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Abstract— In a long-code uplink CDMA system, subspace
method is recently proposed to estimate all users’ multipath
parameters and noise power based on the correlation matrix of
whitened data. In this paper, we focus on performance of three
typical linear receivers, known as zero-forcing (ZF), minimum
mean-square-error (MMSE), and RAKE receivers, constructed
from the estimated channels and noise power. All analyses are
performed from a perturbation perspective and verified by our
numerical examples.

I. INTRODUCTION

Study of long-code CDMA systems has attracted consider-
able attention in recent years. Tremendous efforts have been
focused on developing solutions for downlink communications
[1], [2]. Uplink communications pose new challenges due
to different code assignment strategies. Given pilot symbols
of all users, least squares (LS) fitting or iterative maximum
likelihood (ML) approaches have been reported [3], [4]. Blind
methods have also appeared using correlation techniques [5],
or employing a space-time 2D RAKE receiver structure to
maximize the output signal to interference plus noise ratio
(SINR) [6], LS [7], or exploiting code correlation and subspace
based channel estimation techniques [8].

In this paper, we analyze performance of three linear
detectors: ZF, MMSE and RAKE receivers constructed from
the estimated channels and noise by the method [8]. Since
finite data samples cause channel estimate, noise power and
finally the detectors to deviate from their ideal forms, to
quantify the data effect, each receiver’s SINR and bit-error-
rate (BER) are derived from a perturbation perspective. Unlike
previous work [9], [10], which studied the effect of random
codes on the fluctuation of the SINR of receivers constructed
from perfect signatures, our analysis considers the effect of
imperfect signatures caused by finite data samples on the per-
formance of receivers. High consistency is observed between

our experimental and analytical results.

II. UPLINK CDMA SYSTEM MODEL

Consider a quasi-synchronous uplink CDMA system [5],
where J mobile stations are communicating with a base
station. The ith user’s bit wi(n) is first spread by aperiodic
codes ci,n(k) (k = 0, . . . , P−1), and then transmitted through
a multipath channel gi(m). All channels are assumed to have
maximum order q (q << P ). With quasi-synchronization, the
ith user’s delay di is assumed much less than P . Then, if
we collect only L = P − µ samples in the nth bit interval
into a vector y(n) = [y(nP + µ), . . . , y(nP + P − 1)]T with
µ = max{q + di}, the received data vector follows a simple
matrix form [8]

y(n) = C(n)Gw(n) + v(n) = H(n)w(n) + v(n) (1)

where
C(n) = [C1(n), . . . , CJ (n)],

G = diag{g1, . . . , gJ},

H(n) = [C1(n)g1, . . . , CJ(n)gJ ] = C(n)G, (2)

Cj(n) is the truncated code filtering matrix of user j, gi is
the channel vector, w(n) = [w1(n), . . . , wJ (n)]T and v(n) =

[v(nP +µ) , . . . , v(nP +P − 1)]T is an AWGN vector with
variance σ2

vI .

III. SYMBOL DETECTION

In [8], we have shown that the ith user’s channel can be
estimated if we first decorrelate the received data vector at
each symbol as ū(n) = C(n)†y(n) where † represents pseudo-
inverse, and then partition its covariance R̄ = GGH + σ2

vA

where A
∆
= E{C(n)†(C(n)†)H} = E{(C(n)HC(n))−1} into

J × J submatrices. Since the (j, j)th submatrix is R̄i =
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H
i + σ2

vAi, further whitening it yields
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where Aj
∆
= ST

j ASj and Sj is a selection matrix defined as
Sj = [0; I ; 0]T . Applying the subspace technique to Rj

immediately yields the channel estimate for user j as χj =

argmax||β||=1β
HRjβ, gj =

A
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j
χj

||A
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j
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, and the noise power

as σ2
v = 1

q

∑q+1
i=2 λi where λi’s are q least eigenvalues of Rj . It

can be easily verified from (3) that σ2
v = 1

q
tr{(U j

n)HRjU
j
n},

where “tr” is a trace operator.
Once all users’ channel vectors are estimated, different

