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Large-Sample Performance of Blind and Group-Blind
Multiuser Detectors: A Perturbation Perspective

Zhengyuan Xu, Senior Member, IEEE, and Xiaodong Wang, Member, IEEE

Abstract—In blind and group-blind multiuser detection, dif-
ferent detectors can be designed using either the sample data
covariance matrix directly or its eigencomponents. Due to fi-
nite-sample effect in practice, their performance deviates from the
corresponding optimum. A perturbation technique is developed
rigorously and systematically to analyze those detectors in this
work. Subject to the assumption that the first-order perturbation
dominates, corresponding results can be applied to a practical
system of a given sample size. In particular, performance of
the following typical detectors is studied for either flat or esti-
mated multipath channels: direct-matrix-inversion (DMI) blind
minimum mean-square error (MMSE) detector, subspace blind
MMSE detector, direct zero-forcing (ZF) detector, subspace ZF
detector, and group-blind hybrid detector. Simulation examples
further verify various analytical results.

Index Terms—Asymptotic performance, multiuser detection,
perturbation analysis, subspace decomposition.

I. INTRODUCTION

I N recent two decades, design of blind multiuser detectors
to detect code-division multiple-access (CDMA) signals has

received considerable attention [1]–[5]. Its main focus is to de-
sign satisfactory detectors without relying on any training se-
quence. Blind linear detectors are very attractive because of
their low complexity and ease of implementation [6]. Of par-
ticular interest are minimum mean-square error (MMSE) and
zero-forcing (ZF) detectors.

There exist different strategies in designing detection tech-
niques for different communication scenarios. If a transmitted
signal experiences only flat fading, the direct MMSE detection
can be performed based on the inverse of the received data
covariance matrix and the code waveform of the desired user
[1], [6]. This scheme is termed as direct-matrix-inversion
(DMI) detection. It requires spreading codes of the desired
user. Applying eigenvalue decomposition (EVD) on the data
covariance matrix and invoking orthogonality between the
signal subspace and noise subspace, an equivalent subspace
MMSE detection method follows [2], [7]. Similarly, spreading
codes of the desired user are necessary for reconstruction of the
desired symbol’s waveform. If the system noise is negligible,
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a ZF detector can provide better performance. It utilizes code
waveforms of all users. In the case when only spreading codes
of some users are known, then a group-blind MMSE detector
can be built by constraining the response from other users in
the group to be zero while adopting the MMSE criterion [8].
It uses spreading codes of all known users. A group-blind ZF
detector can also be constructed and has been shown to have
the same form and code requirement as a blind ZF detector.
In a multipath fading environment, the signature waveform
of the desired signal becomes a convolution of the spreading
codes and channel coefficients and is no longer known a priori.
Therefore, to design different detectors, channel parameters are
usually estimated first to reconstruct the signature waveform.
The subspace technique is capable of fulfilling this task [7],
[9]. Then following similar procedures as above, those linear
detectors can be constructed based on reconstructed signal
waveforms.

It can be observed that in designing the afore-mentioned de-
tectors either with or without multipath fading, the data covari-
ance is directly or indirectly involved. Although performance
of different detectors can be assessed under perfect conditions,
in practice it is commonly affected by various factors. The size
of collected data samples causes direct perturbation to data
covariance and thus degrades detectors’ performance. To gain
some insight into its sensitivity to the sample size, a number of
papers have appeared to analyze the asymptotic performance of
different detectors with random long spreading sequences when
the number of users grows without bound and the ratio of
to the processing gain is fixed [10]–[14].

Different from those approaches, our current work focuses
on asymptotic performance of blind and group-blind multiuser
detectors when short spreading codes are used and when the
detectors are estimated from received signals. Although their
performance in terms of the output signal to interference plus
noise ratio (SINR) and the bit-error rate (BER) has been ana-
lyzed from the central limit theorem in [15], those results are
only applicable for flat-channel cases assuming perfect channel
knowledge.

