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ABSTRACT

In a CDMA system, imperfect channel estimation causes perfo
mance degradation of a minimum mean-square-error (MMSE) re
ceiver. This paper studies effects of channel estimaticr en the
performance of direct matrix inversion (DMI) MMSE receivserd
subspace MMSE receiver when channel parameters are estimat
by a covariance-matching technique based on finite datalsamp
Receivers’ output signal to interference plus noise rai8bIRs)
and bit-error-rates (BERs) are adopted for performancesores.
Those performance indicators under such an imperfect tondi
are derived from a perturbation perspective and verifiedifoy-s
lation examples.

1. INTRODUCTION

In a CDMA system, multiuser interference (MUI) is a typic&ko
stacle to be obviated. Minimum mean-square-error (MMSE) re
ceivers can be designed to detect input signals while seping
MUI. However, in a wireless communication environment, reha
nel parameters are not knovenpriori and need to be estimated.
Blind methods offer an increased effective data rate. Bjigiecond-
order statistics based methods include subspace appsofidhe
[2], minimum variance or minimum output energy (MOE) meth-
ods [3], [4], power of R (POR) technique [5], etc.

Most multiuser detection and channel estimation techique
are developed under perfect conditions first and then appdie
practical scenarios to test performance degradation dnwstoess.

Since various imperfectness may stem from many sources such

as background noise, finite sample size, unknown channel,ord
synchronization error, user variation, etc., performgmegliction
under those conditions is necessary to better evaluateidiodi
method. For example, sensitivity of multiuser detectorx'fqr-
mance to channel mismatch is analyzed in [6] when transthitte
signals suffer from flat fading. Subspace based multipagdnch
nel estimation errors for a multirate CDMA system are detive
for given finite number of observations [7]. In [8], pertutiba
to subspace decomposition of a matrix is studied when eatars
introduced to the matrix by either noise or finite sample.size

In this paper, we analyze performance of direct matrix inver
sion (DMI) MMSE and subspace MMSE receivers [2] when chan-
nel is imperfectly estimated by a covariance-matching nepre
[9]. Each receiver's output signal to interference plussaadia-
tio (SINR) and bit-error-rate (BER) are adopted for perfance
measures. Imperfectness from finite sample size is treatpdra
turbation whose effect is particularly studied. To achieuegoal,
statistics of sample covariance are provided in the lighf16f.
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Similar to [11], they can be regarded as general results asd p
sibly applied to analysis of other methods. Then SINR and BER
under such an imperfect condition are analyzed from a peatur
tion perspective and verified by extensive simulations.

Notations throughout the paper are defined as follows. @enot
Hermitian - complex conjugaig)* transposé-)” by (-)7, integer
ceiling by [-], vector 2-norm by| - || and matrix Frobenius norm
by || - || [12], trace byir(-), expectation by={-}, theath column
of a matrixU aswu,, 1, as a column vector of length with all
elements equal to ond,, as an identity matrix of degreewhose
bth column is denoted as, , the Kronecker product asz” [12],
“vec” as a vectorized operation, matrix Hadamard produet “
to represent element wise multiplication, the Khatri-Raodpict
“0" to represent column-wise Kronecker product [1]OW =
[u1 @w1, u2 @ws2, - - -]. Adiagonal or block diagonal matrix with
main diagonal entries; is denoted adiag{x1, z2, - - -}. We also
denote a perturbation by preceding the corresponding ijydoyt

§, and the perturbed quantity with For example§R = R — R.

2. DATA MODEL

Consider an uplink CDMA system withusers. Usey is assigned
periodic spreading codes (k) of length P to spread its informa-
tion symbolw;(n) of zero-mean and unit variance. Let its chip
sequence be transmitted through a discrete-time chipchatenel
g; (). Then the received signal;(n) at the chip-synchronized
receiver has a form [3]

vi(n) =Y wi(Dh;(n—d;—1P),h;(n) =y g;(i)e;(n—1),

l=—o0
)
whered; is the propagation delay of usgrin chip periods. Af-
ter considering all/ users and zero-mean additive white Gaussian
noise (AWGN)v(n) whose variance is denoted&$ the received

signal becomeg(n) = Z}-]:1 y;i(n) +v(n).