receivers can be constructed. Here we present three typical
linear symbol receivers, known as ZF, MMSE and RAKE
receivers. Without loss of generality, user 1 is assumed to be
the desired user. Since the signature matrix can be estimated at
each time instant n using all users’ estimated channel vectors
and spreading codes as (2), the ZF receiver at time instant n

is constructed as

f zf (n) = H(n)(H(n)HH(n))−1e (4)

where e is a unitary vector with the first element as 1. Then
the desired symbol is estimated by ŵ1,zf (n)= fH

zf (n) y(n).
Similarly, the MMSE receiver is defined as

fmmse(n) = R(n)−1C1(n)g1 (5)

where R(n) is the correlation matrix of y(n) at time n.
Noticing that R(n) can not be estimated by conventional
sample average. However, it can be constructed by

R(n) = H(n)H(n)H + σ2
vI , (6)

once H(n) is constructed as (2) from all estimated channel
vectors and estimated σ2

v . The detected symbol is given by
ŵ1,mmse(n) = fH

mmse(n)y(n). The RAKE receiver at time n

is constructed as the desired signature [2]

frake(n) = h1(n)
∆
= C1(n)g1, (7)

and the desired user’s symbol is estimated as ŵ1,rake(n) =

fH
rake(n)y(n). Performance of these receivers will be evalu-

ated next.

IV. ANALYTICAL RESULTS

When estimated from finite data samples, data covariance
matrix gets perturbed. Its perturbation will be carried over to
both channel estimate and receivers. Denoting the perturbation
by preceding the corresponding quantity by δ, and the per-
turbed quantity with ,̃ then the jth user’s channel perturbation
and its covariance have been shown to be [8]

δgj ≈
1
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U j
n denotes the noise subspace orthogonal to χj . In this

section, we will study the statistical performance of receivers
in terms of SINR and BER based on (8).

A. SINRs of Different Receivers

SINR is an important performance indicator for receivers.
The average SINR can be defined as SINR = Φ(R1(n))

Φ(Rint(n))

where R1(n) = h1(n)h1(n)H , Rint(n) = R(n) − R1(n),
Φ(X) = E{f(n)HXf(n)} denotes unperturbed signal or
noise power with X replaced by R1(n) or Rint(n), f(n) is
any symbol receiver. Although fluctuation of SINR can been
analyzed under perfect conditions, perturbation in channel
estimation induced by finite data samples inevitably causes
the receiver perturbed as f̃(n) = f (n) + δf (n), where the
first order perturbation δf (n) is assumed to have zero mean.
Therefore perturbed SINR becomes

S̃INR =
Φ(R1(n)) + Ψ(R1(n))

Φ(Rint(n)) + Ψ(Rint(n))
(9)

where Ψ(X) = E{δf(n)HXδf(n)} denotes perturbed
power. Since different receivers take different forms, ˜SINR

will be evaluated for each receiver respectively. For shorter
notations, all receivers’ subscripts are dropped later.

1) Perturbed SINR of the ZF Receiver: First, replacing
the ZF receiver with (4), it can be shown that Φ(R1(n)) =

1 and Φ(Rint(n)) = σ2
veHE{[H(n)HH(n) ]−1}e. It is

much involved to further simplify Φ(Rint(n)), Therefore,
approximation is obtained by time average over codes as
Φ(Rint(n)) ≈ σ2

veH 1
N

∑N
n=1[H(n)HH(n)]−1e. To evaluate

the perturbation term Ψ(X), δf(n) is first obtained according
to (4). Since δH(n) is given by

δH(n) = [C1(n)δg1, . . . , CJ(n)δgJ ], (10)

noticing H̃(n) = H(n) + δH(n), expanding (H̃(n)HH̃

(n))−1 using Taylor series and keeping only the first-order
terms, we have

δf(n) ≈ Γ(n)δH(n)(H(n)HH(n))−1e

−(H(n)†)HδH(n)H(H(n)†)He (11)

where Γ(n) = I − H(n)H(n)†, and H(n)† = (H(n)H

H(n))−1H(n)H . Based on (11), Ψ(X) can be immediately
derived, which involves joint expectation over codes and δgj ,
and imposes incredible complexity for direct computation.
Considering δgj can be regarded as independent of Cj(n) for
j = 1, . . . , J when the number of samples used to estimate
Aj is sufficiently large, we thus simplify the computation of