We perform various systematic analyses for both flat-channel
and multipath-channel scenarios from a perturbation perspec-
tive. In the presence of multipath distortion, channel param-
eters are estimated and resulting errors affect different detec-
tors. Thus, joint analysis of detectors and channel estimators
appears necessary. In practice, channel estimation error stems
from insufficient number of data samples. The received signal
covariance estimated from large data samples is only slightly
perturbed if compared with its ideal counterpart, leading to ap-
plication of a perturbation technique. In fact, the requirement for
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a large sample size can be relaxed. Estimated covariance based
on only a few hundred samples is a fairly good approximation
for the ideal one according to the detectors’ performance. Under
a Gaussian assumption in [15], up to the second-order statis-
tics of each perturbed detector suffice to describe each prac-
tical detector. Although in our approach we do not elaborate
on detectors’ asymptotic distributions, we evaluate up to the
second-order statistics required for evaluation of SINRs. There-
fore, despite different viewpoints, it is not surprising that our re-
sults for systems without multipath distortion are observed to be
consistent with those in [15] according to simulation. However,
it is worth to point out that we provide a systematic analytical
method suitable for not only flat-channel cases, but also multi-
path scenarios where channel parameters are estimated with un-
avoidable errors. In addition to estimation errors in data covari-
ance, those errors affect detection performance as well. Hence,
joint performance study is conducted in the current work.

In general, perturbations may arise from various sources such
as system noise, modeling error, or finite samples processed.
Perturbation technique has been successfully applied in many
applications to analyze the effects of some of these factors,
such as in direction-of-arrival (DOA) estimation to obtain the
estimation error [16], in subspace channel estimation to derive
statistics of the channel estimator [17], [18]. Here, we particu-
larly examine asymptotic properties (large sample size ) of
the following blind linear detectors for either flat or multipath
channels: DMI MMSE detector, subspace MMSE detector,
subspace ZF detector, and group-blind hybrid detector which
are proposed in [7] and [8], respectively. SINR and BER are still
adopted as two measures for both qualitative and quantitative
performance [15]. For large , the data covariance matrix gets
perturbed. Thus, its eigencomponents are perturbed as well,
whose correspondence to the perturbation of the data covariance
is explicitly exposed according to perturbation theory. After
applying the statistics of sample-based estimated covariance
[19] and deriving a vector-form variant, SINRs are derived
as functions of the sample size and other system parameters.
Compared with associative ideal detectors, those data-based
detectors show performance degradation due to sample effect.
It is found that resulting errors in signal power and interference
plus noise power are inversely proportional to the sample size.
Therefore, as sample size increases, those errors tend to be
negligible, making the performance of each detector converge
to that of the ideal counterpart. When multipath propagation
occurs, perturbation in each of the data-based detectors stems
from the channel estimation error as well. In such a scenario,
we analyze the detection performance if channel parameters
are estimated by a typical subspace technique [20].

The organization of this paper is as follows. Section II first
presents a CDMA system model and provides a brief review of
the afore-mentioned blind linear detectors. Detailed analyses of
the effect of the sample size are performed in Section III for both
flat and multipath channels. Simulation examples are provided
in Section IV. Finally, some concluding remarks are made in
Section V.

II. SYSTEM MODEL AND DIFFERENT LINEAR DETECTORS

Consider a synchronous CDMA system with users. All
discussions can be easily extended to an asynchronous system
based on the delay for each user. User is as-
signed spreading codes of length to
spread its information symbol . Let the chip sequence be
transmitted through a multipath channel with a baseband chip
rate discrete-time impulse response . Then the received
discrete-time signal at the chip-rate receiver is [3]

(1)
where is assumed to have zero-mean and variance ,

is zero-mean additive white Gaussian noise (AWGN) with
variance .

The discrete-time model can be easily formulated into a ma-
trix/vector representation. Assume all channels have max-
imum order . After collecting measurements in a
vector and neglecting intersymbol interference (ISI), then
convolution in (1) can be written as matrix/vector multiplica-
tion [3]

(2)

where

...
. . .

...

...
...

... (3)

Extension of the data model (2) to an asynchronous system with
an arbitrary channel order is much straightforward by consid-
ering ISI for each user. As a special case, the model (2) can also
describe the system without multipath fading by setting to be
a scalar and correspondingly to a vector.

