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Performance Analysis of Blind Channel Estimation for
Precoded Multiuser Systems

Zhengyuan Xu

Abstract: Precoder has been shown to be able to provide source
diversity and design flexibility. In this paper we employ precoding
techniques for block transmission based on a multirate filterbank
structure. To accommodate multiuser communication with vari-
abledatarates, different precoder swith corresponding coefficients
and up/down sampling rates are used. However, due to unknown
multipath distortion, different interferences may exist in the re-
ceived data, such as multiuser interference, intersymbol interfer-
ence and interblock interference. To estimate channel parameters
for a desired user, we employ all structured signature waveforms
associated with different symbols of that user and apply subspace
techniques. Thereforebetter performance of channel estimator can
be achieved than the conventional subspace method based only on
the signature of the current symbol. The delay for that user can
also be jointly estimated. Channed identifiability conditions and
asymptotic channel estimation error areinvestigated in detail. Nu-
merical examplesare provided to justify the proposed method.

Index Terms: Channel estimation, subspace decomposition, pertur-
bation analysis.

I. INTRODUCTION

There is increasing interest in designing new wireless com-
munication networks which can provide multimedia services.
The new networks will support not only traditional voice com-
munication, but also image, video, and data transmissions at a
much higher rate. Different multiuser communication schemes
have been deployed such as time division multiple access
(TDMA), frequency division multiple access (FDMA), code di-
vision multiple access (CDMA\) or hybrid schemes [1]. These
multiple access schemes allow many users to share a finite
amount of radio spectrum. However, CDMA allows different
users with different spreading codes to simultaneously transmit,
thus increasing the system capacity. For this reason, CDMA
technology has become prevalent in the new wireless networks.

One typical characteristic of CDMA systems is the exploita-
tion of spreading sequences which differentiate users at the re-
ceiver end. It can be easily observed that direct sequence (DS)
spreading before transmission imposes significant redundancy
for each transmitted symbol. This highly redundant scheme of-
fers the low-rate system a unique capability to combat multi-
path effects and mitigate inter-symbol interference (I1SI). How-
ever, new wireless networks require accommodation of multi-
rate sources from different users. Most current proposals sug-
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gest either multicode (MC) or multiple processing gain (MPG)
mechanism [2], while requiring data rates to be integral multi-
ples of some basic low-rate. In order to support variable rate
transmission however, a comprehensive scheme needs to be in-
vestigated.

From signal processing perspective, multirate requirement
can be easily satisfied by designing an appropriate multirate
filterbank at the transmitter with adjustable upsampling rate P
and downsampling rate M (assume M < P) [3]. In fact, to
provide multirate service is a key objective in designing a digi-
tal communication system. For different purposes, the precoder
usually deals with block transmission [4], [5]. In high data rate
transmissions, the communication channel may introduce severe
ISI. Channel equalization becomes necessary in symbol recov-
ery [6]. Various solutions have been proposed based on differ-
ent criteria such as maximum likelihood (ML), minimum mean
square error (MMSE), or constant modulus (CM). A precoder
offers its unique capability of suppressing ISI from channel dis-
tortion [5], [7]. With precoded transmission, equalization of fre-
quency selective channels becomes more efficient. Extensive
studies have been performed on either design of precoders or
joint optimization of precoders and equalizers [8], [9].

Under the filterbank framework, recently proposed methods
[5], [7] can unify multiple modulation schemes. With a mod-
erate amount of leading/trailing zeros in each block, the limited
interblock interference (I1BI) can be mitigated and perfect equal-
ization of any FIR channel by a FIR equalizer becomes possible
in the absence of noise. The precoder can be optimized jointly
with the receiver based on maximizing the output SNR or mini-
mizing the mean square error (MSE) under different constraints.
The precoded transmission method has been shown to be di-
rectly applicable to a downlink multiuser communication sys-
tem. No blocking is suggested at the transmitter. However, this
strategy restricts flexible design of the communication system,
especially for a variable rate system. Moreover, in high speed
communications, the channel could span several block periods
resulting in significant IBI due to the precoder. The level of IBI
might be many orders higher than the ISI. Furthermore, the mul-
tiuser communication requirement complicates the equalization
procedure, since multiuser interference (MUI) impedes reliable
symbol detection.

