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Abstract— With availability of spatial/temporal diversity in the
downlink of long code CDMA systems, subspace technique has
been shown to be able to estimate channel parameters. Based on
the estimated channel, we construct three typical linear receivers
as ZF, MMSE and RAKE receivers. Due to channel estimation
error, those receivers show perturbed performance compared
with their optimal counterparts. Their statistical performance is
thus analyzed by applying perturbation theory. Those analyses
are well supported by numerical results.

I. INTRODUCTION

Long code CDMA systems have received considerable
attention in recent years due to adoption of long codes in the
third generation communication standards. Study on channel
estimation and detection techniques is still on-going. Given
transmitted pilot symbols of all users, least squares (LS) fitting
or iterative maximum likelihood (ML) approaches have been
reported [1], [2]. A semi-blind channel estimation solution via
subspace based data projection for downlink is derived [3].
Blind methods have also appeared for either downlink [4] or
uplink [5], [6]. Various symbol-level and chip-level channel
equalization and interference suppression schemes have been
presented [7], [8].

In this paper, we first provide three typical linear symbol
receivers constructed from estimated channel parameters by
the method [4], where both the ZF and MMSE receivers
utilize characteristics of spreading codes in CDMA downlink
and are composed of corresponding equalizers followed by
code despreaders, while the RAKE receiver directly applies
the desired symbol’s time varying signature. Due to channel
estimation error, perfect equalization and detection becomes
impossible. We then analyze performance degradation of those
receivers in terms of output signal to interference plus noise
ratio (SINR) and bit error rate (BER) based on perturbation
theory. All analytical results are verified by numerical exam-
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ples.

I1. DOWNLINK CDMA SYSTEM MODEL

Consider a base station communicating with J mobile
stations in a CDMA system. The jth user’s aperiodic spreading
codes ¢; (k) (k=0,..., P—1), which is the combination of
its Hadamard codes and base station’s long codes, is used to
spread bit w; (n). Let the chip sequence be transmitted through
M subchannels with unknown coefficients g.,,(n) for the mth
subchannel. Each subchannel is assumed to be FIR and has
order g (¢ < P). If we collect P chip rate samples [y,,,(nP),
-+, Ym (nP—+P—1)] from each subchannel and collect samples
from all M subchannels in a big vector, then the received data
becomes [4]

y(n) = Gb(n) +v(n), b(n) =) bj(n) )

j=1
where G is a M P x (P + q) block Toeplitz matrix whose first
block row is [G, 0] with G given by

91(q) g1(0)
G = : : :
gm(q) gm(0)
bj(n) = [w;(n — 1), 1, w;(n)c] ", )

cj,n = [ijn(0)7 s '7Cj7n(P — 1)]T, éj_’nfl = ijnfl(P —q:
P —1), and v(n) is an AWGN vector.

I1l. SymBoL DETECTION

According to [4], G is a tall matrix when M > 2 and
qg < P. If all subchannels have no common zeros, then
subspace technique is directly applicable to estimate all sub-
channels up to a scalar ambiguity. According to (1), the data
covariance matrix is derived as R = E{y(n)y(n)f} =
pGGH + 021, where p = Jo2o2, o2 is the transmission
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power of each user’s symbol and o2 is the covariance of
the base station’s random codes. Let h = [g1(0), -, gar(0),
g1(1), g (1), - g1(q), -+ gm(q)]*. then h can be esti-
mated by [4] h = argminj =1 o Xa, where X =
S ATULUT A, A2 TMA A = Ty, 07, T
is a Jordan matrix with all 1’s in the first sub-diagonal, and
U, is the null space of the noise-free data covariance matrix.
Once h is estimated, the ith column of G can be formed by
Ah (i = —q,...,P). Applying G and h, we next propose
different symbol detection schemes. Without loss of generality,
user 1 is assumed to be the desired user.
In ZF detection, a ZF equalizer, defined as

fp=0(G"G) e ®)

where e is a unitary vector with its (¢ 4+ 1)th element as 1,
is first applied to P consecutive data vectors Y ,,=[y(n),.. .,
y(n+ P — 1)] to yield an approximate sum signal. Then the
desired user’s codes are used to despread the equalized data
and yield the estimated symbol