According to (2), different detectors can be designed to detect
. Without loss of generality, assume user 1 is the desired

user, and . The linear MMSE detector for user 1 is
defined as

(4)

where , superscript represents complex con-
jugate transpose. This detector requires direct inversion of ma-
trix and is called a DMI MMSE detector.

The MMSE detector can also be expressed in terms of the
signal subspace components of . Let the EVD of be

(5)
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where and represent the signal and noise subspaces, re-
spectively. Invoking the orthogonality between and ,
is equivalent to the following form [7]:

(6)

For distinction in description, we have used to denote this
subspace MMSE detector although it is theoretically the same
as .

The ZF detector aims to eliminate multiple-access interfer-
ence (MAI) together with ISI if it is present. For convenience,
let us define

Then (2) can be written as

(7)

Therefore, a ZF detector satisfies where is
a unitary vector of length with the first element to be . It is
shown in [7] that it takes either a direct form

(8)

or a subspace form

(9)

where “tr” represents trace of a matrix, .
In a case where only codes and channels from user 1 to

user are known, interference caused by those
interfering users can be zero-forced while interference

from remaining unknown users are suppressed by the
group-blind linear hybrid detector according to the MMSE
criterion. If signature waveforms of users are collected in

, then such a detector is given by the
following constrained MMSE criterion [8]:

subject to (10)

The solution takes the following form based on the subspace
decomposition of :

(11)

The term “hybrid” is due to adoption of both ZF and MMSE
criteria at the same time. Accordingly, the detector is called a
hybrid detector.

Those analytical expressions are derived based on ideal quan-
tities. However, in practice, the data covariance matrix is esti-
mated from data vectors

(12)

with eigencomponents deviated from their theoretical values,
where and contain largest eigenvalues and re-
maining eigenvalues of , respectively, and contain
corresponding eigenvectors. Meanwhile, the subspace channel
estimation method also employs the covariance matrix. Cor-
respondingly, all previously discussed detectors are perturbed
when compared with their ideal forms. Those equivalent
MMSE detectors and , or ZF detectors and , may
show different performance in the presence of covariance esti-
mation error where a precedes to represent
perturbation. The same convention will follow in our later
discussion.

For previously mentioned reasons, we assume is suffi-
ciently large, lending the perturbation technique directly appli-
cable to our analysis. Instead of analyzing asymptotic distribu-
tions of detectors [15], we will derive the perturbation of each
of them from a perturbation perspective. It will be shown that
the eigencomponents of which are perturbed play important
roles.

With given data vectors, the MMSE detectors and
are implemented as

(13)

(14)

where is an estimated channel vector. In two forms of the ZF
detector, explicitly requires . Therefore, the ZF detector is
implemented in a direct form as

(15)

or in a subspace form as

(16)

The hybrid detector has a form

(17)

Performance of those detectors (13)–(17) will be analyzed when
is estimated according to (12). In particular, performance of

a detector is measured by the average SINR

SINR (18)

and the analytical BER approximated by [15]

SINR (19)

assuming binary inputs.
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III. PERFORMANCE ANALYSIS OF DIFFERENT DETECTORS

First we examine the case where there is no channel estima-
tion error, which can be applied to a flat-fading scenario. Each

in (3) reduces to a code vector. We thus ignore (15). There-
fore, only the DMI and subspace MMSE detectors, the subspace
ZF detector, and the hybrid detector are analyzed in detail. Then
we analyze all five detectors when channel represents multi-
path fading for user (including user 1) and is estimated from
the following subspace method [20]:

(20)

In general, detector is perturbed to be where
perturbation is assumed to have zero mean. According to
(18), the SINR becomes

SINR (21)

and the analytical BER is approximated by

SINR (22)

Perturbation results from imperfect estimation of in the
current context. In our later discussion, its expression to be de-
rived will be truncated at the first order of covariance estimation
error , while higher order terms are ignored. Therefore, each
approximation for will be valid up to the first order of the
perturbation . For notationalal convenience, an approxima-
tion will be denoted by “ ”. It is observed that both expected
values in (21) are required to obtain the SINR . However, they
follow a general form

where can be replaced by either or . Then it suf-
fices to derive a closed-form expression for this quantity next.
Perturbation will take different forms for different detectors.
To avoid being overwhelmed by derivations, we will summarize
all results at the end of this section.

