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Constrained Optimization Methods
for Direct Blind Equalization

Michail K. TsatsanisMember, IEEE and Zhengyuan (Daniel) Xigtudent Member, IEEE

Abstract—Constrained optimization techniques are studied in scenario has great theoretical importance. It is usually the first
this paper for direct design of linear multichannel equalizers. step in developing algorithms which may be later extended to
Novel blind algorithms are derived by minimizing the equal- the multiple-input—multiple-output (MIMO) case. It is there-

izer's output variance subject to appropriate constraints. The . S
constraints are chosen to guarantee no desired signal cancellation,fore not surprising that the SIMO equalization problem has

and their parameters are jointly optimized to maximize the signal ~ attracted significant attention.

component at the output. The resulting blind algorithm was Most of the work in this area has focused on channel
observed to have near optimal performance at high signal-to- estimation [11], [18], [23] for the case where no training data
noise ratio, i.e., close to the performance of the trained minimum are available. For many applications, the feasibility and/or

mean-square-error receiver. Also, the proposed method is not desirabil f letel If . h
sensitive to the color of the transmitted sequence. Analytical @€Sirability of a completely self-recovering system has yet

expressions are derived to quantify the algorithm’s performance. to be determined. However, the techniques developed in this
research may be combined with classical trained equalization
methods to yield improved semiblind systems [3], [6], [9].
An added disadvantage of some blind channel equalization
techniques is that the equalizer parameters are not provided
. INTRODUCTION directly as in the case of trained or constant modulus algorithm
ULTIPATH effects and intersymbol interference havdCMA) based equalization [4], [24]. They rather rely on a
always presented major obstacles in high-speed tramso-step procedure of estimating the channel first and then
mission through a wireless medium. The high data rates @dnstructing the equalizer based on the channel estimates.
current cellular time division multiple access (TDMA) systemSince the channel estimation errors are not taken into account
(e.g., [1]) further complicate the problem, requiring sophistin the second step, the resulting equalizer is not optimal. For
cated channel equalization and signal processing techniqtias reason, recent efforts have focused on direct design of the
at the receiver [1]. Diversity combining is also typicallyequalizer [7], [8].
employed, where possible, to guard against channel fadingThe goal of this paper is to derive optimal solutions for the
[19]. direct equalizer design problem with performance close to that
While both channel equalization and diversity combiningf the trained minimum mean-square-error (MMSE) equalizer.
are hardly new ideas in digital communications, their synergi@fe proposed method is based on constrained optimization
and consequent implications had not been fully explorédeas widely used in array processing and beamforming prob-
until recently. The pioneering work of Tongt al. [23], lems [30].
initiated a renewed interest in single-input—multiple-output There have been many instances of fruitful exchange of
(SIMO) problems by showing that when multiple channeligleas between the array processing and system/channel identi-
are available, they can be blindly estimated using only secorfigation areas. In particular, the multichannel deconvolution
order statistics. The possible introduction of diversity throughroblem has strong analogies with the beamforming and
fractional sampling at the receiver has also received considdirection of arrival (DOA) problems [19]. In fact, one of
able attention [22], [23], [29]. the most successful blind estimation techniques, the subspace
One might argue that the SIMO setup is inadequate taethod proposed by Moulines al.[18], borrowed ideas from
describe the cochannel interference which is present in magfresponding subspace DOA algorithms (e.g., [21]). How-
wireless applications. However, the SIMO framework is diever, this analogy has not been fully explored, and a host of
rectly applicable to situations where cochannel interferengschniques developed in the context of adaptive beamforming
is weak and can be neglected, e.g., in cellular systems withve not been exploited.
power control and large cluster size. Furthermore, the SIMO|n this paper, we apply constrained optimization ideas
on the multichannel equalization problem. These ideas were
Ma”USC”Ptcfje_CneiV:g ﬁugﬁzf ﬁgﬁénggﬁﬁffed é?ﬂﬁggigrlfé?:ri' ;gs V’\‘I’Qﬂ‘iginally developed in the design of minimum variance dis-
‘év?geszlggmtsel:-lccﬁ CAREER 9733048, and the Army Research Office Grifftioniess response (MVDR) and Capon beamformers (e.g.,
DAAG55-98-1-0224. [14]). We study the applicability of these methods to the cur-
The authors are_with the Electrical and Computer Engineering Depafént problem and derive novel, blind equalization algorithms.
ment, Stevens Institute of Technology, Hoboken, NJ 07030 USA (e—mw}ve optimize their performance and establish appropriate iden-
mtsatsan@stevens-tech.edu).
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performance of the blind method at high signal-to-noise ratio vy(n)
(SNR) and compare it to that of the trained MMSE equalizer.