The discrete-time model can be easily formulated into a ma-
trix/vector representation. For convenience, we assumgaaiq
synchronous system wiily;, < P and absorb propagation delay
into the channel for each user. The maximum delay spread of al
multipath channels ig chips. If we collectr = M P chip-rate
samples in a vectay,, at the receiver, then it is given by [3]

i=—00

J M-—1
Y, = Z Z Cimg;wi(n+m)+v, = Hw, +vn, (2)

j=1 m=—K

where K = [(q — 1)/P], g, is the channel vector of length
C;,m is the code filtering matrix of usef for symbolw;(n +



m) which can be obtained fror®'; o (corresponding to symbol
wj(n)) by shifting it up (ifm < 0) or down (if m > 0) by |/m|P
rows, H is called a signature waveform matrix

H=[Hi---,H,|, H;j=[Cj_kg;, --,Cjm-19;], (3)

w, contains allL = J(M + K) inputs, v, is the noise com-
ponent. Without loss of generality, assume(n) is to be de-
tected at timen. Its signature vector ik g1 = C1,0g9,. Struc-
tures of users’ signature waveforms have been exploitedtio e
mate all channel vectors blindly by a covariance-matchawh+
nigue [9] under assumptions that all spreading codes anahéxe
imum channel delay spread are known.

3. COVARIANCE-MATCHING CHANNEL ESTIMATION
AND LINEAR DETECTION

Covariance-matching technique is based on the covarigngg o

J
R-y
j=1

whereG; = g,;gi. Definea; = tr(G;) = ||g;|]*. Itis ob-
served thatR is parameterized b¢=;. If it is matched with its
estimate fromV data vectors

N
~ 1 H
n=1

and the resulting errgif R — IA2||2F is minimized,G; can be es-
timated. Definer = vec(R), 7 = vec(R), x; = vec(G),

andz = [z7,---, 2%, 02]". Noticing||A||% = ||Jvec(A)]||?, the
criterion can be described as follows [9]

M-1
H 2
E ijmGjCj,m +o,1,
m=—K

(4)

®)

Z = argmin ||r — 7||> = argmin ||Sz — 7| (6)
where
M-1
S = [51,"'75(],1)60(1-1/)], Sj = Z C;i'rn@Cj,m' (7)
m=—K

Under some identifiability conditions [9], the solution %) (be-

comes
z=Qr, Q=(s"5)"'s", ®)
Oncec is estimatedx; can be extracted. The@'; is recon-

The MMSE receiver can also be expressed in terms of the scbspa
components ofR. Let the eigenvalue decomposition Bfbe
R=UAUY +U.AUY, (11)
whereA, = diag{\?, ... ,A\Z}, An = 021, U, andU,, rep-
resent the signal and noise subspaces respectively. mydke
orthogonality betweed/,, andC'1,0g,, the subspace MMSE re-
ceiver takes the following form [2]
=UA;'UYCig,.

.fmmse,sub -

(12)

It can be observed that these receivers are coupled with chan
nel vectors. Their performance will be investigated jgintith the
channel estimator next.

4. PERFORMANCE STUDY

Performance loss is incurred to receivers when finite reckilata
samples are processed as (5). Assuvnis sufficiently large such
that perturbation technique is applicable [8]. Perforneaotthe
channel estimator is required to evaluate each receiverop
mance and is thus studied first. We will propose more compact
results than those in [9] based on the property of cumulant.