In this work, we propose a more general scheme to gain much
flexibility in system design and unify various multiple access
methods [10]. Different from [7], we explicitly consider in the
received data IBI in addition to MUI and ISI. For such a system,
blind multiuser detection can be performed based on channel
estimates. We observe that various signatures of symbols from
a desired user exhibit intriguing structures, which are convolu-
tions of the precoder coefficients with common unknown multi-
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Fig. 1. Precoded multirate multiuser system with receiver antenna diver-
sity.

path channel parameters. Thus we minimize total projections of
these signatures onto the estimated noise subspace to obtain bet-
ter channel estimate and the delay. Similar idea has been used
in [11] in a different scenario based on a subspace intersection
technique. The structured signatures have also been employed to
estimate downlink CDMA channels in [12]. We attempt to gen-
eralize the technique to variable data rate communication sys-
tems. The identifiability conditions are also investigated. Due
to finite data sample effect in estimating the noise subspace, the
mean square error of the channel estimate is derived in a closed-
form as a function of the number of data samples and system pa-
rameters based on perturbation theory. Simulation results show
that significant improvement is achieved by employing a com-
plete set of signature waveforms. However, optimization of the
precoder coefficients is beyond the scope of the current work.
Many interesting results on precoder design/optimization have
appeared in the literature [8], [13], and [14].

This paper is organized as follows. A multirate precoding
framework for a multiuser communication system with antenna
diversity is described in Section Il. Blind channel estimation
technique is proposed and its identifiability conditions are dis-
cussed in Section I1l. Then the performance of the estimation
method is analyzed in Section IV. Connections with existing
approaches are demonstrated in Section V. Numerical exam-
ples are provided in Section VI. Finally some conclusions are
drawn in the last section.

[I. MULTIRATE PRECODING FRAMEWORK IN
MULTIUSER COMMUNICATIONS

Let us assume K users are simultaneously provided service
in a wireless communication system. User k has i.i.d. sym-
bol stream by (n) to transmit (see Fig. 1). This stream is parti-
tioned into consecutive blocks with each block M, symbols and
converted into M}, parallel sub-streams. In the n-th block, let
bk,,m,, (n) denote the my-th symbol by, (n M}, + my). The my-th
branch is followed by a downsampler by factor M, and an up-
sampler by factor P with filter coefficients s, (n). By design,
the precoders are assumed to be FIR with length P for all users
and linear time-invariant (LTI). We adopt common upsampling
rate P for all users but different downsampling rates (M, < P).
Therefore variable information rates are converted into a fixed
transmission rate to maximize the channel’s capacity. For sim-
plicity of description, we still term signals after precoders by
“chips” as in CDMA communications. If we denote the sym-
bol period for user & by T, and common chip period by T,

Fig. 2. Structure of matrix T, (n).

then within M}, symbol periods, there are P chips to be trans-
mitted. By simple calculation, we can find that M}, = Tc P or

equivalently My, = "’C P. By adjusting My, for each user, its
information rate can be easily satisfied.

The transmission structure is a typical multirate filterbank [3].
Its output is a superposition of signals from M}, branches (e.g.,

[7D)

My,
wi(n) = Z w{™(n), w™ (n Z bre,m (1) 8k, m (n—iP).
m=1 i=—00

@)
These coded chips are then sent to the destination through wire-
less channels. The communication channel is assumed to be FIR
and LTI. Assume L antennas are employed at the receiver. The
composite channel impulse response for the I-th sub-channel in-
cluding physical channel and the antenna response can be com-
bined and denoted by g;,(n). We factorize its order g, by
P: g, = QP + nr where @y, and ny are both integers with
0 < m < P. Hence the noise-free data from user k& of the [-th
sub-channel and m-th branch can be expressed by

(m) QrP+nx
Ty (n) =
=0

9k4(0) D brm(i)skm(n—q—iP). (2)

i=—00

To explicitly reveal the channel input/output (1/0) relationship,
we will employ matrix representations. Let us collect v chip

samples of a:fg";) (n) in a vector w(m)( ) from m,(;’;)(nP) to

mfﬂ z) (nP+v—1). Since the channel spans at most Q. P+ P —1
Chlp periods, v is chosen as v = QP which satisfies v >
max(P+QP+P) = max(Q+2)P. We also arrange channel
coefficients and precoder coefficients in different vectors g, , =
[95.0(0), -+, gri(@r)]™ Skim = [5k,m(0), -+, sp,m (P — 1)]7.
After careful arrangement, the convolution in (2) can be nicely
written in a matrix form as a:i";) (n) = Tk,m(n)gy, Where
T',m(n) has the structure in Fig. 2 with subblocks (in dashed
dotted box) associated with different symbols. Each subblock is
obtained by shifting a v x (g + 1) filtering matrix S, ,,, up or
down by multiple of P rows
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Sk,m(0) 0 T
' sk,m(0)
Skom = | Sk,m(P—1) : )
0 Cosgm(P—1)
L 0 U

and scaling it by different symbols. The shift operation can be
made by a v x v Jordan matrix J with all 1’s in the first diagonal
below the main diagonal. For convenience, we will use the sym-

bol J~* to denote J7 although J is singular ([5]): J~* & JT
and define J° as an identity matrix. Assume the k-th user ar-
rives at the receiver in a quasi-synchronous way with delay 7,
in chip periods. After collecting L data vectors of :1:59”;) (n) suc-
cessively in a big vector and considering M;, branches, it can
be easily shown that the received data vector has the following
form