W25 = FLY el (4)

where “*” denotes complex conjugate. An MMSE receiver
consists of an MMSE equalizer and code despreader. The
MMSE equalizer might work on partial data vectors for fast
convergence under small sample size N, as shown in the
simulation section. Suppose the length of the MMSE equalizer
is taken as vM, v < P. then the MMSE equalizer obeys the
following form

fmmse = RV?lFVAh (5)

where R, = E{ly()]im([y(n)]iwa)}, and T, =
(Iun, Ounix(p—vym] i @ selection matrix. To guarantee
I', Ah contains full h for signal detection, v should satisfy
v > q + 1. Applying the MMSE equalizer to P consecutive
partial data vectors which are collected in a matrix Y, (n) =
I', Y (n), and decorrelating the equalized data with the desired
user’s codes result in the following symbol estimate

’a}lymmSe(n) = fﬁlzmseyl/(n>c>{,n' (6)

To construct the RAKE receiver, we partition G as G =

[(G1)Prxqs (G2)paxp]. Clearly current input is separated
from previous input on the right hand side of (1)

J
y(n) = ggcl,nwl (n) +_ Gacj nw;(n)
j=2
+ Zgléj,n_le(n — 1) + U(?’L) (7)
j=1
The signature of the desired symbol wq(n) is Gacy,,. The
symbol-level RAKE receiver is then constructed as

frake(n) = Gaci n, (8)

and the estimated symbol is

= flr()y(n). )

Performance of these three linear receivers will be evaluated
next.

7v/U\l,ru,}’ce (n)

IV. ANALYTICAL RESULTS

Both channel estimator and equalizers depend on R. They
will be perturbed if R is estimated from N vectors as R =
+ Zﬁ;l y(n)y* (n). Denoting the perturbation by preceding
the corresponding quantity by ¢, and the perturbed quantity
with 7, the channel perturbation and its covariance are give
by [10]

1 P-1
sh ~ - TUJSRE
i=—q
2
~ Oy H H
Covn ~ 773 ;(tj Rt,)T;T] (10)

where T'; and t; are deterministic quantities
T, = X'AfU,, t = (GG") Ah,

“+'’ represents pseudo-inverse. Next, we will study the statisti-
cal performance of three receivers in terms of SINR and BER
based on (10).

A. SNR

SINR is an important performance indicator for receivers.
Although ideal SINRs of different receivers can be obtained
under perfect conditions, perturbation in channel estimation
induced by finite data samples inevitably causes SINRs of
those receivers to deviate from their optimal values. We will
derive perturbed SINRs for the receivers constructed from
estimated channel parameters. Moreover, analytical results
obtained in this subsection can be further used to predict the
BER performance of those receivers, as shown in the next
subsection. For shorter notations, all receivers’ subscripts are
dropped later.

1) ZF receiver: Since ZF equalizer filters the data vector
Y ,c1,, (see eq. (4)), it is essential to express the data vector
explicitly in terms of desired symbol, interfering symbols
and noise in order to evaluate SINR. If we define B, =
[b(n),...,b(n+ P —1)] and V,, = [v(n),...,v(n + P —
1)], then Y,.ci,, = GBuci,, + Vci,,. After substituting
b(n),...,b(n + p — 1) with (1) and (2), B,ci, can be
split as Bci,, = siwi(n) + Hinywint(n), where s; and
H ;,,; have particular structures of users’ codes. Applying the
random property of both the base station’s codes and noise,
and invoking the orthogonality of Hadamard codes, one can
verify that

E{Vnci el VI =91,



E{Slsllq} = O'édlag{(P_ q) : (P - 1)7P27 (P - 1) : 1}a
E{H, ,HZ )\ = (J-1)diag{P,...,P,0,P,...,P})
+ oX(diag{q:1,0: P —1},

where v = Po202, “” represents succession of integers, 0
is in the (g + 1)th position of each of the last two diagonal
matrices. Based on the above results, SINR is then computed

as SINR= f R, f/f” R, f where

R, = 02 GE{ss1}GH, (11)

Ryt = 02 GE{H ;,, HL }G 441 (12)

