a Rayleigh fading communication environment, and
channel tracking is performed for such a scenario.

The rest of the current paper is organized as follows. In Sec-
tion II , a discrete-time model for a long code multiuser CDMA
system is provided. Section III describes in detail our blind batch
and adaptive multiuser channel estimation algorithms, whereas
their performance is analyzed in Section IV. When only a single
user is of interest, simplified channel estimation methods are
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derived in Section V. Simulation results and comparisons with
other method are shown in Section VI, and some conclusions
are drawn in Section VII.

II. SYSTEM MODEL

In multiuser CDMA systems, different users are assigned dis-
tinct code sequences to spread the signal spectrum over the
available bandwidth. In IS-95, the code sequence for each user is
a mod-2 addition of a periodic code and a long pseudo-random
sequence [9]. Therefore, each bit to be transmitted is modulated
by a time-varying long code. Due to the excessive length of the
code (compared with the spreading factor), it is reasonable to
model it as an i.i.d. chip sequence. We will focus on the channel
model under such a modulation scheme.

Let us assume that there are users in a DS-CDMA com-
munication system, and let user( ) transmit
a zero-mean, i.i.d. bit sequence with variance

. At time , each bit is spread by an uncorrelated
i.i.d. code sequence. Let us define , to
be the spreading code of user, bit , with chips ( is the chip
index). Then, the th user’s chip rate, discrete-time transmitted
signal can be expressed by the multirate convolution (see [26]
for details; cf. [29])

(1)

After passing through a multipath channel, at the chip-rate re-
ceiver, the output signal contributed by useris (see Fig. 1)

(2)

where is the delay in chip periods, and is the
discrete-time equivalent channel impulse response that includes
the transmitter and receiver filters. By considering (1) and (2)
together, we can relate the output to its input as

(3)

(4)

where is the signature of userfor bit with chip index
. The overall received signal is then a superposition of

signals from all users corrupted by AWGN

(5)

where has zero mean and variance .
In practice, communication channels are usually modeled as
having finite impulse response. Thus, let the maximum order
for all multipath channels be and known in the sequel
(zero elements can be appended if its order is less than).

To obtain a compact form of our model in an observation
interval, let us collect samples of in a

Fig. 1. CDMA system with long spreading codes.

vector . Then, from
(3)–(5), the received signal becomes1

(6)

where
(with zeros),

[with zeros] are
vectors corresponding to signatures of ,

at time , respectively. According to (4), these signatures can
be expressed as

(7)

where the channel vector of user is

and the code filtering matrices are defined by

(8)

...
...

...
. . .

(9)

and notation from Matlab is used to take out those
rows from to of matrix . By substituting (7) in (6), the
output becomes2

(10)

If we define the correlation matrix of this received
data at time as

(11)

1If � < q, then the third term corresponding to the symbolw (n+ 1) will
appear. The proposed method can be easily extended. For clarity of presentation,
we will ignore this term later following common practice.

2We will drop the time indices “n” and “n� 1” for code matricesCCC (n),
CCC (n � 1), respectively, to simplify the notation.
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conditioned on the given code sequences forusers, where
superscript “ ” denotes complex conjugate transpose (Hermi-
tian); then, from (10)

(12)
In this paper, we will assume in the sequel that these spreading
codes and delays for all users are known in developing a mul-
tiuser channel estimation algorithm in Section III, or only the
spreading code and delay for the user of interest is given in de-
riving our single-user channel estimation method in Section V.
The code acquisition problem, e.g., [21], is beyond the scope of
this paper. Therefore,,it is clear that is only parameter-
ized by , . Notice that due to the time-varying feature
of code sequences, is also time varying. However, we
assume all unknowns and are kept constant. Hence,
the estimation problem is focused on the retrieval of these un-
changed parameters based on the knowledge of . We will
focus on estimating all next, based on correlation matching
techniques [17].

III. B LIND MULTIUSER CHANNEL ESTIMATION

Let denote some estimator of , and let

(13)

be the estimation error matrix at time. To evaluate this estima-
tion error, let us define an index as the square of the Frobenius
norm of

(14)

By using the following property of “vec” operation and the trace
(see [10, ch. 12])

tr vec vec (15)

(14) becomes

vec vec (16)

Then, we can build our cost function as a cumulative error

vec vec (17)

where is the number of bit periods. By minimizing this cost
function, all channel parameters could be obtained.