A. Flat Channel

In this case, we denote by a vector form . Replacing
estimated quantities explicitly by their perturbations, perturba-
tions in detectors , , , can be derived.

1) DMI MMSE Detector: According to (13), we can find

(23)

Substituting by , we have

(24)

Further simplification of (24) requires the second-order statis-
tics of in a general form where
can be substituted by . It will be frequently required
in subsequent analyses and has been derived in closed form in
a recent work [19]. Due to its importance to our analysis, we
restate the result in the following lemma.

Lemma 1 [19]: For channel input/output model (7) with in-
puts drawn from the same constellation, if is estimated from

independent vectors by (12), then for a real-valued commu-
nication system, takes the following form:

(25)

while for a complex-valued system, it takes a different form

(26)

where is the fourth-order cumulant of each input, “ ” rep-
resents matrix Hadamard (element-wise) product [21].

Differentiation by real-valued and complex-valued systems
in Lemma 1 is due to different statistical properties of a real and
a complex random variable. For example, for a zero-mean com-
plex symmetric random variable , . But for a real
random variable , it is nonzero in general. Detailed explana-
tion can be found in [19].

With either (25) or (26), our task becomes easier. Then (24)
becomes

(27)

which is ready to evaluate since it only involves deterministic
quantities. It can be observed that this quantity is inversely
proportional to , indicating that perturbations in both signal
power and interference plus noise power decay roughly at a rate

. However, they may experience different actual decaying
rates since takes different forms as explained earlier.

2) Subspace MMSE Detector: From (14), we obtain

(28)

Perturbation causes subspace components perturbed. The
results can be found in the following lemma.

Lemma 2 [18]: If is perturbed by , then its eigencom-
ponents are perturbed by

(29)

The approximation is valid up to the first order of .

Since , substituting (29) in (28) we obtain

(30)

where for convenience we have defined ,
, , . It is a

function of . Then can be derived
from statistics of given in Lemma 1.

3) Subspace ZF Detector: This detector is given by (16),
from which its perturbation follows a form

(31)
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According to (9), where

based on (29). After using the “ ” operation which stacks all
columns of a matrix successively in a long column vector [21]
to define

and applying (29), we can express as

(32)

Invoking (29) once more, substituting (32) and noticing that
, (31) becomes

(33)

After defining and applying the following
properties [21]:

(34)

can be simplified as

(35)

where the Hermitian property of and other matrices has been
applied. Each term on the right-hand side can be easily evalu-
ated as long as is available. According to our definition,
is the covariance of vectorized estimated data covariance. Its ex-
pression depends on the channel input/output model (7) and our
covariance estimation method (12). For clarity, we provide an-
alytical expressions for in the following proposition whose
proof is given in Appendix.

Proposition: If a channel model follows (7) with specified
dimension of as , and data covariance is estimated from

independent data vectors by (12), then for a real system, the
covariance of satisfies

(36)

while for a complex system it satisfies

(37)

where “ ” stands for matrix Kronecker product, “ ” for ma-
trix Khatri–Rao product (column-wise Kronecker product) [21],

“ ” represents complex conjugate, is an identity matrix of di-
mension , and is a vector of length whose elements are
all equal to one.

This proposition provides a direct method to compute for
given system parameters. It can be observed that it is also in-
versely proportional to . Once it is evaluated from either (36)
or (37), (35) can be easily obtained.

4) Hybrid Detector: Examination of term-by-term pertur-
bation on (17) yields

(38)

where for shorter notation we have defined

After applying (29) and noticing , (38) becomes

(39)

This shows a relation of to . Thus,

can be evaluated similarly as before from the second-order sta-
tistics of the covariance estimate given in Lemma 1. A detailed
expression is omitted for brevity. In our later discussion, we will
adopt the same strategy for the same reason when perturbation

of detector has a long expression. If it is a function of
only, then direct application of results in Lemma 1 is sufficient.
If it is a function of both and , then involves
the second order statistics of , , and cross correlation be-
tween and . The last one can be easily converted into a
typical form . After applying properties (34) and
the following [21]:

it becomes

(40)

It can thus be evaluated using our results for in the
Proposition.