Obviously, a perturbation of R causes a perturbation of the
equalizer and finally the SINR

FPRf + E{0f" Riof} 13
T Rini f + E{6f" RintS f}
To evaluate (13), we first obtain ¢ f. Using (3) and noticing
that the perturbed term (G G)~! can be obtained by applying
Taylor expansion, the perturbation of the ZF equalizer is
derived as

of ~II-6G(G7G) e — (GNH6G" (1) e
where II'- 2 T — GG', gt 2 (G#G)~'GH. Then we proceed
to evaluate E{5f7R,6f} and E{6f" R;,,0f} to obtain

SINR. Because TI*G = 0 and R, in (11) has a particular
structure, it can be found that

E{6fPRi6f} ~ e GTE{6GGT R, (G H 56T }(GN) e,
(15)
Thus, to obtain this quantity, it suffices to evaluate a typical
form E{6G®,6G"} and then replace &, by G'R,(G").
Noticing the definition of G, §G is related to dh as

SINR ~

(14)

6G =[A_,0h,...,Ap_15h]. (16)
Then
E{6G®:106"} = Y @) A, ,Con AT, (17)
i,j=1

where <I>§i’j) is the (i, j)th element of ®,, and Covy, is given
by (10). To simplify E{6f" R;,;6f}, let us define the first
term of R;,; in (12) as ¥ = o2 GE{H;,,H? }G". It can
be verified that
E{6f9Riiof} ~ e"GTE{6G6G12(GNH oG (G e
+ ve""GTE{5G(G"G) 166"} (G") e
+ ,yeH(gHg)—lE{é'gHHJ_é‘g}(gHg)—le.
(18)
The first and second terms can be derived by following (17).
To obtain the third term, we need E{6G” TI-6G}. Considering

the ith column of 6G is A,_1_,0h, the (¢, j)th element of this

matrix is E{6h" ©; ;6h} where ©; ; = A",  TI*A; 1 .
Substituting (10) for 6k, we have
"
E{oh"®;;6h} ~ — > t!E{0RU,T}
k1,ko=—¢q
0, Tr,UZ5R ;. (19)

The expectation on the right hand side follows general-form
matrix ¥ = E{0RDJR}, where D can be replaced by
corresponding deterministic quantities respectively later. The
computation of W is given by (43) or (50) in [9] and will not
be repeated here due to limited space. Using (15) and (18),
SINR follows.

2) MMSE receiver: According to (6), the MMSE equalizer
filters the data vector Y, (n)c7 ,,. Since Y, (n) = T',Y (n),
(11)-(13) can be directly applied after replacing R, with
T, R TY and R;,, with T,R;,,T2. To compute (13), we
first obtain the perturbation of the MMSE equalizer. According
to (5), noticing that R, = R, + /R, and keeping only the
first order terms, ¢ f is found to be

5f ~R,'T,Aéh — R,'SR,R,'T,Ah.  (20)

Since [y(n)iwym = T,y(n), then R, = T,RTY. Its
perturbation is related to 6R by JR, = I‘,,(SRI‘II}'. Using
this result and substituting (10), 6 f is related to R by
1 b=l
§f ~ P > Q,Rt,— R,'T,6RT] f (21)
i=—q

where Q, = R,le‘,,ATl-Uf. Two perturbation quantities in
evaluating STN R in (13) follow the same form E{5f“ &5 f}
with corresponding substitution of a deterministic matrix .
Using (21), we have

Q

E{5F7 @5 f) p_12 St E{SRQI Qi R},
,J

+ fUr,E{6RTYR'®R;'T R\TYf
- % > t'E{SRQ]'®R,'T,JRIT} f

_ L f71,> E{6RT]R,'®Q,/R}t,.
P i
(22)

Evaluation of each term on the right hand side involves a
typical matrix E{dRDJR} which has been provided by [9].