However, two problems will impede our estimation. First,
needs to be known in (17). Due to the time-varying prop-

erty of , the sample average over the data record (which is
usually used for a time invariant system) is not applicable here.
Instead, we will use its instantaneous approximation

(18)

It may seem that is very inaccurate, and hence, (the
estimate of ) will not be reliable. However, our cost function

employs all data points and results in surprisingly reliable
estimates. This is further supported by our consistency results.

Second, the cost functionin (17) is a fourth-order function
of the unknowns [see also (12) and (13)]; thus, its high non-
linearity may lead to difficulties in estimating the channel vector

. With this in mind, if we define our new unknowns

(19)

then (12) is linearly parameterized by and

(20)

Substituting (20) and (18) in (13), the error matrix becomes

(21)

To evaluate vec required in our cost function (17), an-
other property of “vec” can be employed (see [10, ch. 12])

vec vec (22)

where “ ” represents the Kronecker product. After defining
new vectors , (of length and , respec-
tively)

vec (23)

a compact form for vec can be obtained from (21)

vec vec vec (24)

where is a code-related matrix of dimension
with time index dropped for notational convenience

(25)
and “ ” denotes complex conjugate. Substituting (24) in (16)
first, we have

vec vec

vec vec (26)

Therefore, our cost function becomes

vec vec

vec vec (27)

Thus, we arrive at a quadratic function of new unknowns by
overparameterizing the problem by (19). According to our defi-
nition in (19), each bears channel information of userand
should be a rank one matrix. It has a unique maximum eigen-
value with corresponding eigenvector ,
where “ ” is the imaginary unit, and is the phase ambiguity.
Taking into account both the norm and the phase , we
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can then conclude that this eigenvector is our estimated channel
vector within a complex scalar ambiguity or, alternatively, is the
normalized channel vector within a phase ambiguity. Following
this idea, we will focus on estimating for all users based
on our cost function. Two approaches with different demands
on computations will be derived in the sequel.

A. Batch Algorithm

Notice that our cost function (27) is a quadratic function of
and . If we minimize this cost function, a unique closed-form
solution can be obtained. To find the minimum solution of (27),
it is sufficient to differentiate it with respect toand , respec-
tively, and set these derivatives equal to zero. Similarly, as (23),
we denote our solution as and

(28)

which contains estimates for all our unknown parameters. It is
shown in Appendix A that the estimate satisfies

(29)

with a square matrix

(30)

and a vector

vec

(31)

where

vec

(32)

and are given by (8) and (9) with assumed available
delays for . Notice that all code matrices de-
pend on time, but the time index is dropped for the sake of nota-
tional convenience, and hence,and are also time varying.
Therefore, (29) has unknown parameters in under
our assumption and equations. can be uniquely
solved as

(33)

as long as the matrix is nonsingular, as will be discussed
in Section IV-A. According to (28), our estimates can be
obtained by taking out corresponding elements of, and the
reverse operation of the vec function can be performed to ob-
tain . The major computational complexity of this method
lies in the matrix inversion that requires mul-
tiplications. This may be computationally prohibitive when
is large. In Section III-B, we will derive an adaptive version of
this method to reduce the computational cost.

B. Adaptive Algorithm

Considering the cost function at time in (26), we can
formulate the following LMS type recursion forwith step size

(34)

In (34), is a function of and and can be
computed from (26)

vec
(35)

In order to eliminate , which is a nuisance parameter in our
estimation problem, we substitute it by [see (55) in Appendix
A]

(36)

which minimizes at time . Based on (34)–(36), can be
updated by

vec

(37)

where are given by (25) and (32). Similarly, for all
, can be reconstructed from , which is

a part of .
Once is found either via the batch algorithm or by the

adaptive implementation, SVD on can be performed to
obtain its eigenvector corresponding to the unique maximum
eigenvalue, which is our estimated normalized channel vector
for user within a phase ambiguity. This is not computationally
demanding because is a small size matrix
for moderate channel order. Alternatively, we may employ
other subspace tracking methods, e.g., [3], [4], and [20] to track
this eigenvector. This adaptive method requires on the order of

multiplications for the recursion and
computations for the SVD operation.