Similar to subspace methods (e.g., [18]), our approach w(n) yi(n)
requires no common zeros among the multiple channels. In > hy(k)
addition, it requires knowledge of the channel ordePapers | :
that estimate the channel order can be found in [10] and [17]. ! ' ep(n)

Constrained optimization methods have been used success-
fully (although in a different context) for interference sup- yp(n)
pression in multi-user code division multiple access (CDMA) " he(k)
systems [13], [25], [28]. However, for the current narrowband
multichannel system, the case of multiple users is outside tfig 1. Discrete-time multichannel model.
scope of this paper.

The rest of the paper is organized as follows. In Section Wherevnc(t) = [ve.1(8), ... ve, p(£)]F and
the system model and problem statement are developed.

Constrained optimization methods are proposed in Section llI, L

while their applicability and performance are studied in hp () =) a(6)ge(t — ),

Section IV. The connections with existing methods are =1

explored in Section V, while some simulation examples are a(r) =alai(6r), ..., ap(6)]”. (4)
provided in Section VI. Finally, conclusions are drawn in . . . )

Section VIL. Finally, if the received signal is sampled at the symbol rate,

yr(n) = yp )|z, then we arrive &t

oo

Il. PROBLEM STATEMENT yp(n) = Z w(k)ap(n — k) +vp(n) (5)
Let us consider a system with linear modulation, where the k=—o0

user transmits symbols/(k) taking values from a finite set
y ( ) 9 Elel'ehp(n) = hP,c(t)|t=nTS; Vp(n) = VP,c(t)|t=nTs- The

(e.g., quadrature amplitude modulation). Then the transmitt N
baseband signal is Iscrete-time impulse response model of (5) corresponds to a
SIMO system as shown in Fig. 1. The following assumptions

o0 will be imposed on the model of (5) for the rest of the paper:

se(t) = Y w(k)ge er(t — KT) (1) AS1) w(k) is an independently identically distributed

k=—oc0 (i.i.d.) zero-mean sequence taking finite complex
values;

whereg, ...(t) is the transmitter's spectral shaping pulse and
T, is the symbol period. variance matrixs2T;

We assume that th_e 5|g_na| Is received thromghec_ewmg AS3) hp(k)isamultichannel finite impulse response (FIR)
antennas or other diversity channels. Oversampling at the

AS2) vp(n) is white Gaussian, zero-mean noise with co-

receiver may also create diversity channels provided that with order ¢;
idth i i AS4) the z-transforms H;(z) of the impulse responses
excess bandwidth is available [23], [26], [29]. Let tin ) h<(k; i1 P/ggve o comrr?on zerosp

antenna receive the signal throudh paths with different AS1)-AS3 . . o
anglesé,; and/or delaysr;, I = 1, ..., L. Then the received )= ) are common assumptions in communications

baseband signal is problems, although in some cases they may not be satisfied.
AS4) is also important in multichannel equalization and has

r oo been the subject of past studies [29].
Ye,i(t) = Z a;(07) ¢ Z w(k)g.(t — 71 — kTs) + ve 4 (t) The goal of this paper is to design a multichannel equalizer
=1 k=—o0 based on the model of (5). If we focus on FIR linear equalizers,

' ' . _ () the problem is equivalent to determining a vecfowhich,
wherec is thelth path's complex gairy;(6;) is the gain of the \yhen operating on the received data, provides an estimate of
¢th antenna for directiofl;, andg.(¢) is the impulse responsetne transmitted signali(n — d) with a possible delay off

of the combined transmitter and receiver filters. Finally (¢) samples. Lef have length/ P and let us collect received
is Gaussian additive noise. All;’s are assumed constantyectors iny(n) = [y5(n), y5(n—1), ..., y&(n— M+ 1)]7;

which corresponds to a system with channel coherence tifpgn we consider the equalizer
larger than the packet period. "
If we collect the signals from all antennas in a vector t%y(n) = @(n —d). (6)