3) SINR of the RAKE receiver: To derive SINR for the
RAKE receiver, we start from (7), where y(n) shows clear
contributions from the desired symbol, interfering symbols
and noise. Therefore, the output SINR of the rake receiver



is computed as

on E{|f(n)"Goc1,n?}
o E{IF ()" Zine(n)[12} + o2 L[| f(n)[|?}
where Z;,,.(n) contains all interfering signatures

Zint(n) = [G2C2,n, - -

SINR =

S G1Cyn—1]
(23)
The perturbation of R causes the perturbation of G and then
the receiver, which finally makes SINR perturbed. It can
be shown that the perturbed signal power is o2 (E{|f(n)H

Goctnl?} + E{|6f(n)Hg2c17n|2}), and the perturbed inter-

ference plus noise power is ( o2 E{ ||f(n)? Zn:(n)||?}
+o2 B{||f(n)|1?} +02 B{|l6 F()¥ Zine(n)|} + 02 E{]|6
f(n) |2 }). We now turn to evaluation of each non-perturbed
or perturbed term by first obtaining the perturbation of the
RAKE receiver as 6 f(n) = 6Gacy ,,, Where after considering
(16), G, can be shown to be

5 G2cyn, G181 n—1,..

8Gs = [Agdh, ..., Ap_15h). (24)

First, using trace and wec operations, the power of the
desired symbol is derived as

E{|f(n)" G2er,0|*}

= E{tr{gfggcl,ncfn ngHcl,ncfn}}

= vec(Gy'Ge)B{(ci,, @ ern)(el,, @ eily)}
vec(Gl1Ge)

where E{(c} ,®c1.n)(c] ,,®cf,)} can be directly obtained as
(36) or (46) in [9] without repetition here. Following similar
steps, E{|6f(n)”Gac1.n|?} can be shown to be similar to
(25) with G4’ G replaced by G4 5G.. If we further use trace
operation, and replace G4/ §G by GI16G 1, and then use vec
operations, the perturbation of the power of the desired symbol
can be shown to be

E{|5f(n)" Gac1,n]?}
= tr{B{(ci, @ ern)(el, @ el )} @ f)

E{vec(6Gs)vec(6Go) M I @ QQH)}

where we invoke a mild assumption on the independence
of ¢1,, and dG,. Although this assumption is inaccurate for
moderate N, it yields satisfactory prediction of receiver’s
performance for large N, as verified by simulations. The
expectation term E{vec(3Ga)vec(6Go)} can be obtained as

(25)

(26)

E{vec(6Ga)vec(6G2) 7} = ACov, AH.

where A = [A], ..., AL T,
Now, we proceed with interfering symbols’ power and
its perturbation. Using (23), following similar steps in (25),

(27)

and considering ¢ ,, is independent of ¢, ,,—1 which implies
E{(ci ncl,) ©(€jn €, 1)} = ot 1, the interfering sym-
bols” power is immediately given by

E{||f(n)" Zine(n)|*}

J
= > vec"(G5'Ge) B{(ci el ) ® (ejmefly)}
Jj=2

vec(Gy'Ge) + Jottr(Gs GooGoo ™ Ge ) (28)

ci,» and c; ., are dependent with each other, since they share
the same base station codes. If we denote the jth user’s
Hadamard codes as 3, and the base station codes at time
instant n as &,,, then ¢;,, = Q;§,, where Q; isa P x P
diagonal matrix with its (k, k)th element as 3,(k). Based
on this notation of ¢;,, and using the property of Kronecker
product, we immediately obtain

E{(CI,TLC{,TL) ® (cj,ncfn)}
= (0 Q)E{(& ®¢&,)E 2] Q)

where E{(¢; ®&,)(€X @€5)} is given by (36) or (46) in [9].
In a much similar way, the perturbation of interfering symbols’
power can be shown to be

E{[|6f(n)" Zine(n)[*}
J

= Y ur{B{el, @ eim)lel, ® )T e )

=2

ACoviA(T @ Gf)) } + Jottr{ E{6GL G,

G'5G:} } (29)

where E{5GH G, GH G5} has a similar form as E{6GH
|5 e 0G}. After considering (24), its (¢, ;)th element can be
similarly evaluated as (19) with ki, ko taking values from
0Oto P—1,and ©;; = A” ,GiGI'A;_,. Finally, replacing
f(n) by (8) and noticing that ¢y, is independent of noise
and E{cy,,cf!,} = 021, noise power and its perturbation are
readily derived as

UgogtT{QQHgg},
ogagtr{E{(SggI(Sgg}}

o E{llf(n)|*} =

aE{[l6f ()|} = (30)

where E{5G45G,} in (30) can be obtained similarly as above
by setting G')i,j = Al-I{lAj_l.