Our solution is derived either in (33) or from recursion (37)
for the multiuser CDMA communication system. We may
wonder if (33) is indeed useful or, equivalently, if matrix is
nonsingular, and moreover, if this solution and the adaptive one
in (37) converge to the channel parameters as . By the
same token, the choice of the step size in (37) is also related to
those questions and will be discussed next.

IV. PERFORMANCEANALYSIS

This section will focus on the investigation of properties en-
joyed by the proposed methods as . Our solution is
obtained either for a particular number () of observation vec-
tors from (33) or for a particular number of iterations by (37).
As is well-known, the minimization of the quadratic cost func-
tion in (27) admits a unique solution, but the question here is
whether this solution can guarantee consistency as .
To answer the identifiability question, we start our asymptotic



992 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 48, NO. 4, APRIL 2000

analysis from (29) and further show that our solution in (33)
converges to as .

A. Identifiability

The identifiability of channel parameters depends on the
properties of matrix . This matrix is determined by the
spreading codes. As mentioned before, we assume all code
sequences to be i.i.d. in and , taking
values from a finite alphabet, with zero mean and variance

and fourth-order moment . They are also independent
of both the i.i.d. transmitted bits and the AWGN. Then, from
(33), it is shown in Appendix B that as , our estimator
satisfies

(38)

where is a constant matrix whose closed-form expression is
also derived in Appendix B. Equation (38) tells us that our es-
timate will converge to its true value as long as is non-
singular. As is seen from Appendix B, this constant matrixis
parameterized by system parameters, , , and the codes’
second order, as well as fourth-order information, . It is
not possible to obtain a general proof of nonsingularity of ma-
trix due to a variety of settings of these parameters. However,
these parameters (and, therefore, matrix) are knowna priori.
They do not depend on unknown channel coefficients and the
transmitted bits. For different combinations of these parameters,
we can check the rank of by computer beforehand. From our
numerical test, we observe that for a large range of possible,
e.g., up to 256, (with ), , e.g., 1 to 20, and binary
random spreading codes,has full rank for synchronous sys-
tems ( ). If we take into account all possible delays (both
zero and nonzero) for users, then combinations need to
be checked because we allowto vary between .
This nonsingularity of will lead to the identifiability of ma-
trices for all users.

B. Asymptotic Convergence

Our previous discussion indicates that asymptotically
converges to for all possible ( ). Since the
normalized channel is the eigenvector of corre-
sponding to its maximum eigenvalue, all channel parameters
can be identified up to a complex scalar ambiguity.

C. Convergence in the Mean

Let us turn our attention to the asymptotic behavior of our
adaptive algorithm described by (37).

If we introduce to be the bias at time
and use the independence assumption, e.g., [12], and the i.i.d.

assumptions of codes, inputs, and noise, then from (37), the dif-
ference process abides by the recursion (see Appendix C)

(39)

where is a constant matrix parameterized by given system pa-
rameters. Its closed-form expression is also derived in Appendix
C. Equation (39) implies that the convergence of the proposed
adaptive method depends on the eigenvalues of matrix .

The necessary condition on the step size is then
, where ’s are the eigenvalues of (see [12]). Equivalently,

. This analysis provides a way to select our step
size for a given set of system parameters.

V. SINGLE USERRECIEVERS

It is typical in CDMA communication systems with long code
sequences to employ single-user receivers as in IS-95. Signals
from all other users in the system are treated as interference,
which simplifies the receiver design. It is the only feasible solu-
tion when information about other users’ codes is not available.
In other cases, there may be a large number of active users at
the same time so that it is not feasible to estimate the channel
parameters of all other interfering users. Therefore, it is worth-
while to modify our method for this typical situation.