() = [e,1(8), -+ we, p(O)]F, then f 2 btai . : ,
yr,e(t) = lve, 1 (1) ve, r(?)] en from (2) we obtain If training samples are available, the design fbofcan be

o0 formulated as a standard Wiener estimation problem and
ypr,o(t) = Z wk)hp (t —ET.) +vp.(t) (3) solved using well-known batch or adaptive methods (e.g.,

k=—
i 20versampling of the received signal can easily be incorporated in this
framework (e.g., [19]). Details are omitted here for the sake of clarity of
1We use subscript to denote continuous-time signals. presentation.
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[12]). In the absence of training samples, however, the problemhile the minimum output variance achieved is
becomes more challenging. 1
In this paper, we explore constrained optimization methods MV (hyy1) = (hfﬂR;lhdH) . (13)
to derive optimal blind equalizers. We integrate ideas from
beamforming and array processing prob'emS, which shd\!@tice that the solution (12) differs from the Optlmal MMSE
common features with the current formulation of (5) and (6§dualizer by a scalar multiple only (e.g., [12]), sifeg.1 is a

In order to further reveal these analogies, let us use (5) ltiple of the cross-correlation vectdr{w*(n — d)y(n)}.
write y(n) as Hence, the MVDR and MMSE equalizers are expected to

exhibit identical performance with respect to output signal-

y(n) = T(h)w(n) +v(n) () to-interference-plus-noise ratio (SINR).

where The optimal performance of MVDR beamformers explains
hp(0) --- hp(g) - 0 their popularity. It should be stressed however, that they do
T(h) = : . . : ®) not represent blind solutions since they require knowledge of

. ) ) : the signatureh, ;. Extensions of MVDR ideas to the case
0 - hp(0) -+ hp(g) of unknown signatures were investigated by Capon providing

isa(PM) x (M + q) block Toeplitz matrix,w(n) = [w(n), blind solutions [2]. His approach was to design an MVDR
wn — 1), -, win — M — ¢+ 1)]*, andw(n) = [vh(n), solution for every possible (hypothesized) angle of arrival;
vE(n—1), -+, vE(n— M +1)]*. The description of (6) and then select the one with the maximum output variance. The

(7) emphasizes the analogies with beamforming applicatioraional for this max/min approach is that one should seek
where we wish to suppress interference from other “sourcef” maximize the signal component at the output (after the
Recall that the standard beamforming problem is defined binterference has been suppressed).

yp(n) = Aw(n) + vi(n) ©) In the current setup the signatukg,; is given b); [cf. (8)]

where the vector ofw(n) represents all sources and the har1 = [0, ..., 0, hp(q), ..., hp(0), 0, ..., 0] (14)
columns of A correspond to the signatures of those sourcggy Ay > g4+ 1 > g + 1. Notice thathgy, is linearly
By comparing (7) with (9), it is clear that suppression Of)arametgrized by the channel coefficients
intersymbol interference in (7) is analogous to suppression of -
interfering sources in (9). This description will be exploited in h = [h}(q), ..., h}(0)] (15)
the following to derive blind equalizers. . . .
i.e., it can be written as

0p(d—q)x Pa+1)
Car1=| Ipg+iyxr+1) (16)
In certain array processing applications the direction of Op(M—d—1)x P(g+1)

arrival and signature of the user of interest is known Qfnaret denotes the identity matrix. Hence, a Capon equalizer
estimated [i.e..A is known in (9)]. In that case, a popular, e cyrrent setup would be the solution to the following
beamforming approach is to minimize the array output varl timization problem:
ance while constraining the response of the array to the usgr
of interest to a constant (e.g., [14]). In this way, the MVDR max [mm fHRyf:| subject tOinld+l -1
beamformer suppresses interfering users without impeding th hdﬂzcdﬂﬁ}
signal of interest. hg iy ll=1

Given the similarities of (7) and (9), one might wonder i 17
whether such constrained optimization ideas are applicable{gere we use “hat” to denote the dummy variables of op-
the current framework. Here, the signature of each contributifitization. Substituting the optimal solution (13) in (17) we

symbol (or “source”) is the corresponding column‘bfh). ©Ptain the equivalent problem

