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ABSTRACT

We have proposed a blind channel estimation method for a
precoded multirate multiuser communication system. The
method requires subspace decomposition of a data covari-
ance matrix. In this paper we analyze the method in the
presence of imperfect estimation of the covariance matrix
due to finite data sample effect. Based on perturbation the-
ory, the first order perturbation of the noise subspace is de-
rived. Then the covariance and the mean square error of the
channel estimates are obtained in closed forms. They ex-
plicitly depend on the statistical properties of the input and
the additive noise up to the fourth order. Therefore, they can
be evaluated for different scenarios.

1. INTRODUCTION

Recently, there have been increasing demands for multime-
dia services from mobile users in a multirate communica-
tion system. By employing precoding techniques before
transmission, much flexibility in system design and opti-
mization can be achieved [5], [6]. With such consideration,
currently diverse structures can be unified in one seamless
framework.

Under similar framework, we have proposed ablind chan-
nel estimation method for such a precoded multirate system
with arbitrarily long channel impulse responses [9]. The
method is based on a key observation that the various struc-
tured signature waveformsfor the desired user are contributed
by a common unknown channel. These signaturesliein the
signal subspace, thus are orthogonal to the noise subspace.
Therefore the total projections of signature waveforms onto
the estimated noise subspace are minimized to obtain both
the channel parameters and the delay of the user of interest.

In practice, the noise subspace is usually obtained from
eigen decomposition of the sample covariance of the re-
ceiver data. Due to limited amount of received information,
the estimation error is introduced to the covariance and fi-
nally results in an error in the proposed channel estimates.
In this paper, we first derive an expression for the first or-
der perturbation of the noise subspace. Then we derive the
covariance and the mean square error (M SE) of the channel
estimates in closed forms. Since these quantitiesturn out to
be dependent on the statistical properties of the input and
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the additive noise up to the fourth order, we further simplify
them based on our input/output datamodel. Asan example,
we provide closed form expressions when the input and the
noise arereal valued. These procedures can be followed for
other scenarios.

2. PRECODED MULTIUSER COMMUNICATIONS
AND CHANNEL ESTIMATION METHOD

Consider a multirate communication system with K users.
Data rate of each user is adjusted by individual precoder
employed in the transmitter. The input stream for user &
is partitioned into M}, sub-streams and precoded by linear
precoder sk, m, (0),- -, Sk,m. (P — 1). Assume the com-
munication channel has finite impulse responses gy, ;(n) of
order gy. It can be factorized by P: g, = QP + 1 Where
Q@ and iy, are both integerswith 0 < 7, < P. At there-
celver, L antennas are used. Eachtimev = QP samples
are collected where v satisfiesv > max(P + QP + P) =
max(Q + 2)P. It has been shown that the received data
vector has the following form [9]

K My

Q-1
yn) =Y > hemibem(n+i)+o(n) (1)

k=1m=1 j=—(Qr+1)

where by, ., (n + j) isthemth input of user k in the (n+ j)th
block, hy,m,; isits signature waveform

P = A9k Akmg = I0 @ (TS ),

$k,m(0) 0 |
: ' sk,m (0)
Skom = | Skm(P—1) : ,
0 L skm(P—1)
L : 0 0 .

T, isthedelay in chip periods, J isav x v shift matrix with
al 1's in thefirst diagona below the main diagonal, g, isa
channel vector, “®" represents the Kronecker product, and
v(n) is AWGN. After putting by m (n + j) for al j and m
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attimen inavector by (n), and similarly hy, ., ; in amatrix
Hy, (1) issimplified as

K
y(n) =) Hybi(n) +v(n) = Hb(n) +v(n) (2)
k=1

where H is obtained by stacking H, column by column,
and b(n) isalong vector with by, (n) asits entries.

In order to obtain the noise subspace, the data correla-
tion matrix R is computed from (2) and decomposed

K
R=E{y(n)y"(n)} =) wHH +0,1, (3
k=1

R=UANU? + U, A UE, 4
A, = diag(\? + 02), A, =021

where U ; spans the signal subspace which is also a range
space of H and U ,, spans the noise subspace. Then joint
estimation of the delay and channel vector for the desired
user - user 1isformulated as follows

A~ A~ . =5 AH
f1,9,) = arg min 9" AL, UU, Aimslg (5

m7j

wherem takesall integersfrom 1 to M, j takesall integers
from—(Q: +1)to@ — 1.