K M, Q-1

y(n) = Z Z Z Ak,m,jgkbk,m(n"_j)"_v(n)a (4)

k=1m=1 j=—(Qr+1)

where g, is a channel vector with L sub-vectors g, ; as its suc-
cessive entries, Ay ,, ; is a code filtering matrix

A =I,0 (TP 8 ), (5)

where Iy, is an identity matrix of dimension L, “®” represents
the Kronecker product, and v(n) is AWGN. The I/O model (4)
shows that y(n) includes not only I1S1 within a block (indexed by
m), but also IBI (indexed by 5) from neighboring blocks. How-
ever, all signatures Ay, ., ;g,, oOf different symbols from user &
contain information about the channel vector g,.. Based on this
observation, we will derive a subspace based cost function to
blindly estimate channel vector g, and delay 7 next. Without
loss of generality, user 1 is assumed to be the desired user.

[11. BLIND CHANNEL ESTIMATION ANDITS
IDENTIFIABILITY

It is well known that subspace technique is a powerful tool
for blind channel estimation. It was originally proposed by [15],
and has been successfully applied to single rate CDMA systems
[16]-[19]. The method has been improved based on a subspace
intersection idea [11]. It has been shown that it is also applicable
to block equalization [5] in a precoded system with limited IBI
and fixed data rate. We will extend this idea to channel and delay
estimation in a variable rate multiuser communication scenario.

Let us first examine the data vector y(n) in (4). The signature
vector corresponding to by, (n + j) is Ag,m,;g; and denoted
by hy,m,;. If we collect these vectors for user & in a matrix H
column by column

Hy=[htm;l, §j=—(Qr+1),---,Q—=1; m=1,---, M,
(6)

and also put by, ., (n + j) for all j and m at time n in a vector
by (n), then (4) is simplified as

K
y(n) = 3 Hibi(n) + v(n) = Hb(n) +v(n), ()
k=1

where H is obtained by stacking H;, column by column, and
b(n) is a long vector with by (n) as its entries. Without loss of
generality, we assume signature waveforms { H }X_ are lin-
early independent. The data correlation matrix R is computed
from (7) as

K
R=E{ymy" ()} =Y e HeHI + 021, (8)
k=1

where superscript “H” denotes complex conjugate transpose,
ay, is the signal power of user k, o2 is the noise power. To obtain
the noise subspace, eigenvalue decomposition of R yields

R=UAU!+U, AU}, A, =diag(\}+02), A =03,

9)
where U ,; spans the signal subspace which is also a range space
of H and U, spans the noise subspace. Since signature vectors
hi,m,; of the desired user lie in the signal subspace, they are
orthogonal to U,

UPhymj=U" A, .9, =0, (10)

for all possible j and m. Hence our cost function to estimate g,
based on the estimated noise subspace follows [10], [15], and
[19]

My Q-1
~ ~H
&g) = 9"[) > AU, Avle.
m=1j=—(Q1+1)

11)

, L . -~ H
To guarantee a unique solution, it is required that U, Aj m ;

have full column rank. This matrix has p 2 LQP —
S, Mi(Q+Qk+1) rowsand L(g: +1) columns. Therefore

K
LQP—q—-1)>> M(Q+Qr+1). (12

k=1

(12) provides flexible choices for parameters based on the trade-
off between design complexity and system capacity. If some
users have low rate information sources, then the system can ac-
commodate more users. If there are more antennas (large L),
then short observation window is sufficient (small Q).

It might be argued that (11) offers little novelty. How-
ever, structured signatures together with multiple contribu-
tions from ISl and IBI to the channel estimator may affect
identifiability conditions. Similar structured signatures have
been employed in [12] to estimate downlink CDMA channels.
Detailed identifiability results are also provided therein. For
uplink channels, we currently restrict our attention to the case
where the channel span is less than the symbol interval and es-
tablish the following lemma.

Lemmal: Let S be a code matrix for the desired user con-
structed by stacking A , ; for all m, j column by column, and
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H ;,,; be an interference matrix whose columns consist of signa-
tures from other users

S = [Al,m,j]; H;y = [H27"'aHK]'

If [S H ;] has full column rank and (12) holds, then g, is a
unique minimum solution of (11) within a scalar ambiguity.