I1l. CONSTRAINED OPTIMIZATION METHODS _ h
hgyr = Capih,

Let us denote by; the ith column of 7 (h), i.e., - Al hay (18)
T(h) = [h17 AR h]\l-{—q]- (10) ild+1=Cd,+1f1 hdH+1jolhd+1
Then, the MVDR principle would translate into the followingwhere we eliminated the cgnstra”ﬁd+1|| = 1 by multiplying
optimization problem the cost function witde+1hd+1 and making it insensitive to
the length ofh.,,. By further manipulating (18) we obtain
min E{||&(n — d)||*} = min f¥R,f g 1 BY P g (18)
f £ CH (~H :
. - . h"CZ, Cyyih
subject tof “ by =1 (11) Deapon = arg max = — -
h hHCdH+1Ry Cd+1h
whereR, = E{_y(n)yH(n)}. The _sol_ution can be_ derived in . ﬁHCerer_lCdHfl
closed form using Lagrange multipliers and is given by (e.g., = arg min Y (29)
[30]) h hfh

-1 where the last equality is due to the fact i@}, ,Cy1 =T
_ H -1 -1 41
VAES (hd-l—lRy hd+1) R, “hat1 (12) [cf. (16)]. The cost function in (19) is a Rayleigh quotient,
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TABLE |
PROPOSED ALGORITHM

Step 1:  Ilstimate R, and compute A = CﬁIHR;lCdH.
Step 2: Compute h as the cigenvector of A corresponding to the minimum eigenvalue

Step 3:  Compute the equalizer using f = R;l Cd_HA_ll:l.

and hence the solution is the eigenvector corresponding to the IV. PERFORMANCE ANALYSIS
.. . H 1 . N
minimum eigenvalue o€, | R; "> Cqyy, . Finally, oncehcapon We consider the output SINR as a performance measure
has been determined, the Capon equalizer is given by (12, oyr analysis. Here the interference comes from other
A related algorithm can be derived from a different vieWp,erfering symbols rather than from other users. In our sim-
point through an optimization problem with multiple cony,4tion studies we observed an SINR performance close to
straints. Consider the optimization problem that of the MMSE equalizer for a wide range of SNR (see
. . - Section VI). We have managed to back up these observations
H H ¢_
Hpt IR, f subject toCyy,f =h (20) with analytical results for the high SNR region. In particular,
in the following we show that as SNR: ~c:

whe_reh is a parameter vector to be determined. The con-. the parameter VeCt(frcapon obtained from (19) converges
straints of (20) also guarantee a constant response for the to the channel vectoh:

signal of interest « the ratio SINRyee/(SINR(h.apon)) CONVerges to a con-
stantl + 6.

In this section, we derive an explicit expression for the excess

%)awnaltyé. Let us first investigate the behavior bf..,o, as

t9hy 1 =f7Cyh = h''h = constant  (21)

Similar techniques in array processing are referred as “g
eralized sidelobe cancellers.” The solution to (20) is (e.g.; R-1Cy,, involved in (19) as SNR .

[14]) dtl™ty ° - ) A
The major difficulty in this task comes from the fact that

~ -1 ; 1 2
frce = R-LC cH R-lC 4 2oy Ry is not well defined ifo; = 0 (R, loses rank). We
asc = Ry Carr (ConRy " Cur) (22) pérefore involve the eigendecomposition R,

NR — co. We start by establishing the limit of the matrix

while the minimum achieved variance is A, olve
R, = [V, Vn][os H S}JFU,EI (25)

1 0] |vH

MV gsc(h) = h¥ (CH R Cuyr) " h (23)
where A, = diag{\1, ..., Au4q} and V,, V,, represents
Notice that in this case too, the minimum output varianabe signal and noise subspaces, respectively. Using (25),
depends orh, hence the same max/min ideas are applicabl@.f+1R;10d+1 can be expressed as an explicit function of
Therefore hasc may be determined as the vector maximizing? as follows.
the minimum variance of (23) Lemma 1: It holds that

B [CH, R Cari] R oiCi Ry Cart =C [T-V.DVI]Cupy (26)
d+11t%y d+1 (24)
= =Ag+02A +0iA, + 0008  (27)

hgsc = arg max
h

The cost function in (24) is also a Rayleigh quotient and iyhere

fact the solution is identical to that of (19). The steps of the . AL AM+4
: : - - - D=diag{ ——, ..., 5—+—

proposed algorithm are summarized in Table I. This algorithm 02+ A\ 02+ Apriq
prese_nts a comp!ete soIL_Jtlon for the (je5|gn of_ batch linear Ao =CdH+1VanCd+1 28)
equalizers. Adaptive versions are certainly possible, and they p. -
are the focus of our current research. However, details on AL =Cy VoAV Capn
adaptive implementation are outside the scope of the present A, = - CI V.ATPVEC,,,. (29)
paper.