So far, we have derived analytical expressions for for
each of the four detectors which lead to direct evaluation of their
analytical SINRs and BERs. Though performance comparison
among different detectors turns out to be much involved for a
fixed , we mainly rely on simulation study later and mean-
while verify all analytical results therein.

B. Multipath Channel

When a multipath channel is present, can be estimated first
by (20) and then different detectors are constructed. The anal-
ysis is more complicated since each estimated channel vector is
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also perturbed to be with perturbation . Let
us first derive due to .

For convenience, denote the unperturbed objective matrix in
(20) by . Since is perturbed by , its
noise subspace shows a perturbation as
according to Lemma 2. Such a perturbation causes perturbed
with perturbation

Since is the minimum eigenvector of , can be found
to be . Noticing that , is
finally related to by

(41)

With this clear relation, we are ready to evaluate previously pre-
sented different detectors. We will follow similar procedures as
before, but incorporate (41). The typical term in the expression
of SINR is still

where can be replaced by either or .
1) DMI MMSE Detector: According to (13), we can find

(42)

Compared with (23), an additional term appears due to channel
estimation error. Thus, more terms are expected in our final
expression for . Readers will easily find similar situations
in our later discussions on other detectors. Using (41), (42)
becomes

(43)

where for all ’s including . It is a function

of . Then easily follows.
2) Subspace MMSE Detector: From (14), we obtain

(44)

After substituting (29) and (41) in (44), and noticing that
, we obtain

(45)

Then can be obtained by straightfor-
ward substitution.

3) Direct ZF Detector: Considering a perturbation to due
to channel estimation errors for all users, perturbation in direct
ZF detector (15) is given by

(46)

where . Due to (41), is related
to by

(47)

Substituting (47), (46) becomes

(48)

where . It is a function of . The
required term can be easily derived.

4) Subspace ZF Detector: This detector is given by (16)
which is a perturbed version of . The perturbation
follows a form

(49)

Similar to obtaining (33), (49) can be simplified as

(50)

It is a function of both and , similar to (33). According
to our previous discussion, can also be
similarly obtained.

5) Hybrid Detector: In (17), not only subspace components
of are perturbed, but also . Similar to (47), we obtain a
perturbation in as

(51)

To simplify derivation procedures, let us first find , the per-
turbation in the middle matrix . Considering all possible per-
turbation sources in , we obtain

(52)

Applying (29) and (51), and noticing , is sim-
plified to

(53)

According to (17), perturbation in becomes

(54)
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Substituting (51), (53), and (29) in (54), is related to by

(55)

where has been substituted by

It is a function of . Then can be
evaluated.

C. A Brief Summary

As observed from the expression of SINR in (21),
with contributes to the per-

turbation of the desired signal power, and with
contributes to the perturbation of the interference-plus-noise
power. For clarity, we summarize all perturbed detectors in
Table I for flat channels and in Table II for estimated multipath
channels. It has been shown that each is a linear function of

, or , or linear combination of both. Then involves
a form of either by (25) or (26) in Lemma 1, or
by (36) or (37) in our Proposition, or by (40)
where , and are nominal matrices/vector, and should
be replaced by the corresponding arguments, respectively. For
quick reference, some quantities defined before are listed in
Table III. With all those results, the corresponding terms of
SINR in (21) can be easily obtained. Then the BER can be
calculated by (22). Although each expression involves many
terms and further simplification is intractable, for large ,
perturbation of the desired signal power is less severe than
that to the interference-plus-noise, according to our simulation
study. Therefore, the output SINR (thus, BER) with finite data
samples is largely affected by the variation of interference and
noise power.

IV. NUMERICAL RESULTS

We verify all analytical results by computer simulation. The
average SINR of each detector over 500 independent realiza-
tions is used as a performance measure. For concise presenta-
tion, corresponding BER will not be presented except for one
case as an example. Both flat channels and multipath channels
are considered. For flat channels, the analytical results for the
DMI MMSE, subspace MMSE, and hybrid detectors in [15]
which are based on the asymptotic limit theorem (denoted as
ALT for short) are also included in order to make comparisons
with those from proposed (perturbation based) analysis. Results
for the subspace ZF detector are obtained from the proposed
analysis. For multipath channels, all users’ channel parameters
are estimated by the subspace technique. Then five detectors:

TABLE I
ANALYTICAL RESULTS FOR DIFFERENT DETECTORS WITH FLAT CHANNELS

TABLE II
ANALYTICAL RESULTS FOR DIFFERENT DETECTORS WITH ESTIMATED

MULTIPATH CHANNELS

TABLE III
SOME DEFINED QUANTITIES

DMI MMSE, subspace MMSE, direct ZF, subspace ZF, and hy-
brid detectors are discussed. Effects of key parameters as the
sample size, SNR, and number of users are studied as follows.