Ψ(X) as follows,

Ψ(X) ≈
1

N

N∑

n=1

{
eHH(n)†D4(H(n)†)He

+ eH [H(n)HH(n)]−1D1[H(n)HH(n)]−1e

− eH [H(n)HH(n)]−1D2[H(n)†]He

− eHH(n)†D3[H(n)HH(n)]−1e
}

(12)

where D1 = E{δH(n)H
Γ(n)XΓ(n)δH(n)}, D2 =

E{ δH(n)H
Γ(n)X(H(n)†)HδH(n)H}, D3 = E{δH(n)

H(n)†XΓ(n)δH(n)}, D4 = E{δH(n)H(n)†X(H(n)†

)HδH(n)H}. Clearly, D1 ∼ D4 follow a general form
of either E{δH(n)HZδH(n)}, or E{δH(n)ZδH(n)} or
E{δH(n) ZδH(n)H} with Z replaced by corresponding
quantities, we thus focus on computation of those general
terms.

By (10), the (i, j)th element of E{δH(n)HZδH(n)} is
given by E{δgH

i Ci(n)HZCj(n)δgj}. The diagonal term
can be readily obtained after using tr (trace) operation and
replacing E{δgjδg

H
j } by (8)

E{δgH
j Cj(n)HZCj(n)δgj} ≈

σ2
v

N
tr{Cj(n)HZ
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g
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1

2

j Π
⊥
g

j
}. (13)

On the other hand, using tr operation, off-diagonal terms can
be shown to depend on E{δgjδg

H
i }, which further depends

on the cross correlation between δRj and δRi according to
(8). Following similar steps in [11], it can be shown that
E{δRjBδRi} is at the order of O(

σ4

v

N
) for any deterministic

B and thus negligible. E{δH(n)HZδH(n)} is then approx-
imated by a diagonal matrix with its (i, i)th element given by
(13).

Replacing δH(n) by (10), using (8) and ignoring higher
order terms, E{δH(n)ZδH(n)H} is obtained as

E{δH(n)ZδH(n)H} =
σ2

v

N
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where zj,j is the (j, j)th element of Z.
To derive E{δH(n)ZδH(n)}, we first rewrite δH(n) as

δH = C(n)diag{δg1, . . . , δgJ}. Then the expectation can be
readily shown to be zero for a complex system. For a real
system, if we ignore the higher order terms induced by cross
covariance between δgi and δgj for i 6= j, then

E{δH(n)ZδH(n)}

=
σ2

v

N
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where zH
ij = [Z]i,(q+1)(j−1)+1:j(q+1) , “*” represents complex

conjugate.

Based on the above analysis, it can be shown that both
Ψ(R1(n)) and Ψ(Rint(n)) are at the order of O(

σ2

v

N
), which

is inversely proportional to N and proportional to σ2
v .

2) Perturbed SINR of the MMSE Receiver: Substituting (5)
for the receiver, the unperturbed term can be approximated as
Φ(X) = gH

1 [ 1
N

∑N
n=1 C1(n)HR(n)−1 XR(n)−1C1(n)]g1.