Proof: For simplicity of presentation and without loss of
generality, we may assume L = 1, M; = 1. The proof can
be easily extended to a general scenario. Then we can denote
Ay ;m by Aj;and S, ,,, by S for notational convenience. The
proof follows an extension of [18] and can proceed by contra-
diction [5], [20]. The condition on the channel span within one
symbol interval is embedded in the rank condition on [S H ;,,¢].
If it is violated, then it can be easily verified that [S H ;,,+] be-
comes rank deficient. Matrix S has contributions corresponding
to the desired symbol, ISI, and IBI.

Suppose there is another vector g, which makes A;g, € U,
for Vj. Since span{U ;} = span{ H}, A ;g, can be expressed by
different linear combinations of column vectors in H for differ-
ent j. By stacking vectors A;g, for all j in a matrix, we can
conclude that there exists matrices D; and D such that

S diag(g,) = S diag(g,) D1 + H;y D, (13)

where H, = S diag(g,) has been used and diag(-) represents
a block diagonal matrix with diagonal entry to be the inner quan-
tity. Since [S H ;;,;] has full column rank, from (13) we have

diag(g,) = diag(g,) D1. (14)

By equating each sub-block of both sides of (14) we conclude
our proof. O

Different from existing approaches in channel estimation for
CDMA systems, our method employs all available information
associated with the unknown channel. However, the delay = for
user 1 is not known a priori and thus needs to be estimated. Tak-
ing into account (11), joint estimation of the delay and channel
vector for the desired user can be formulated as follows

My Q-1 ou
(7/:17/9\1) = arg I;l’lgngH[Z Z A{{m,jUnUn Al,m,j]Q;
m=1j=—(Q1+1)

(15)
where A, ; is a function of the delay and given by (5). The
unit norm constraint on g should be imposed to avoid trivial so-
lutions. Since chip synchronization is assumed, it only requires
checking all possible integers in [0, P —1] for the delay. For each
possible value, the normalized channel vector is the eigenvector
of the matrix inside the brackets corresponding to its minimum
eigenvalue within a phase ambiguity. Due to the unknown multi-
path distortion, the arbitrarily long channel span exceeding one
symbol interval will require new identifiability conditions and
thus constitutes an open research topic. Some novel ideas from
[12] on identifying CDMA downlink channels will be definitely
beneficial to such an investigation.

Once the channel is estimated, signature vector of each sym-
bol b1,m(n + j) from the desired user can be constructed as
A1 m,;g:- They can serve for symbol detection purposes. Since
at each time n, contributions to the data vector are made by M,

symbols from the current block (block n) and also various sym-
bols from neighboring blocks (block n + j for j # 0), attention
can be restricted to directly detect M7 symbols from the current
block ( = 0) only at each time. Other options also exist by
detecting interfering symbols from the neighboring blocks first
and then subtracting their contributions from the data vector to
improve the detection performance.

IV. PERFORMANCE ANALYSISOF THE CHANNEL
ESTIMATION METHOD

The detection scheme will depend on the accuracy of chan-
nel estimate. Therefore, channel estimation error needs to be
quantified. Since the estimated noise subspace is obtained from
eigen decomposition of sample covariance matrix from N data
sample vectors

~ 1Y

R= z_jl y(m)y" (n), (16)
the number of available data samples will affect the accuracy
of the subspace estimate, thus the performance of the estima-
tor. In this section, we first study the perturbation of the noise
subspace if R is estimated by (16). Then we investigate the co-
variance and MSE of our channel estimator as functions of V.
The analyses will be based on the perturbation technique [21]-
[23]. However, we do not assume a particular distribution of the
source [24] such as a Gaussian process assumed in most array
signal processing work and used in obtaining MSE in our previ-
ous paper [10]. Since channel parameters are jointly estimated
with time delay, the performance is also determined by the de-
lay estimation error. This joint problem will be simplified by
assuming perfect timing in the following derivation (for exam-

ple, [25]).

A. Perturbation in the Noise Subspace

Our method employs the noise subspace of estimated corre-
lation matrix instead of the data matrix as used in [17], [25],
therefore the results therein are not directly applicable. How-
ever, similar procedures can be followed. We will denote a per-
turbation by preceding the corresponding quantity by . Then
an estimation error occurs in estimating R due to finite data
samples [26]: 6R = R — R. SR is Hermitian and is a small
perturbation when N is large enough [23]. This perturbation
will cause an error in the estimate of noise subspace and finally
transfer an error to the channel estimate. We will evaluate this
error analytically by first deriving the perturbation of the noise
subspace of R and then the perturbation in the channel estimate.

For notational convenience, let Z be the noise-free data cor-
relation matrix

Z=R-oI=U,QUY

s Q= dwg{)\f}, (17)

and X be the objective matrix in the cost function without per-
turbation

m=1 j=—(Q1+1)

Al U UEA, .

1,m,j

(18)



XU: PERFORMANCE ANALY SIS OF BLIND CHANNEL ESTIMATION FOR ...