A. Flat Channel

When the communication channel is flat fading, signature
waveform of the desired user is assumed known. Performance
of the DMI MMSE detector explicitly depends on the accuracy
of the estimated data correlation matrix, while performance of
the subspace MMSE, subspace ZF and hybrid detectors depends
on the accuracy of the eigencomponents of the data correla-
tion matrix. The estimation error is primarily determined by the
sample size . Fig. 1 shows its effect on the SINR and Fig. 2
on the BER when Gold sequences of length are used
for all users in a system with SNR 10 dB, among
which spreading codes of users are assumed known
in building hybrid detectors. Solid lines represent the experi-
mental results, dash-dotted lines from our analysis, and dashed
lines from ALT in [15]. The analytical BERs are approximated
by (22) using corresponding analytical SINRs. From these fig-
ures, convergence of experimental results to analytical results
within 1000 signal samples is observed. Secondly, analytical re-
sults based on either proposed perturbation technique or ALT
agree with each other and are almost indistinguishable in the
figures. Also, different detectors tend to show a similar con-
vergence level in terms of either SINR or BER with the cur-
rent system parameters. To minimize redundancy in later pre-
sentation, we will omit BER results. The effect of noise is also
studied. SINRs with signal samples are presented in
Fig. 3 for a large range of SNRs. It is seen that the subspace
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Fig. 1. The average output SINR versus the number of signal samplesN for the DMI MMSE, subspace MMSE, subspace ZF, and hybrid detectors in flat channels.
M = 31, J = 25, K = 10, SNR= 10 dB.

MMSE detector performs better than the DMI MMSE detector
when SNR is high, as analyzed in [15]. It shows similar per-
formance as the subspace ZF detector. However, the hybrid de-
tector outperforms both the subspace MMSE and subspace ZF
detectors since it zero-forces contribution of some of the inter-
fering users. The number of users affects the interference level
and thus the performance of detectors. Fig. 4 clearly demon-
strates how sensitive is their performance to for systems with
15-dB noise, three users of known waveforms, and 400 received
signal samples. Performance of all detectors degrades with in-
creased except the DMI detector whose performance is rela-
tively steady but worse than other detectors for all examined ,
as observed and explained in [15]. The hybrid detector still per-
forms best. The other two detectors show similar performance.
Again, analytical results highly conform to experimental results.

B. Multipath Channel

In a multipath environment, the detector’s performance is af-
fected by not only multiuser interference, but also channel dis-
tortion. In the simulation, channel of each user has four paths
whose coefficients are randomly generated with equal power
according to Gaussian distribution. Channel parameters for all
users are estimated using the subspace technique. For compar-
ison with both analytical results and performance of other detec-
tors, direct ZF detectors are also inclusively studied. Therefore,
in total, five detectors are compared in each experiment. Fig. 5
plots the SINR versus the number of signal samples when there