4.1. Channel Estimation Performance

All perturbations are due to an estimation error ®ror equiva-
lently 7. If 7 has an estimation erréir = ¥ — r due to finiteV,
then from (9),G; is perturbed by G; as

5Gj = [AjJ(S’I‘, ey Aj,q(S’I‘]. (13)

Then the first-order perturbation in its maximum singulactee
becomes [8]

~ 1 1 1 H

whereX; is in size ofg x (¢ — 1) and spans & — 1)-dimensional
subspace orthogonal tp,. Substituting (13) into (14), we obtain

q
1 Z .
59]’ ~ I‘j(ST‘, Fj = a—H‘Jg'J gj(z)Aj,L-. (15)
J i=1

structed by the reverseec operation. These operations can be The auto-covariance of channel estimate thus becomes

described by

~

Gj = [Aj71?7 M) Aj,q;:] (9)

where
Aj,i = (65,2 & Ifl)[e?;,J ® Iq270q2Xl]q2><(Jq2+1)(SHS)71‘SH

fori = 1,---,¢q, 5 = 1,---,J. If singular value decomposi-
tion is performed onG;, then the maximum singular value is

Cov(dg;,0g;) = E{0g,0g,'} ~T,®(F)T]",  (16)
where®(7) = E{drdrT} is the covariance of. It depends on
data model (2), covariance estimation method (5) and upéo th
fourth-order statistics of channel inputs and noise. Wepridsent
general results in the light of [10] whose results for comsgm-
metric sources are extended to both a real system and a comple

o = ||gj||2 and corresponding singular vector becomes the chan- system here. The following properties aféc”, “ ®” and “O” have

nel vector up to a scalar ambiguity. Therefore, o@ﬁ is ob-
tained, channel vectay,; can be estimated by finding the max-

imum singular vector ofz; and scaling the vector by/&_j to
adjust its norm.

The estimated channel vectgr can be used for design of
DMI MMSE and subspace MMSE receivers. The DMI MMSE
receiver can be defined from direct inversionf®fs

= Richogl. (10)

fmmse,dmi

found to be useful [12]

vec(ABC) = (C" @ A)vec(B), a7)
(A® B)(C ® D) =(AC) ® (BD), (18)
(A® B)(COD) = (AC)O(BD,). (19)

Although (5) does not require independence of differera dat-
tors, they are assumed independent for convenience ofsisialy



Proposition: If channel model follows (2) withy outputs and
L inputs with same distribution and fourth-order cumulant,,
and data covariance is estimated frafrindependent data vectors
as (5), then for a real systerd,(7) is given by

N®(7) = kaw(HOH)(HOH)" + R R+ A0 A", (20)
A=[I,®1,)RQ} ®1,)]
while for a complex system it has a form
N®(7) = kaw(H'OH)(H'OH)" + R"®R.  (21)
Proof: It is omitted due to limited space. See [13] for detailsa

4.2. Performance of Receivers

Perturbation in channel estimation induced by finite dataptas

inevitably causes each receiver perturbed tofbe= f + 6f,
where the first-order perturbation &y can be assumed to have
zero mean due to zero-meand@R. According to (2), perturbed
SINR has the following form

FUR.f + E{0f"Ri5f}
FIRiif + E{0Ff7"Rinidf}

whereR: = C1,0g9,9{'C{, andRin: = R — R1. Then BER
can be evaluated by assuming Gaussian interference [14]

STNR = (22)

BER ~ Q(VSINR) (23)

42
whereQ(z) = \/% Iz e T dt. According to (22), the SINR de-

T

pends on both unperturbed terms (signal power, interferphes
noise power) and corresponding perturbations. Pertunsfiol-
low a typical form of ¥(X) = E{6f” X5f}, whereX can be
replaced byR; or R;,:. Since different receivers take different
forms with correspondingly differemtf, evaluation of' (X') will

be discussed for each receiver respectively. For shortetiops,
receivers’ subscripts are dropped later and simply denioyefl.
However, no confusion will be caused in the context.

4.2.1. DMI MMSE Receiver

ReplacingR in (10) by R + § R and considering channel estima-
tion error, we obtain the first-order perturbation

6f ~ R"'C1,00g9, — R"'ORR 'C1,9,. (24)

Substituting (15) into (24) f is related to perturbation in covari-
ance estimation by

8f x R™'C10T16r — R"'SRR 'C10g9,. (25)
Then perturbation of signal/noise pow&( X ) is given by
U(X) tr(B{orér" I\ T CT o R X R 'C1,0T)
g"C{yR'E{SRR'XR '§R}R 'C1,g,
gi'CY'yR'E{SRR'XR 'C:,l6r}
— EB{r"r{C{yRT'XR 'SR}R ' C1,0g,(26)

%

Jr

Those underlined terms are required for evaluatio® X ). The
first term can be easily obtained froRroposition. The second
term has been derived in [7]in a general foFd RZ5 R} where

Z is an arbitrary deterministic matrix. The third underlirtedm
E{6RZjr} can be easily related to a for@i{0RZJR} after
noticing ér = vec(dR). Therefore, all of them can be evaluated
from given system parameters.