To evaluate the perturbed term, perturbation of the receiver is
necessary, which is

δf(n) = R(n)−1δHe −R(n)−1[δH(n)H(n)H

+ H(n)δH(n)H + δσ2
vI ]f(n). (16)

Correspondingly, Ψ(X) can be approximated by two-step
expectations in the same way as for the ZF receiver

Ψ(X) =
1

N

N∑

n=1

{
eH

∆1e + f(n)H
∆2f(n)

+ f(n)HH(n)∆1H(n)Hf(n)}

+ f(n)HR(n)−1XR(n)−1f(n)∆4

+ f(n)H
∆3H(n)f (n)︸ ︷︷ ︸

a1

+a∗
1

+ f(n)HR(n)−1XR(n)−1
∆5H(n)Hf (n)︸ ︷︷ ︸
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+a∗
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+ f(n)H
∆5H(n)HR(n)−1XR(n)−1f (n)︸ ︷︷ ︸
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}
(17)

where ∆1 = E{δH(n)HR(n)−1XR(n)−1δH(n)}, ∆2 =

E{δH(n)H(n)HR(n)−1XR(n)−1H(n)δH(n)H}, ∆3 =

E{δH(n)H(n)HR(n)−1XR(n)−1δH(n)}, ∆4 = E{

δσ2
vδσ2

v}, ∆5 = E{δH(n)δσ2
v}. For shorter expression a1

up to a6 are also defined. Clearly, ∆1 ∼ ∆3 can be directly
computed as those general terms for the ZF receiver by
replacing Z with corresponding quantities. We now turn to
the computation of ∆4 and ∆5. Noticing δσ2

v = 1
q
tr{(U 1

n)H

δR1U
1
n}, using vec and tr operations, it follows that ∆4 =

1
q2 vecH(U 1

n(U 1
n)H) E{vec(δR1)vecH(δR1)} vec (U 1

n (

U 1
n)H), which depends on E{vec(δR1)vecH(δR1)}. If we

denote the ith column of δR1 as δri, i.e. δri = δR1θi,
where θi is a unit vector with its ith element as 1, then
the (i, j)th submatrix of E{vec(δR1)vecH(δR1)} becomes
E{ δR1θiθ

H
j δR1}, which can be readily computed as (43)

or (50) in [11] without repetition here. Applying the above
results, noticing that vec(U 1

n(U 1
n)H ) = [θT

1 U 1
n (U 1

n)H , . . . ,



θ
T
q+1U
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n(U 1

n)H ]H , (U 1
n)Hχ1 = 0, (U 1

n)HR1 = σ2
v(U 1

n)H ,
and ignoring higher order terms, we have
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v

Nq2
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i,j=1

(θT
j R1θi)θ

T
i U 1

n(U 1
n)Hθj .

To compute ∆5, we express it in columns. Replacing δσ2
v , the

jth column is found to be E{Cj(n)δgjtr{(U
1
n)HδR1 U 1

n}}.
Since δgj depends on δRj , and the cross covariance between
δRj and δR1 are negligible for j > 1, we immediately have
that except the frist column, all other ones can be approximated
by 0. Replacing δg1 by (8) and following similar steps in
deriving ∆4, the first column of ∆5 becomes

∆5 ≈
σ2

v

Nqγ1
C1(n)Π⊥

g
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χ1. (18)

To summarize, each expectation term (∆1 ∼ ∆5) in (17)
is at the order of O(

σ2

v

N
), the final perturbations for both the

desired signal and interference plus noise are thus all at the
order of O(

σ2

v

N
).

3) Perturbed SINR of the RAKE Receiver: Closed form
SINR for the RAKE receiver will be derived here. The
signature matrix H(n) in (2) is first rewritten as H(n)

= [G1c1,n, . . . , GJcJ,n], where cj,n = [cj,n(0), . . . ,

cj,n(P − 1)]T , Gj = [Ḡj ]µ+1−dj :P−dj ,1:P = SjḠj , Ḡj is
Toeplitz matrix of channel vector gj and Sj = [0(p−µ)×(µ−dj);

I(P−µ)×(P−µ); 0(P−µ)×(q+dj)]. Based on the new format of
H(n), the unperturbed desired power can be derived after
replacing the RAKE receiver with (7) and h1(n) with G1c1,n,
and applying tr, vec and kronecker product operations

Φ(R1(n)) = E{cH
1,nGH

1 G1c1,ncH
1,nGH

1 G1c1,n}

= vecH{GH
1 G1)E{(c∗1,n ⊗ c1,n)