If there is a large number of users in the system and we focus
on the estimation of the channel experienced by a particular user
(without loss of generality, we assume user 1 to be the desired
user), then due to the i.i.d property of the code sequences of all
users, it is reasonable to treat the contribution from other users
as a stationary interference with correlation matrix . Under
this assumption, for given , the output correlation matrix
is defined as

and can be expressed as

(40)

where accounts for interference and AWGN,
and generally, it is not diagonal. In the current context, we as-
sume code matrices and are known. This indicates
that both the spreading sequence and delay for this user is given.
Following similar steps in the previous section and using a def-
inition similar to (13), we have a new error matrix

(41)
Defining the index of this error at time in the similar form as
(16), we obtain

vec vec

vec vec (42)

where

vec

First, we investigate our batch approach and construct the cost
function

(43)

which after substituting (42) is

vec vec

vec vec (44)
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This is a quadratic function of both vec and . If we take
the derivative with respect to vec first and set it equal to
zero, we can obtain an estimate for vec . Under this estimate,
the derivative with respect to can be easily shown to be

(45)

where

vec

vec

By setting (45) equal to zero, we can obtain our estimatefor

(46)

Once is obtained, can be reconstructed by the reverse of
the “vec” operation.

Following the same procedure as in Appendix B and consid-
ering (68) and (77) therein, we can obtain the asymptotic result
as

(47)

where

(48)

(49)

and is given in Appendix B. Therefore, if is nonsingular,
then the solution of (46) will asymptotically converge to the
true vector . The rank of this matrix can also be checked by
computer. It is also found in our test that for all possible

, , and , this square matrix has full rank.
This algorithm provides a simpler procedure to blindly esti-

mate the channel for the user of interest with less computational
complexity [about ] since we only need to solve
equations for unknown parameters in .

We may wonder if a similar adaptive version can be obtained.
Since we have different structure of the model (instead of

in the output correlation matrix with more parameters), the
cost function at time is overparameterized by and

. Therefore, the instantaneous approximation of the gradient
cannot be used directly. Instead, we keep( ) data vectors

from time up to and approximate this gradient at
time as [see (45)]

vec

vec (50)

where we add the time index back for to avoid ambiguity.
According to (50), can be updated as

(51)

where is the step size. In this approach, the computational
complexity is about . The factor will affect
both this complexity and convergence rate of this algorithm, and
therefore, there is a compromise between them. The largeris,
the faster the algorithm converges, but the more computations it
requires.

VI. SIMULATIONS

In this section, we will show some computer simulation re-
sults for our channel estimation algorithms both for the mul-
tiuser (in Section III) and single-user (in Section V) case. For
simplicity, notations MU (multiuser) and SU (single-user) will
be used to represent these two methods. The performance of
both batch and adaptive algorithms is investigated.

In our experiment, a DS-CDMA system is simulated. All
users’ long spreading sequences and transmitted bits are as-
sumed i.i.d. taking values from . The spreading factor
for each bit is set to be 16 (as in [24]) for every user. The max-
imum communication channel order for all users is 3 ( ).
The 15 dB AWGN noise is added to the system.3 The channel
coefficients for all users are randomly generated and kept con-
stant. Since our estimate for channel vectoris obtained from
SVD operation, a complex scalar ambiguity exists. For com-
parison, this ambiguity should be eliminated. To consider the
phase ambiguity first, we calibrate the phase for our estimate

according to the phase of a particular element in. For ex-
ample, if we use its first element as a phase reference,
denote its phase by , and the phase of (the first ele-
ment in ) by ; then, our estimate becomes .
We will not introduce a new notation for this phase-calibrated
estimate later but will still use to simplify the presentation.
Second, in order to avoid the norm ambiguity, we choose the fol-
lowing mean square error (MSE) as the performance measure:

, where is the number of
Monte Carlo runs, which is set to be 50 in our experiments.

3Fifteen dB is the bit SNR and not the chip SNR.
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(a) (b)

Fig. 2. MSE of channel 1 (MU batch method).

We first test our MU batch method with eight users in the
system ( ). Each user transmitted 500 bits. All users are
assigned equal power. The typical result of channel estimation
error (e.g., channel 1) is presented in Fig. 2(a). It can be seen
from this figure that the MSE for channel estimates reaches

after 500 bits are transmitted. In order to see the
near-far effect on the performance of our method, we let user
1 to be 5 dB weaker in power than all other equally powered
users and repeat the experiment. The result for this weak user is
plotted in Fig. 2(b). Compared with Fig. 2(a), a penalty line esti-
mation occurs due to the imperfect power control. For example,
the error becomes after 500 bit periods.