are users in a 15-dB CDMA system. In building the
direct ZF detector, all users’ channels are estimated, while in
building the hybrid detector, channels of users are esti-
mated. For all other detectors, only the desired user’s channel is
estimated. It can be seen that all analytical results are consistent
with the corresponding experimental results for large . The
performance of the direct ZF detector is less sensitive to all ex-
amined (currently above 100) since this detector does not use
estimated data covariance directly whose accuracy heavily relies
on the sample size. It directly uses estimated channels which are
satisfactory even for relatively small . All other detectors ex-
hibit improved performance as increases and similar conver-
gence level after samples are processed. The hybrid detector
shows better performance for small number of samples than all
other detectors except the direct ZF detector. Fig. 6 presents per-
formance with respect to different SNRs when sam-
ples are processed. It is clear that the direct ZF detector per-
forms best for moderate to high SNRs, followed by the hybrid
detector. The subspace ZF and subspace MMSE detectors show
similar performance, and are better than the DMI MMSE de-
tector since the noise effect may be enhanced in the latter. The
effect of the system load is further studied in Fig. 7. When the
load is moderate, the direct ZF detector outperforms all others.
With increased load, errors from estimating all users’ channels
significantly degrade its performance. However, for the hybrid
detector, since the number of known users is small and esti-
mation errors only affect the performance moderately. This de-
tector performs best for a large range of Subspace ZF and
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Fig. 2. The average BER versus the number of signal samples N for the DMI MMSE, subspace MMSE, subspace ZF, and hybrid detectors in flat channels.
M = 31, J = 25, K = 10, SNR= 10 dB.

Fig. 3. The average output SINR versus SNR for the DMI MMSE, subspace MMSE, subspace ZF, and hybrid detectors in flat channels. M = 31, J = 25,
K = 10, N = 400.
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Fig. 4. The average output SINR versus the number of users for the DMI MMSE, subspace MMSE, subspace ZF, and hybrid detectors in flat channels.M = 31,
K = 3, SNR= 15 dB, N = 400.

Fig. 5. The average output SINR versus the number of signal samplesN for the DMI MMSE, subspace MMSE, direct ZF, subspace ZF, and hybrid detectors in
multipath channels. Channel parameters are estimated by the subspace method. M = 31, q = 3, J = 15,K = 10, SNR= 15 dB.
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Fig. 6. The average output SINR versus SNR for the DMI MMSE, subspace MMSE, direct ZF, subspace ZF, and hybrid detectors in multipath channels. Channel
parameters are estimated by the subspace method. M = 31, q = 3, J = 15, K = 10, N = 200.

Fig. 7. The average output SINR versus the number of users for the DMI MMSE, subspace MMSE, direct ZF, subspace ZF, and hybrid detectors in multipath
channels. Channel parameters are estimated by the subspace method. M = 31, q = 3,K = 3, SNR= 15 dB, N = 200.



2400 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 50, NO. 10, OCTOBER 2004

subspace MMSE detectors show similar but a little worse per-
formance. Their performance is better than the DMI MMSE
detector.

V. CONCLUDING REMARKS

Various blind and group-blind multiuser detectors are an-
alyzed from a perturbation perspective. The results for flat
channels are consistent with those from an existing ALT ap-
proach. Performance in the presence of multipath distortion
is also studied jointly with the subspace channel estimation
method. All analyses are tested in different environments and
verified by computer simulation.

APPENDIX

PROOF OF PROPOSITION

Define as the instantaneous vectorized co-
variance. Then it can be easily verified that the covariance of
has a form

(56)

where we have used . Considering
all possible values which and take, the summation can
be expanded into and . The latter gives

due to our independence assumption of data
vectors used for covariance estimation. Together with the result
from the first, (56) becomes

(57)

Expressing as , (57) becomes

(58)

It is necessary to simplify a key term

in (58). Some results have been derived for complex variables
in [23]. We will complete derivation for real variables and

reiterate results for complex variables as well for integrity.
Denote elements of by for . For a zero-

mean vector , define the fourth-order cumulant matrix as [23]

where

It can be written compactly as [23]

(59)

from which we obtain

(60)

We will simplify (60) term by term next.
According to data model (6), the first term becomes [22]

(61)

For Gaussian noise, , while for independent inputs

(62)

where is the th column of identity matrix , is the kur-
tosis (fourth-order autocumulant) of the th input. If all inputs
have the same kurtosis , after substituting (62) into (61) and
applying the following property [21]:

we obtain

(63)

The second term of (60) can be easily observed to be . The
third term is simplified as . The last term vanishes for
complex variables [23]. For real variables, its first half becomes

(64)
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where both vector and scalar are involved in the second
equality. Similarly, the second half of the last term of (60) can
be simplified as

(65)

Combining all previously derived results, we have for real vari-
ables

(66)

while for complex variables

(67)

Therefore, (36) and (37) follow immediately after (58), (66), and
(67) are considered.
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