First, the perturbation in the noise subspace is given in the fol-
lowing lemma as proved in APPENDIX A.

Lemma2: If R is perturbed to be R + JR, the first order
perturbation of the noise subspace has the following form
U,

~ -Z'6RU,, (19)

where ()t denotes pseudo-inverse.

This lemma shows that the first order perturbation in the noise
subspace of a matrix is characterized by the perturbation in that
matrix. Such result is not oriented to a particular channel es-
timation method. However, as a general result, it is definitely
applicable to analysis of the performance of our channel esti-
mator. Notice that our result in (19) has a form very similar
to that in [22], although the corresponding terms have different
meanings.

B. Channel Estimation Error

The bias of channel estimate pertaining to the proposed
method is dependent on U ,, thus § R. The following lemma
provides an analytical result for channel estimate when R is not
accurately estimated.

Lemma 3: Due to perturbation d R, the first order perturba-
tion of channel estimate is given by

My
DY Z XAl U UISRZ'A, 59,
m=1 j=—(Q1+1)
(20)
Proof: In the absence of subspace perturbation, g, (which
has been assumed to be unitary) is an eigenvector of the (¢; +
1) x (g1 + 1) matrix X associated to its unique null eigenvalue.
According to (18), the perturbation of X due to 6U ,, has the
form

5X ~ ZZAM” (U U +U 60U +6U 06U Ay s

After substituting (19), 6 X is related to 6 R by

5X ~— ZZAl m;[ZORU U +U, UBSRZN Ay ;.

(21)

Then ég, has the following form [25], [26], and [27]
6g, ~ —XT6Xg,. (22)

After substituting (21) in (22) and noticing that UfAl,m,jgl =
0, we obtain (20). O

It is observed that Lemma 3 provides a direct link between
the bias of channel estimate for a precoded multirate multiuser
system and perturbation in correlation estimation. It is funda-
mental to the performance of the proposed channel estimator.
According to (20), g, is a random vector due to the random-
ness of 6 R. Since § R depends on the second-order statistics of
the received data, the channel mean-square-error (MSE) which
is defined as E{||dg,||*} depends on the fourth-order statistics

of the input and the noise. For notational convenience, denote
y(n) in (7) by y,, and v(n) by v,

Y, = Hb, + vy, (23)
where inputs from all users are collected in a vector b,, whose
variance is denoted by E{b,,b} = T'. Assume all inputs have
zero odd moments, equal variance E{|bi,,(n)[*} = o7. They
are also independent of each other, rendering T" a diagonal ma-
trix o7 1. In the case when users have different transmission
power, one can properly scale the corresponding columns of H
to make the power of all users virtually equal for the evaluation
purpose. Additionally, we assume v,, has zero odd moments
and is independent of inputs. Following similar procedures as
used in a correlation matching context [28], it is shown in AP-
PENDIX B that the channel MSE has the following closed-form
expression

2
g
E{||591||2} ~ Nv Z Ymi1,j1,ma,j2
mi,j1,m2,j2
tr{XTA{ U UHA ,, 5, X1}, (24)

where the lower and upper limits in the summation are the same
as those for m and j in (20) respectively, “¢” denotes the trace
of a matrix, scalar vy, j, ,ms,j» 1S given by

Ymi,j1,ma,jo = A{{mQ JZZTRZTAl,mh]dgl' (25)
It can be observed that the MSE is proportional to % Whlch

is similar to the result obtained in [25]. Meanwhile, |t is de-
termined by projections of code matrices A, ; of the desired
user onto the noise subspace according to the quantity inside
the trace operator. If we examine the scalar v, ji,ms,ja, We
can conclude that the MSE is approximately inversely propor-
tional to the power of the transmitted signal because of the term
Z'RZ*. Based on the subspace decomposition of Z in (17),
Yma,j1,ma,j» AlSO depends on projections of signature vectors of
various bits from the desired user onto the signal subspace.

V. CONNECTIONSWITH EXISTING SYSTEM
MODELING AND CHANNEL ESTIMATION

We have presented a general precoding framework suit-
able for multirate transmission and proposed a corresponding
subspace-based channel estimation method. The precoder can
be chosen to satisfy requirements from a particular applica-
tion, leading to much flexibility in system design. It can be
used to describe a variety of multirate communication systems
[7], [29]. Multicarrier systems such as orthogonal frequency-
division multiplexing (OFDM) and multicarrier CDMA fit very
well the proposed transmission setup. It is also clear that such a
framework works for a multirate DS/CDMA system by impos-
ing certain appropriate constaints on the structure of the pre-
coder. In such a case, multirate communication requirement
can be satisfied by either a muitlcode (MC) multirate access
method or a multiple processing gain (MPG) multirate access
method [30], [31]. Recalling the second sub-equation in (1), if
we treat sy, (Of length P) as the spreading sequence for the
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m-th bit by, (n) in the n-th block of user k, then it represents
a well-known CDMA spreading model [19]. The first part of
(1) then suggests M, code sequences for M}, successive bits of
user k, giving rise to a MC-CDMA model. On the other hand,
if each code vector sy ,,, only has finite support of a portion
of length P and all of them do not overlap each other, then a
MPG-CDMA system follows. Correspondingly, the channel es-
timation method is well applicable to these scenarios.