Capon and generalized sidelobe canceller (GSC) beam- -

formers are known to provide good performance in array Proof: The proof relies on applying the matrix inversion
processing applications. The applicability of such approach€§"ma (e.g., [12]) to (25) to obtain

in the current framework, however, is not clear from the 1 1 o A1 Her \—1~rH
discussion up to this point. In Section IV, we investigate the R, = o2 I- o2 Vi(op AT + VIV TV,
conditions under which this approach is viable and we study f ’ .

its performance. It turns out that under standard assumptions =2 [I-V.DV/]]. (30)

AS1)-AS4) the proposed method can successfully equalize the
received signal with a performance which is asymptoticalBy pre- and postmultiplying (30) b)Cdf'jﬁrl and Cyyq1, we
close to that of the MMSE receiver. arrive at (26). By further using = V.,V +V, VX and the
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fact that where R, = o—fuhdJrlhf?ﬁrl is the correlation matrix due to
1 1 1 the signal of interest, whil®; = R, — R, is the correlation
S el el v o2 4+ O(ad) (31) matrix of the interference and noise.
it oy v @ Substituting the MMSE solutioffi,,,.. = a,iR;lhdH into
in (26) obtain (27). O (33) we obtain
We can see from (27) that SINR o2 héf_i_lR;l hait )
o2CH R;'Cup — CL V. VEC,,,  (32) T 1okl Ry hay

i 2
aso? — 0. Hence, the eigenvector minimizing (19) converge's IIS \;yell known thattSIIt\rl]&se o 1o asoy, — (; (as the I\/LMSE(34)
- H H solution converges to the zero forcing one). Hence, from
o the. null eigenvector _()Cilﬂv"v" Cats. - we must haveyg]hH Rlhy,, — 1 ags o2 — 0. Moreover
Notice that the solutiorh = h/||h|| qualifies for a null witd4Lhy T v ' ’

" ; / _
eigenvector sinc€ 4 1h = hyy; € V, and is orthogonal to SINR(heapon) — 00 also ass;, — 0, making the evaluation

the noise subspacé’ C4 1 h = 0. The question that remains©f the limitlim,2_.o(SINRpse /SINR(bcapon)) NOntrivial. For
to be answered is whether the solutibr= h/||h| is unique, thiS Jeason we use Lemma 1 to express EMR'” terms
i.e., whethelCZ,, V,,VE C,4, has a unique null eigenvector,®" 7 By pre- and postmultiplying (27) bh* andh, and

H _ H _

or its null subspace has dimension greater than one. recalling thathqi, = Catih, and thatVi'hei = 0, we
The following proposition clarifies the conditions whichPPt&in

guarantee unique identifiability. 2R R, = oc2hP Ash + 0202h 7 Aoh + O(od).
Proposition 1: Under AS1)-AS4) and the assumption wihd+1 Ty Bt = Tw ' v ? ( 85)
AS5a) M > 3(q+1) According to our discussion on the convergence of the left-
ASSD) M —q—-22>d=>2¢+1 hand side of (35) we expeet?h” A;h = 1. Substituting

there does not exidt’ independent fronh such thalC,11h' € (35) into (34) we obtain

V.. O 14 0( 2)

Proof: See Appendix A. SINRyse = 55777 Tv S (36)

AS5b) imposes some restrictions on the choice of the lag arouhf Ash + O(07)

d. According to AS5b),d is not allowed to take any of the We now turn our attention to S”\(lﬁcapon)- If we substitute

first or last2q allowable lags, and is in this way restrictec% from (22) in (33) we obtain (37) shown at the bottom of

o the central area .Of the_allowable window. Hoyvever, It h%ﬁe page. After some manipulation and using the fact that
been observed in simulations [7] that the bestdag usually — C,..h and
= Cat

around the center of the window. Therefore, AS5b) does no +
present a severe limitation and is not expected to have adverse hZ PoncngR;lcd 1 0capon = Ymin
effects on the system’s performance.