We also test our adaptive method under those two different
power assignments as above. In implementing the algorithm,
each bit corresponds to one iteration, the step size is chosen to
be , and initial values for all channels are set to be

. The results for channel 1 are depicted in Fig. 3(a)
and (b), corresponding to those two cases, respectively. Under
power control, the MSE for channel 1 achieves about an
level after 500 iterations, according to Fig. 3(a), whereas it in-
creases to when the power for user 1 is reduced. Simi-
larly, performance loss is observed if there is a near-far problem.
It is also evident that compared with the batch method, the adap-
tive algorithm converges more slowly and to a higher MSE level
due to the excess error common in all LMS-type algorithms (see
[12]).

We also study the performance of our MU batch method in
some extreme situations. Three typical cases are considered here

1) Some users experience the same communication channel.
2) Maximum channel order is overestimated.
3) Maximum channel order is underestimated.

In each case, MSE’s of channel estimates are obtained both for
a three-user system and for an eight-user system to reflect the
influence from different system loads. Those results are shown
in Figs. 4–6, respectively. Fig. 4 uses the same channel for user
1 and 2 ( ), which is different from all others. From
this figure, we can conclude that low error level can still be

(a) (b)

Fig. 3. MSE of channel 1 (MU adaptive method).

(a) (b)

Fig. 4. MSE’s of channel 1 for a three-user system and eight-user system with
ggg = ggg .

achieved in case 1. Moreover, from Fig. 4(a) and (b), we can
see that the channel estimation error increases with the number
of users. For Fig. 5, the true channel order is 2 for all users,
whereas the maximum channel order is assumed to be 3, which
is overestimated. The convergence level at about can be
observed from Fig. 5(a) after 500 input bits, and from
Fig. 5(b). In case 3, we underestimate the maximum channel
order by assigning channel for each user with order 3 while set-
ting the maximum order to be 2 in the algorithm. Therefore, the
fourth tap coefficient is not estimated. The MSE of channel 1 is
plotted in Fig. 6(a) for a three-user system and in Fig. 6(b) for
an eight-user system. This time the error levels are increased
compared with Fig. 5 due to the omission of the fourth element
in the channel vector. This indicates that the maximum channel
order should be large enough to cover all the channel length. In
some cases, this can bea priori known. However, it is true that
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(a) (b)

Fig. 5. MSE of channel 1 for a three-user system and eight-user system with
channel order over-estimation.

(a) (b)

Fig. 6. MSE of channel 1 for a three-user system and eight-user system with
channel order underestimation.

more unknowns could be introduced, and thus, the higher com-
putational cost is expected.

Our next experiment is to compare the proposed MU batch
method with the SU one and the recently presented subspace
method [31] for systems with different loads. We assume user
1 is the desired user and that each user has 500 binary bits to
transmit through a common FIR channel of order 3. We im-
plemented the subspace approach in [31] by assigning user 1
in group 1 and all other users in group 2 so that the matrix

would be left invertible, which is required in that con-
text (see [31] for details). According to this grouping method, it
is fair to compare it with our SU method because both of them
treat other users as interfering users. The channel estimation er-
rors for a two-user system are compared in Fig. 7(a) and for an
eight-user system in Fig. 7(b). Solid lines represent the results
of the MU method, dash-dotted lines for the SU method, and

(a) (b)

Fig. 7. Comparison of the proposed MU and SU batch methods with subspace
method for a two-user and an eight-user system.

Fig. 8. Comparison of the proposed MU and SU batch methods with subspace
method after 500 bits are transmitted.

dashed lines for the subspace method. From Fig. 7, it can be
observed first that the MU algorithm performs better than the
SU one. This difference is more evident, especially for a system
with heavy load as in Fig. 7(b). This, of course, comes at the ex-
pense of increased computational complexity. Second, the sub-
space method has better performance than the proposed SU and
MU algorithms when the system has only a few users according
to Fig. 7(a), whereas it becomes inferior under heavy load as it
converges to a higher error level ( ). However, the MSE
of the proposed methods can converge to after 500
input bits. A detailed comparison of the MSE’s with respect to
different number of users is shown in Fig. 8. The circles are the
results for the proposed MU method and the stars for the pro-
posed SU method, whereas we use “×” for the subspace method.
The similar conclusion can also be easily made from Fig. 7.