The proposed setup can also be easily adapted to a system
dealing with single-rate sources by setting the downsampling
factor My, to be 1. If we employ only one antenna (L = 1), then
it degrades to an extensively studied single-rate CDMA frame-
work. It is demonstrated that our channel estimation method is
based on the subspace technique. Such a technique has been
widely applied to estimate channel parameters for a single-rate
CDMA system when ISI exists in the received data [17], [19].
Due to the linearity of the system and similar coding/spreading
scheme, there is no doubt that our method is consistent with the
existing channel estimation approaches when it is applied to a
single-rate system. We will reveal this equivalence next. For
simplicity and clarity of presentation, we still assume user 1 is
the desired user and the receiver is synchronized to this user.

Let us take the typical subspace-based channel estimation
method [19] as an example and compare its optimization cri-
terion with the current one when L = 1, M; = 1. We focus
on two fundamental equations (10) and (11) upon which our
method is based. Both the noise subspace and the code filtering
matrix A; ; ; are involved in those equations. According to (5),
Ay 1 ; is simplified to

Ay =J%8,,, (26)
where j can take any integer from —(Q; + 1) to @ — 1.Then
(10) becomes

vl gtis, g, = 0. 27)

In (27), operation J¥7 can be understood as being performed
on either Sy 1 (row-shifting) or U (column-shifting). The for-
mer is what has been adopted in this paper. As for the latter,
post-multiplying U by J*¥7 will shift columns in U to the
left (j > 0) or the right ( < 0) by multiples of P positions.
Since U, has v = QP rows, there are totally QP columns
in Uf. To clearly demonstrate such a shifting operation, define
G = U and partition it into @ sub-blocks with each sub-block
P columns: G = [Gy,---,G ], as (29) and (25) in [19] respec-
tively. After considering all possible j in a descending order
(starting from its largest value), (26) leads to a set of equations
which can be stacked row by row in a matrix form

- Gy, -

S1,19; = 0.

Channel estimate error for the desired user
10 T T T T T T T

—— : Proposed
—- : Subspace
— — :Analytical

MSE of channel estimate

-4

10 I I I I I I I I I

100 200 300 400 500 600 700 800 900 1000
Number of blocks

Fig. 3. Data length effect on channel estimation error for the desired

user.

By appending some zero rows beneath S ; to form a matrix C;,
we obtain

gclgl = Oa

where G is a block Toeplitz matrix constructed from
Gy,---,Ggasin[19]. Itis clear that (28) shows a similar form
as (33) in [19]. As a consequence, our optimization criterion
(11) is equivalent to (34) in [19] when it deals with a single-rate
CDMA system.

Similarities between the proposed method and the existing
methods stem from the application of a common subspace tech-
nique. However, our precoding framework is not restricted to a
single-rate single-antenna system. It is also applicable to multi-
rate multiuser communications.

(28)

VI. SSIMULATIONS

We test the proposed method by simulating a variable data
rate system with 5 equally-powered users. User 1 is assumed to
be the desired user. Each user has i.i.d. binary symbols to trans-
mit. Hadamard codes of length P = 32 are chosen for each of
the five precoders. Different information rates are obtained by
choosing downsampling factors (M) for different filterbanks
as [6,3,9, 3, 3] respectively. All sub-channels (g, (n)) are ran-
domly generated with unit power for different users and have
orders (g,;) [5,11,19,19,18]. We employ 3 antennas (L = 3)
at the receiver. Delays are randomly selected. The SNR is set to
be 20dB. We adopt the MSE as a performance measure. It will
be compared with our analytical result and the conventional sub-
space method (here defined as the method which uses only the
signature waveform of the current symbol). The blind MMSE
detector based on the proposed channel estimates is constructed
to detect the desired symbols. Its performance is measured by
the output signal to interference plus noise ratio (SINR).