4.2.2. Subspace MMSE Receiver

According to (12) and expanding\s + §As) !, we obtain

6f ~ SUA'UICi0g, —UA'AN'URC 09,
+ UA'SUYCrog, +UA;'URCL00g,.  (27)

Perturbationd R or r causes not only estimated channel vector
perturbed, but also subspace componentR gerturbed [8]

U, ~UU%SRU.Q7', U, ~ -U.Q 'U"SRU,,

SAs ~UTSRU,, 6A, ~UXSRU,, (28)

whereQ = A, — 021, and approximation is valid up to the first
order ofSR. SinceU C; 0g, = 0, substituting (28) in (27) and
invoking (15), we obtain

5f ~ Bn(SRB—yCLle — BS(SRBSCLogl + BSCL()F15T

(29)
where for convenience we have defined

B, 2U,.UY B.2U.A;'UY, B,2U.(QA.) ‘U,

Then¥(X) can be expressed in terms of statistics of the covari-
ance estimation error

U(X)

Q

gl'Cc¥yB,E{§RB,XB,R}B,C),g,
- gi'C{y\B,E{SRB,XB,SR}B,C1,g,
+ g'cl{,B,E{6RB,XB.C1,I'r}

- gi'C{\B;E{SRB,XB,iR}B.,C1 g,
+ gi'C{\B,E{SRB,XB.SR}B,C1,g,

— g/CY\B,E{§RB;XB,C1,I'r}

+ E{r"r{ClyB;XB,5R}B,C1,g,

- E{r'rictyB;XBRYBCi g,

+  tr(E{oror" T CY Bs X B,C1,0T1). (30)

Each underlined term in (30) can be evaluated similarly &srbe

5. SSMULATION EXAMPLES

Since channel estimation MSEs have been well studied iné],
only show SINRs and BERs of each receiver averaged to@r
independent realizations. We assuthe= 8, Gold sequences of

P = 31, and Gaussian random channels of lengtthips. Fig.

1 presents effect aV whenSN R = 10dB. Dashed-dotted lines
are based on ideal receivel¥ (= ~o), dashed lines represent an-
alytical results obtained according to (22) or (23) anddstities
stand for experimental results. Analytical results agred with
experimental ones for relatively largé, say1000. However, the
DMI MMSE receiver has slower convergence than the subspace
MMSE receiver because it is more sensitive to the estimagion

ror in the data covariance due to matrix inversion. Effeataite

is tested whenV = 500 with results presented in Fig. 2. Per-
formance changes differently for different receivers. I
MMSE receiver (with finiteV') does not improve with increased
SNR monotonically, due to the same reason as before. Also the
error between the analytical and experimental resultstaut to

be larger. The subspace MMSE receiver performs satisfhctir

is close to the ideal MMSE receiver. The sensitivity to nase



sample size can be further observed from Fig. 3. Dashednine i
each subplot represents performance of the ideal MMSEwvercei
associated withiV = oo while other six solid lines correspond to

N = 50, 150, 300, 500, 1000, 2000 sequentially. Only marks

N = 50 and N = 150 are made for clear representation. The
SINR peaks for the DMI MMSE receiver are clearly observed for
small to moderateV. They shift to high SNR regions a¥ in-
creases. A&V — oo, peak disappears and the solid line converges
to the dashed one. However, the SINR of the subspace MMSE re-
ceiver almost shows no peak for &ll. It converges to the ideal

one much faster than that of the DMI MMSE receiver.

Similar

conclusions can be made for BER results.
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