(cT
1,n ⊗ cH

1,n)}vec(GH
1 G1). (19)

The expectation term is given by (36) or (46) in [11]. Similarly,
Φ(Rint(n)) is derived as the following after noticing the
independence between c1,n and cj,n, and E{cj,ncH

j,n} = σ2
cI

for j = 1, . . . , J ,

Φ(Rint(n)) = σ4
c

J∑

j=2

tr{GH
1 GjG

H
j G1}+ σ2

cσ2
vtr{GH

1 G1}.

(20)
We now proceed to evaluate Ψ(X). Noticing h1 = G1c1,n,
we have δf (n) = δG1c1,n, where δG1 = [B0δg1, . . . ,

BP−1δg1], Bi
∆
= S1J

iB, B = [IM(q+1); 0]T , J is a
shifting matrix with all 1s in the first sub-diagonal, and J 0

is defined as an identity matrix for convenience. Based on
the above results, following the same steps for deriving (19),

and noticing that δG1 is independent of codes, then the
perturbation of signal power is obtained as

Ψ(R1(n)) = tr
{

E{(c∗1,n ⊗ c1,n)(cT
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1,n)}

E{vec{GH
1 δG1)vecH (GH
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}
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where the first expectation term is given by [11] as explained
before. Rewriting vec(GH

1 δG1) as vec(GH
1 δG1I) and using

vec operations, it is straight forward to simplify the second
expectation as

E{vec(GH
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where B = [BT
0 , . . . , BT

P−1]
T . In a much similar way for

deriving (20), the perturbation of interference plus noise power
is computed as

Ψ(Rint(n)) = σ4
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where using δG1 = [B0δg1, . . . , BP−1δg1] and ignoring
O(
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N
) terms, we have

E{δG1δG
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BiE{δg1δg
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To summarize, the unperturbed signal power of the RAKE
receiver, given by (19), depends on the desired user’s channel
conditions as well as the second and fourth order statistics
of its own code sequence, while the unperturbed interference
plus noise power given by (20) depends on the second order
moment of the codes, and cross channel conditions between
each interfering user and the desired user. Finally, according
to (21) ∼ (24), both the desired user’s power and interference
plus noise are perturbed at the order of O(

σ2

v

N
).

B. BER Performance of Different Receivers

For each receiver, once its output SINR is evaluated, BER
can be obtained by assuming the interference is Gaussian
distributed. This may not be necessarily correct, but this
approximation has been shown to be relatively good [2],
especially when number of interfering users is large. The BER
for BPSK information symbol is

BER = Q
(√

˜SINR
)

(25)



where Q(x) = 1√
2π

∫ ∞
x

e
−t2

2 dt.

V. SIMULATION EXAMPLES

Performance of the proposed receivers is numerically stud-
ied and compared with our analytical results as well as
theoretical limits. Those theoretical values are based on ideal
receivers constructed from all users’ perfect channel vectors as
well as noise power. Simulation parameters are set as follows:
P = 32, q = 2, and J = 8. Totally 100 Monte Carlo
simulations are performed to obtain the average results. Fig. 1
shows the SINRs of receivers over different N . It is observed
that experimental, analytical and theoretical SINRs start to
overlap from N = 50, indicating that the proposed receivers
require very small data size to achieve their theoretical limit
at 20dB SNR environment. On the other hand, the ZF and
MMSE receivers show much better performance than the
RAKE receiver. Fig. 2 compares experimental BERs of all
receivers with their corresponding analytical ones respectively
over various SNRs. The MMSE receiver shows slightly better
performance than the ZF receiver. Both of them are signifi-
cantly superior to the RAKE receiver. The convergence be-
tween the experimental and analytical values can be observed,
indicating that our analytical SINR and BER can serve as good
performance predictors. Moreover, the experimental values are
found to be very close to their theoretical ones, showing that
each proposed receiver constructed from the proposed channel
estimator and estimated noise behaves as well as its ideal
counterpart.
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Fig. 1. Output SINR vs. N.
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Fig. 2. BER vs. SNR.