By combining the identifiability result of Proposition 1 withi.e., v.iq, ﬂcapon are the minimum eigenvalue/eigenvector of
our convergence discussion, we conclude the following resutf, | R, 'C4y; we obtain

Proposition 2: Under AS1)-AS5) and ibic.pon iS the min- ) o
imizer of (19), then SINR(feapon) = 4, Ymin|| capon [ '

1- 03/7111in||h£{aponh||2

(38)

heapon — L as 03 — 0, O .

[l In order to express SINR..,.n) as a function ob2, we first
Proposition 2 shows that the method can be used as a chaffgfPlish the follg)w;r{\g re_slult using perturbation theory.
estimator at high SNR. In the current setup however, we areLeQmma_Z: If 07Cg4 1R, "Cay1 is expressed as a function
more interested in a complete equalizer design by combff 2 @s in (27), then its minimum eigenvalue/eigenvector
ing (19) with (12) or (22). We next investigate the SINRImin: Beapon @re given by

performance of an equalizer derived through this constrained . h - h .
optimization approach. heapon = M~ 0 A0A Tl + O(03,) (39)
A. SINR Analysi L +2hHA h
. nalysis Ymin = 571710 Ty T 22 i
ySt , o op|hl? [~ Ikl
For a general linear receivéythe output SINR is defined as , htf : h .
—o. — A1AJA; — + O(o,;,)  (40)
anr o DR ) [l 7 Iy
- fHR,f wheret denotes the pseudoinverse. O

o2 || (CH Ry Car1) ™ O Ry Hhay |
h#(CH R, Cyr1) th— o2 ||0#(CH R, Cyy1) 1CH Ry Thayq ||

SINR(flcapon) = (37)
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Proof. See Appendix B. the method is not applicable to cases where the channel order
Substituting (39) in (38) and noting thal Al = 0 is unknown.
since flcapon is a null eigenvector ofA, and A(TJ, we may Another common feature of our method and that of [18] is
write that they are both insensitive to the color of the input. Indeed
R (30) and (32), as well as Propositions 1 and 2, hold regardless
[Beaponh]|* = [|B]* + O(oy). (41) of the color ofw(n). We only use the whiteness af(n) in

. . _ ) Section IV to simplify the SINR analysis.
Finally, substituting (41) and (40) in (38) we arrive at

SINR(Beapon
14 0(02) VI. SIMULATIONS

(42)

© 0202hH Ayh — 0202h A AJ A h+ O(0d) In our simulations, a communication system with BPSK
modulation and a raised cosine pulse shaping filter with
Having managed to express the SINR as a functioaipfve , —0.25 was used. The transmitted i.i.d. signal, taking values
may now combine (42) with (36) to compute the limit {—1, +1}, was passed through a three-ray multipath channels
SINRce to arrive at a receiver with several antennas. Results for four
01212}0 W up to ten antennas spaced at half wavelength-(A\/2) are
’ aren presented. The channel effects were simulated according to (2).
— lim {(M) The gain for each path was set to org £ 1). The symbol
1+ 0(o3) period wasl; = 5us, L = 3, and the two delayed signals

<a’2.02 ¥ Ayh — 0202 hHAlA(TJAlh + O(a,‘%)) } arrived with delays ofr, =5.5 us, 3 =8 us, respectively,

2
g2—0

= oy hHXQh T+ O(oh) resulting in a channel of length equal to 3 bits. The first arrived
v v signal and other delayed copies reached each antenna at angles
hHAlA(T)Alh of 6, = -30°, 8, = 15°, 63 = -4°. An ideally calibrated
h7 Ash narrowband sensor array was assumed ytftlsensor response
. ) . for direction 8; as a;(6;) = cos((2nr/A)id sin 6;), as is
Equations (29) and (43) provide the proof for the fOIIOWInSéommon practice in a(rra?y signal (p(roc/es)sing [14]). According

propositio_q. - to the identifiability conditions, we collectet/ = 9 samples
Proposition 3: Under AS1)-AS5) and ihcapon, £ are ob- at each antenna and chode= 5

tained from (19) and (22), respectively, then We implemented the proposed receiver according to Table |

—1- (43)

SINRpse 9 and compared it with the MMSE receiver in terms of output
SINR(heapon) —1+6 aso,—0 SINR for a wide range of input noise levels (froml0 dB
capen to 30 dB). Fig. 2 compares the performance of the proposed
where method with that of the MMSE receiver for 4, 6, 8, 10 antennas
hHAlA(TJAlh [Fig. 2(a)—(d), respectively] using ideal correlation estimates