Our methods are derived under the assumption of time-in-
variant channels. This can be hardly met in some communi-
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Fig. 9. Tracking of the amplitude of fading channel coefficients for a
three-user system.

Fig. 10. Tracking of the amplitude of fading channel coefficients for an
eight-user system.

cation environments. We may wonder if the MU adaptive al-
gorithm is applicable for tracking time-varying channel taps.
We will test it for a Rayleigh fading communication system.
However, examples shown next are only intended to illustrate
the use of the proposed method and should not be regarded
as a detailed simulations study. Similar to the previous exper-
iments, both three-user and eight-user systems are considered.
Each user has information to transmit through a two-ray inde-
pendent Rayleigh fading channel. The maximum order of all
different channels is equal to 3. The carrier frequency is 900
MHz, and the symbol rate is 9600 b/s. The speeds for different
users are randomly chosen in km/h. The channel
coefficients are then generated based on a Rayleigh simulator,
e.g., [19]. The initial values for all channel vectors are set to be

. The step size is chosen to be . For such
a setup, each channel vector has four elements ,

, , and corresponding to four tap co-
efficients. To avoid phase ambiguity, we adopt the amplitude
of each element as a performance measure for comparison and
apply our method to track those four amplitudes. A typical result
for channel 1 for a three-user system is plotted in Fig. 9. Dashed
lines represent the true values after normalization, whereas solid
lines are their estimates. The deep fading can be seen from this
figure, and its waveform can be tracked based on the proposed
method. However, a larger deviation exists within 100 bit pe-
riods. With increasingly more received data, the tracking perfor-
mance is improved for some of the four elements. When there
are more users active in the system, the reliable estimate for
time-varying channel coefficients are still obtained as indicated
by Fig. 10, although the tracking performance degrades.

VII. CONCLUSIONS

Our experimental results and performance analysis demon-
strate the applicability of correlation techniques in estimating
channel parameters for long code multiuser CDMA communi-
cation systems. Furthermore, under mild conditions, these esti-
mators asymptotically converge to the true channels and are not
sensitive to order overestimation. They also exhibit good per-
formance, even when the system is heavily loaded. For reduced
computational complexity, alternatives of single-user estimators
with both batch and adaptive algorithms are provided. Com-
parison results show that the performance of our single-user
channel estimation method is inferior than, but very close to,
the proposed multiuser one. Furthermore, our methods are suit-
able even for heavily loaded systems, in which case, subspace
methods show unsatisfactory performance.

APPENDIX A
DERIVATION OF (29)

In order to solve for and , we take the derivative of (27)
with respect to and , respectively

vec vec vec (52)

vec

vec (53)

At the equilibrium point ( , ) of our cost function , these
derivatives are equal to zero. By setting (52) to zero, is
solved first as

vec vec vec (54)

Equation (54) can be simplified after considering (15) and (22).
First, using (15), we have

vec vec tr
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Observe that vec vec . By using (22),
the th subvector vec in vec can be written as

vec vec . Therefore, vec . Then,
(54) becomes

(55)

Substituting (55) in (53) and setting it equal to zero, (29) fol-
lows.

APPENDIX B
DERIVATION OF (38)

We start our derivation from (29), where our estimator is ob-
tained. Both the convergence properties of and in the
equation will be investigated. Let us first focus on the first term
of and [cf. (30) and (31)] without the summation, that is,

and vec . From the ex-
pression of in (25), it can be seen that each element in matrix

is the fourth-order product of the spreading codes. Simi-
larly, by recalling (10), also contains products of the codes
up to the fourth order and products of the codes with Gaussian
noise. Under our assumptions, it can be easily shown that
and are stationary with finite and absolutely summable cu-
mulants of any order. As , their sample averages there-
fore strongly converge to their ensemble averages, e.g., [2], that
is

Similarly, we obtain4

Putting everything together, we obtain the limits

(56)

vec

(57)

where we have used the fact that the product of sample averages
of two random variables with finite cumulants strongly converge
to the product of the limits. If we define ,
then from (29), our estimator satisfies

(58)

4Do not confuseEfyyy (n)yyy(n)g with the correlation defined in (11). In the
current case,yyy(n) is not conditioned on any codeCCC (n) and is therefore sta-
tionary.