To conclude, the perturbed signal power can be obtained by
(25) and (26), and the perturbed interference plus noise power
by (28), (29), and (30). Then the perturbed SINR immediately
follows from the division of the perturbed signal power over
the perturbed interference plus noise power.



B. BER Performance [4] Z. Xu and D. Reitz, “Subspace-Based Channel Estimation for CDMA

. . . Downlink with Aperiodic Spreading Codes and Multiple Subchannels”,
For each receiver, once its output SINR is evaluated, BER Proc. of Asilomar'2001, vol. 2, pp. 1728-1732, Pacific Grove, CA,

can now be obtained by assuming the interference is Gaussian November 5-7, 2001.

distributed. This may not be necessarily correct, but this  [3] Z. Xu and M. Tsasanis, “Blind Channel Estimation for Long Code
Multiuser CDMA Systems”, IEEE Trans. on Signal Processing, vol. 48,

approximation has been shown to be relatively good [8], no. 4, pp. 988-1001, April 2000.
especially when number of interfering users is large. The BER  [6] Z. Xu, “Low Complexity Multiuser Channel Estimation with Aperiodic
for BPSK information symbol is Spreading Codes’, |IEEE Trans. on Sgnal Processing, vol. 49, no. 11,
pp. 2813-2822, November 2001.
BER = Q(\/W) (31) [7] 1. Ghauri and D. Slock, “Linear receivers for the DS-CDMA down-
link exploiting orthogonality of spreading sequences’, Proc. of Asilo-
1 oo =t mar’ 1998, vol. 1, pp. 650-4, Pacifi ¢ Grove, CA, Nov. 1-4, 1998.
where Q(z) = 5= [, e dt. [8] T. Krauss, W. Hillery and M. Zoltowski, “Downlink Specifi ¢ Linear

Equalization for Frequency Selective CDMA Cellular Systems’, Jour-

V. SIMULATION EXAMPLES nal of VLS Sgnal Processing Systems for Sgnal, Image, and Video

Performance of the proposed receivers is numerically stud- Technology, vol. 30, no. 1-3, pp. 143-161, Jan.-March 2002.
ied and d with Ivtical Its. The t it [9] Z. Xu, “Asymptotic performance of subspace methods for synchronous
1ed and compared with our analy I_Ca resufts. e ransmit- multirate CDMA systems,” IEEE Trans. Sgnal Processing, vol. 50, no.
ted sequences are drawn from a binary constellation {+1}. 8, Aug. 2002.

Simulation parameters are set as follows: P = 16, qg =3, [10] P Liuand Z. Xu, “Channel Estimation and Multiuser Detection for Long
J = 10 and M = 2. Totally 100 Monte Carlo simulations Code CDMA," Aslomar'02, pp. 1453-1457, November 3-6, 2002

are performed to obtain the average results. Fig. 1 shows the "
SINRs of receivers over different N when signal to noise ratio
is 15dB. Clearly, each receiver’s experimental SINRs approach
their corresponding analytical results as N increases, verifying
our SINR analysis. It is interesting to note that MMSE2 (v =
P) shows worse performance than MMSEL (v = ¢ + 1) when
N is small, while the former gradually outperforms the latter
when N becomes large. The cross point is around N = 700.
This observation gives us a guideline of choosing the MMSE

Output SINR (dB)

receiver’s length. We thus set v = ¢+1 in the next experiment. b %EEEM:”::I
Fig. 2 compares experimental BERs of all receivers with their I o gg”ffmm:)yfn" |
corresponding analytical ones respectively over various SNRs. ‘ o RAKE (anayean
We first use a data record of length N = 500 for channel i Number of e symbols 0 '
estimation and obtain different receivers. Experimental BER

is then computed over an independent data of length 5000. Fig. 1. Output SINR vs. N.
Experimental results are very close to their analytical ones

especially at low SNRs. The slight differences at high SNRs o

are caused by the tenuous assumption of Gaussian distribution
of interference [8].
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