6= T o — . O for both equalizers. It can be seen that the difference between
h?Cy VATV ICu1h SINRuse and SINRhc.p0n) approaches a small constant at

Our simulation results confirm the conclusion of Propositiofd" SNR. Notice that the performance of both the MMSE and

3. While ¢ generally depends on the channel parameters,trhe proposed method 'improves as the number of an.tennas in-
was observed in several occasions to be a small penalty (lgg%ases. However, thelr'dlff(_erence does not necessarily become
than 1 dB). However, the SINR was not always observed $h/ler- For example, in Fig. 2 the proposed method agrees
be monotonically decreasing with2. Hence, there might be most clos_ely with the MMSE when the_re are six gnte_nnas.
room for further performance analysis results for the low SNR 1he ratio of SINRheapon)/SINRuse is plotted in Fig. 3

region. This effort however, is beyond the scope of the curreffi’SuS SNR for the case a@P = 6 antennas. Notice that
paper. the SINR ratio tends to the limit 0.96 which is the same as

that computed according to Proposition 8t(irns out to be
0.0408 in this case). The dashed line in Fig. 3 represents the
theoretically predicted limit.

In this section, we would like to put our method into the Next we compared the performance of our proposed batch
context of existing subspace methods [18] by briefly discussiatgorithm with that of the subspace method in [18] and the
their differences and similarities. The method of [18] is basetirect blind equalizer in [8] with delay = 0. The method of
on the orthogonality of the desired signal with the noisg8] deals with P-fractionally sampled data while our method
subspaceV,,. Our method also implicitly exploits the sameuses samples fron¥ antennas. In order to implement the
principle [see discussion after (32)]. Although our method doasethod of [8] in the current setup, we exploit the well-
not have to explicitly estimate the signal and noise subspademwn equivalence between fractional sampling and multiple
[see (19)], it still requires knowledge of the system ordeantennas [23]. In particular, the method of [8] uses a data
similar to [18]. It can be shown that the identifiability result irwvindow of [y(nP), ..., y(nP — P + 1)] of the oversampled
Proposition 1 does not hold if is overestimated. Therefore,data (see [8, (3)]). It can be shown that in our framework, this

V. DISCUSSION
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The proposed equalizer was implemented according to (19)
and (22). An estimate of the correlation matrix was used in
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Fig. 4. Estimation error of channel vector with six antennas.

those equations obtained through sample averaging fruitful interaction between those two areas. In this paper, we
N exploit constrained optimization methods, widely used in array

f{y - 1 Z y(n)y" (n) processing and beamforming problems, for developing novel

N 1 blind equalizers. The resulting algorithms have near optimal

. . performance and are not sensitive to the color of the input.
where N is the number of collected snapshots. In our SIMU= ' o1 research is needed to evaluate the perf f
. . performance of these
lation, the noise level was set to 15 dB and the number r(#:athods in low SNR and develop adaptive implementations
antennas ta” = 6. Figs. 4 and 5 show the average results '
of 200 Monte Carlo runs. Fig. 4 shows that the channel
estimates obtained from [18] (dashed line) are more accurate APPENDIX A
than those from the proposed method (solid line). The mean PROOF OF PROPOSITION 1
square estimation error (log scale) is plotted in that figure| et ys decompose matrig(h) [see (8)] into the subma-
versus the number of collected snapshots. Despite the beffglag
channel estimates, however, the proposed equalizer exhibits
better performance than an MMSE equalizer derived from the T(h)=[H; |hgy1] H, ] (44)
estimated channel according to [18]. This can be verified in N~ ~
Fig. 5, where the output SINR of the proposed method (solid
line) and that of [18] (dashed line) are plotted versus thend suppose that bot,,;h € V, and C4, h’ € V, for
number of collected snapshots. The method of [18] achieves h’. Then, since spdiV,;} = spaf[H; hyy1 Ha]},
worse performance, illustrating the deficiencies of a two-stefpere existd;, 65, 6 such that
approach compared with a direct equalizer design one.