To evaluate given by (57), the output is required.
According to our input/output model (10), its first term

vec can be evaluated as

vec vec
(59)

whereas all other terms vanish due to the zero-mean, i.i.d. prop-
erties of the inputs and AWGN. Since vec , (59)
becomes

vec (60)

For in the second term, it is not hard to obtain

tr

(61)

Therefore, can be computed according to (60), (61), and (57)

(62)

Substituting (62) in (58), we obtain (38). Next, we will derive a
closed-form expression for the constant matrix.

We know from (56) that depends on and
. Let us first focus on . Its th

submatrix is for . Let us
denote them by

...
...

...

(63)

Matrix is related to code matrices by its definition (25).
Those code matrices stem from by shift operation, which is
determined by delay [see (8) and (9)]. Since each subdiagonal
of has the same element, we can writeas

(64)

where is a Jordan matrix of dimension , and is a
matrix

...

...
. . .

(65)
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For notational convenience, and are denoted by and
in (65), respectively. Then, , can be

obtained from and by the shift operation5

(66)

Substituting (64) in (66), we obtain

(67)

Then, from (25), becomes

(68)

Based on the properties of the Kronecker product (see [10, ch.
12])

becomes

(69)

Therefore, in (63) can be easily expressed by

(70)

where

5We defineXXX =
~XXX = III .

(71)

and

(72)

Next, it suffices to discuss those expected values for random
codes in in different cases.

Case 1— : In this case, is an off-diagonal sub-
block of matrix . Under our i.i.d. assumptions on the random
codes, it can be shown for that

(73)

Case 2— : In this case, is a diagonal subblock
of matrix . Due to i.i.d. codes in time, we can easily obtain
and first:

(74)

However, there are different cases to be discussed in order to
evaluate and . Let us first focus on . It can be seen from
the definition of that when , only three cases make
contributions to the value of .

1) will contribute
.

2) , but will contribute
.

3) , but will contribute
;
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whereas all other cases have no contributions. Therefore, by
adding these results up, we can obtainfor the case

(75)

Similarly, follows:

(76)

Combining (74)–(76) and noticing (70), the th diagonal
subblock becomes

(77)

Next, we will evaluate in . Recalling (32), we will
compute first, which is

(78)

According to (67) and the i.i.d. property of the codes, it is not
hard to show that

(79)
Then, can be computed from (79) as

vec (80)

Therefore, our constant matrix can be obtained according to

(81)

based on the following parameters:

• spreading factor ;
• number of users ;
• maximum order of all channels;
• delays ;
• second- as well as fourth-order moments, of the

random spreading codes.
They are all assumed known in this paper. Therefore,can be
precomputed.

APPENDIX C
DERIVATION OF (39)

If we subtract on both sides of (37) and take expectation,
we obtain

vec

(82)

According to results (60), (63), and (80) in Appendix B, (82)
can be simplified as

(83)

It can be similarly shown as in (61) that

(84)

Therefore, (83) becomes

(85)

where our constant matrix can be defined as

(86)

Hence, (39) is obtained. Next, we will derive a closed-form ex-
pression for matrix in (86).

We have shown in Appendix B that is explicitly deter-
mined by system parameters, , , , , and . We can
similarly evaluate in (86) as in Appendix B. By
noticing that can also be written as

vec
...

vec

(87)
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the th subblock of has a form of
vec vec . Let us define

...
...

...

vec vec (88)

for notational convenience. According to (32) and (67),
can be expressed by

(89)

Let us also define

vec vec

vec

vec

vec

vec

vec

vec (90)

Then, for , we similarly obtain (cf. Appendix B)

(91)

whereas when , we have

(92)

Once and are precomputed from system parameters, ma-
trix can also be obtained according to (86).
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