First, we test the effect of the input data length (in blocks)
on the MSE of channel estimation. Our method is compared
with the conventional subspace method. It is also compared
with the analytical result in (24). The average channel estima-
tion MSEs from 50 independent realizations versus the num-
ber of data blocks (V) are presented in Fig. 3 by the solid
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Fig. 5. Data length effect on the estimated delay.

line, dashed-dotted line and dashed line respectively. As can be
seen, the MSE based on the proposed method is much smaller
than that obtained from the conventional subspace method after
200 blocks. Our method also approaches the asymptotic per-
formance for large NV which validates our analysis. The out-
put SINRs of the corresponding MMSE detectors are shown in
Fig. 4. More than 7dB gain is achieved after 1000 blocks of data
are received and processed. Together with channel estimates,
delay is also estimated by the proposed method for the desired
user in Fig. 5. It is observed that estimate is reliable after 200
blocks which coincides with Fig. 3.

Next, we study the near-far effect on the channel estima-
tion error. The result obtained after 1000 blocks is presented
in Fig. 6. We vary the power for user 1 while maintain equal
constant power for all other 4 users. The SNR is 20dB. Our
method is tested for different signal to interference ratios (SIR)
from -20dB to 20dB. Similarly for comparison, results for the
conventional subspace method and from our analysis are also
provided. It can be seen that the proposed channel estimation
method is near-far resistant.

We also investigate the noise effect and present the results in
Fig. 7 for a large range of SNR levels from 0dB to 40dB. It is
observed that both proposed and conventional subspace methods
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Fig. 7. Noise effect on channel estimation error.

perform well when SNR is high. The experimental result for our
method is also highly consistent with our analysis. However, the
proposed method requires higher SNR for explicit separation of
the signal subspace from noise subspace, which is true for most
subspace based methods. Therefore, small noise is desired in
order to achieve better estimation performance.

The proposed multirate precoding framework is also applica-
ble to a multirate CDMA system. As an example, we consider
a dual-rate synchronous CDMA system with a MPG multirate
access method [31]. One group has two low-rate users while the
other group has two 4-fold data rate users. The spreading se-
quences of length 32 are obtained by adding one more random
code to the Gold sequences of length 31. Then each sequence is
split into 4 subsequences to be assigned to each high-rate user
[30]. All users transmit BPSK data symbols at the same power
per bit. The multipath channel coefficients for each user are
randomly generated. All channels are assumed to have order
20. Each time v = 96 chip data samples are collected in a data
vector for processing. The bit SNR is set to be 15dB. Again,
the experimental channel estimation MSE versus the number of
data blocks N is compared with our analytical result and that
based on the conventional subspace method. The results for one
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user (e.g., a low-rate user) are plotted in Fig. 8 by the solid line,
dashed line and dashed-dotted line respectively. The proposed
method performs better than the conventional subspace method.
It is not surprising that the experimental result is highly consis-
tent with the analytical result when SNR is high or N is large
on which our perturbation analysis is based. The superiority of
the proposed method can also be observed from Fig. 9, where
the output SINRs of the MMSE detectors constructed from cor-
responding estimated channel parameters are compared. Obvi-
ously the proposed detector gives higher SINRs.

VIlI. CONCLUSIONS

In order to gain more design flexibility for a multiuser com-
munication system, multirate precoding scheme can be em-
ployed before transmission. When the communication channel
has a long impulse response, the received data is significantly
corrupted by inter-block interference besides other interfer-
ences. In this paper, we explore the structured signature wave-
forms and apply the subspace technique to estimate the multi-
path channel parameters. The identifiability conditions are dis-
cussed. The asymptotic performance of the channel estimator
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is analyzed. The channel estimation mean-square-error is de-
rived in a closed-form based on perturbation theory. Simulation
results further validate our analysis.

APPENDIX A: PROOF OF LEMMA 2

The subspace decomposition of R is given by (9) where U,
spans the signal subspace and U ,, spans the noise subspace. As-
sume the first-order perturbation of the noise subspace is U ,,.
Then the perturbed noise subspace can be expressed as [22], [32]

~

Uu,=U0,+éU,=U,+U,Q,

where Q is a matrix whose norm is of the order of || R||. The
matrix norm can be any submultiplicative norm such as the Eu-
clidean 2-norm or the Frobenius norm.

Since the perturbation scenario is different from that dis-
cussed in [22], the expression for @ needs to be investigated.
After perturbation, the subspace decomposition of R becomes

=~ ~ ~ ~H ~ ~ ~H
R=U,AU, +U,A,U, .

Correspondingly, A, and A, are perturbed versions of A, and
A,,. From the orthogonality, we have

Un+U,Q)"(R+0R) = (An+6A,) (U +U,Q)". (29)

By noticing UYR = A, UY, UYR = A,UZ, and taking
Hermitian on both sides of (29), we obtain

ORU,,+U ,A;Q+SRU,Q =U;QA,+U 0N, +UQJA,,

(30)
where the Hermitian property of § R and §A,, has been used.
Pre-multiplying both sides of (30) by Uf and ignoring second
order terms, we have

UPSRU, + A,Q ~ QA,.. (31)
Notice that A,, = 021 from (9) and @ = A, — o21. Then
Q~-Q 'UYsRU,.