Finally, we should point out that we only implemented the Capih' = Hy07 + Ho0, + 6hay . (45)
method of [8] for thed = 0 case in Fig. 5. Extension of [8] to ) o
the d # 0 case is not straightforward, as it requires estimat&t sincehqy; = Cayih, (45) implies
of the noiseless data correlation matrix (see [8, (33)]). In our
method, thed # 0 case does not need this estimate or any

further computations. If h’ andh are not collinear, thefh’ — 6h) # 0 and (46) can

only hold if the matrix[Cyy+1 H; Ha] loses rank. Hence,

we may complete the proof by contradiction if we establish
The integration of array processing ideas into the equahe following lemma.

ization context has resulted in significant progress in theLemma 3: Under AS1)-AS5),[C,+1 H; Hs] has full

past [18]. It appears, though, that there is room for furtheank. O

dcols 1col M4g—d—1cols

Cupi(h' — 6h) = H,0, + H,0,. (46)

VIl. CONCLUSIONS
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APPENDIX B

P(g+1) cols

Fig. 6. Structure of matriXC ;41

d cols M+q-d-1 cols

PROOF OF LEMMA 2

0 P(d-q) rows According to perturbation theory [20], if a matriA can
,,,,,,, be expressed as
| P(g+1) rows A=Ag+02A; + oA, + ... (47)
““““ and (o, vo), (v, v) are eigenvalueleigenvector pairs of
0 P(M-d-1)rows Ao and A, respectively, then there exisf;, v2, ... and
Vi, V2, ... such that
Cant Y=Y+ oot (48)
v =vg+ agvl + U,ZL.VQ +... (49)

H, H
Vo2 in some neighborhood of? = 0. By substituting (48)

Proof: The proof is based on the structure of this matrignd (49) in the eigenvalue probledv = v and equating

as depicted in Fig. 6, and proceeds through the following thregual powers of> we obtain the following equations (cf. [5]):

steps. Agvo =70V (50)
1) The firstP(d — ¢) rows of H; form a block Sylvester A Ay — 51
matrix with d — ¢ block rows (see Fig. 6). From AS5b), oV1 + A1Vo =%V1 +71Vo (1)
A()VQ —|— A1V1 —|— AQVO ="YoV2 —|— Y1V1 —|— Y2Vo- (52)

d—q > g+ 1, and if AS4) is satisfied, the Sylvester
matrix has full rank (e.g., [15]). Therefo; has full
rank.

Equation (50) offers no new information. The other two
however, may be premultiplied by, to yield

2) Through similar reasoning the laB{M — d — ) rows H
of H, from a full block Sylvester matrix [notice from M =vg A1vo (53)
AS5b) thatM —d—1 > ¢+ 1]. HenceH; has full rank. Yo =V Aivi + v Agve — yivivy. (54)
3) Matrix C441 contains an identity submatrix witR(g+

i —_ 2H —1 .
1) rows (see Fig. 6). Hence, the corresponding rows 19 our case, consideA = o, C; 1, R, “Cay1; then Ao, Ai,
: ) and A, are given by (29) and we are interested in the pertur-
H,, H, can be zeroed using column operation. ThIB . d :
will not affect the rank ofH;, H;, according to 1) and ation of the null eigenvectov = h/”h” corre.spondmg 10
’ the eigenvaluey, = 0. According to the discussion after (35),

2). Hence[Cyy1 H; Hy] has full rank due to its . e .
construction from nonoverlapping blocks of full rank(53) yieldsy, = 1/o7, [l Further, it can be shown [16] that
vi = —AfA v (55)

submatrices (see Fig. 6). O
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Equation (55) shows thatv, = 0 sincev{!A, = 0, and [23] L. Tong, G. Xu, and T. Kailath, “Blind identification and equalization
hencevéfA(TJ — 0. Thus the last term of (54) can be ignored based on second-order statistics: A time-domain approf€RE Trans.

Inform. Theory,vol. 40, pp. 340-349, Mar. 1994.

(56) [24] A. Touzni and I. Fijalkow, “Channel robust blind fractionally-spaced
equalization,” inProc. Signal Processing Advances in Wireless Commu-
nications (SPAWC'97)Paris, France, Apr. 16-18, 1997, pp. 33-36.

Y2 = —Vé{AlAg‘)A;LVO + Vé{AQVO.

Substituting (56) and (55) into (48) and (49), and dividing b}ﬁS] M. K. Tsatsanis, “Inverse filtering criteria for CDMA systemsEEE

o2 [(1/02)A has eigenvaluey,, = v/o2], we obtain the Trans. Signal Processingol. 45, pp. 102-112, Jan. 1997.
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