Observing U ,, = U ,Q and (17), we obtain (19). O

APPENDIX B: EVALUATION OF CHANNEL MSE
Let us begin with (20). The covariance matrix is given by

E{59159{I} ~ Z XTA{{,M1,J'1U"

mi,j1,,m2j2

Bml ,J1,m2,J2 UfAlymz,jz XT; (32)

where deterministic quantities B, j, .m.,;, are defined as

A
Bml,j1,m2,j2 = UgE{(SRZTALmhhglg{{AH

1,ma2,j2

Z'SR}U,,.

For notational convenience, it suffices to consider matrix B =
UTE{§RDSR}U,, first with an arbitrary constant weighting
matrix D. Then replace D by Z' A .., ;9,97 AT, ;,Z" to

achieve our goal. Substituting d R by R — R, we obtain
B=U"E{RDR}U, - UYRDRU.,,.
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Assume N data vectors used in obtaining Rare mutually inde-
pendent. Then

E{RDR} = - E{y,y; Dy,y,’} + (1- 1 )RDR.
Therefore
1 1
B= NUf E{y,y? Dy, y" U, — NUf RDRU,,. (33)

Since U, is orthogonal to H, substitution of y,, by (23) and R
by (8) yields

2 2
—01}5” tr

1
B = (HYDH)I + NUf E{v,v2 Dv,v2}U,

0'4 H
- 2ulpu,. (34)
To evaluate E{v,vZ Dv,vE}, we perform “vec” and then the
reverse “unwvec” operations

E{v, v Dv,v"} = unvec [E{(v}®v,)(vIcvH)}vec(D)],

(35)
where superscripts “x” and “T"” denote complex conjugate and
transpose respectively, properties of “vec” and the Kronecker
product “®” have been applied [33]. E{(v} ® v,)(vI @ vH)}
depends on whether the v x 1 noise vector v,, is a real or complex
vector.

Casel: v, isreal
After some straightforward algebra, it can be verified that [28]

E{(va® vn)(vz ® UZ)} =
+otvec(Ivec” (I) + ot

(Myy —30) X1 + 02 X5
(36)

where X, is a block diagonal matrix
X, =diag{a;al,---,a,al},

alT = [0’ T 0?\1’_,3 05 B 0]1><1/a X2 = [aja;-r],,x,,,
i—th

and X, has been partitioned into v x v sub-blocks with the

(i, j)-th sub-block a a7 . Since the fourth-order absolute mo-

ment my,, of the AWGN is 3072, after substituting (36) in (35),

we obtain

E{v,vl Dv,vl} = oclunvec[X qvec(D)]+oitr(D)I+02D.
@37)
Express matrix D explicitly by columns as [d;,---,d,]. The

i-th block row of vector X yvec(D) is aiald; +---+a,ald,
which can be written as a;d;a; + --- + a,d’a;. Since
[ai,---,a,] = I, it becomes D" a;. Therefore

unvec [X2 vec(D)] =[D"ay,---,D"a,] = DT. (398)

With (38), (37) becomes

E{v,vI Dv,vl} = ottr(D)I + oX(D + DT).  (39)
Substituting (39) in (34), we have
gy Ty rrH T
B= Ftr(RD)I + FU” D'U,, (40)

where o2 HH" + 521 has been replaced by R. Setting D
equal Z' Ay, ;9,98 AL, .. Z" and observing that Z7 is

orthogonal to U ,,, we obtain

0.2

Wv’Ymujl,mmjz I, (41)

Bm17j17m27j2 =
WhEre v, i1 ,ma,j» 1S given by (25). Substituting (41) in (32)
and performing the trace operation, (24) follows.
Case 2: v, is complex
Similar to (36), we can easily find

E{(v; ®@v,) (vl ®@vi)} = (may —203) X,

+otvec(Ivec' (I) + otI, (42)
when v,, is complex. Now my,, equals 207 instead of 3o in the
real case (for example, see explanations before (105) in [28]).
Then applying (42), (35) becomes

E{v,v2 Dv, v} = gltr(D)I + o2 D. (43)
Substituting (43) in (34), we have
0.2
B = N”tr(DR)I, (44)

where a,?HHH+a?,I has been replaced by R. Setting D equal
ZVAy 909 AE . ZT, we obtain

1,ma2,j2
0_2

Wvlyml,jl,mz,jz I, (45)

Bmujl yma,j2 —

WhEre vy, i1 ,ma2.j2 1S given by (25). Substituting (45) in (32)
and performing the trace operation, (24) follows.

It is worth to mention that although we have differentiated
two different cases, the final expression of the MSE shows one
common form. O
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