3. PERFORMANCE ANALYSIS

In practice, R is estimated from N data sample vectors
R = LN y(n)y"(n). The number of available data
samples will affect the accuracy of the subspace estimate,
thus the performance of the channel estimator. In this sec-
tion, we first study the perturbation of the noise subspace.
Then we investigate the covariance and MSE of our chan-
nel estimator as functions of V. The analyseswill be based
on the perturbation technique [3], [8]. However, we do not
assume a particular distribution of the source [4] such as
a Gaussian process assumed in most array signal process-
ing work and used in obtaining MSE in our previous pa-
per [9]. Since channel parametersarejointly estimated with
time delay, the performance is aso determined by the de-
lay estimation error. This joint problem will be simplified
by assuming perfect timing in the following derivation (for
example, [1]).

3.1. Perturbation in the noise subspace

Our method employs the noise subspace of estimated cor-
relation matrix instead of the data matrix as used in [1],
[7]. Therefore the results therein are not directly applica-
ble. However, similar procedures can be followed. We will
denote a perturbation by Brecedi ng the corresponding quan-

tity by 5. ThendR = R — R. It is Hermitian and small
when N is large enough [8]. This perturbation will cause
an error in the estimate of noise subspace. For notational
convenience, let Z be the noise-free data correl ation matrix

Z=R-oI=U,QUY, Q=diag{\}} (6)

s

and X be the objective matrix in the cost function without
perturbation (see (5))

X=> Al U UIA ;. 7
mij

Lemma 1: If Risperturbedtobe R+ 4§ R, thefirst order
perturbation of the noise subspace has the following form

U, ~—-Z'6RU,, (8)

where (-)t denotes pseudo-inverse.

Proof: According to [3], the perturbed noise subspace can
be expressed by: U,, = U,, + U;Q where Q hasanorm
of the order of ||6R]||. Since the perturbation scenario is
different from that in [3], the expression for Q needsto be
investigated. After perturbation, the subspace decomposi-

tion of R becomes (see (4)
—~ ~ ~ ~H ~ ~ ~H
R = UsAsUg + UnAnUn -

Correspondingly, A, and A, are perturbed versions of A,
and A,,. From the orthogonality, we have

Un+U,Q)"(R+6R) = (A, +A,) (U, +U,Q)".

9
Noticethat UPR = A, UY , UFR = A, UT. After tak-
ing Hermitian on both sides of (9) and ignoring second order
terms, we obtain

ORU, +U;A;Q=U;QA, +U_,0A, (20)

wherethe Hermitian property of § R and § A, hasbeen used.
Pre-multiplying both sides of (10) by U f , we have

UHSRU, + A,Q ~ QA.,.. (11)
Since A, =2l and 2 = A, — 021, Q can be solved
Q~-Q'U¥sRU,,.
Observing 6U,, = U ,Q and (6), we obtain (8). O
Eqg. (8) showsthat 6U ,, isrelated to § R. Notice that our

solution has a form very similar to that in [3], athough the
corresponding terms have different meanings.

3.2. Channel estimation error

Thebiasof channel estimate pertaining to the proposed method

is dependent on U ,, thus § R. The following lemma pro-
vides an analytical result for channel estimate when R is
not accurately estimated.

Lemma 2: Due to perturbation 6 R, the first order per-
turbation of channel estimateis given by

59, ~ Y W j0Rdm ; (12)
»J

where W, ; and d,, ; are deterministic quantities

W, 2 X1AY U UY dp; 22 Ay g,

1,m,j
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Proof: In the absence of subspace perturbation, g, (which
has been assumed to be unitary) is an eigenvector of the
(¢1 + 1) x (g1 + 1) matrix X associated to its unique null
eigenvalue. According to (7), the perturbation of X due to
6U , hastheform

0X = Y Al [SUUE+U U +6U 60U Ay 5.
m,j

After substituting (8), 6 X isrelated to d R by

0X ~ =y Al [ZV6RU U +U UG RZ N Ar .
7j

(13)
Then dg, hasthefollowing form[1]

bg, ~ -X16Xg,. (14)

After substituting (13) in (14) and noticing that A; ,, jg, iS
orthogonal to U ,,, we obtain (12). |

According to (12), dg, is a random vector due to the
randomness of d R. Its second order statistics can be eval-
uated based on the statistics of the recelved data. First its
covariance has aform

E{59159{{}% Z Wm1,j1Bm17m2,j17j2WZz,jg (15)
mi,m2

J1,J2

where deterministic quantities B, ., ,j,,j. &€ defined as

A
By msijn iy = E{0Rd,, jdl . SR}.

ma,jo

Since d R is related to the second order information of the
received signal, each B, m.,,j.,j» thus depends on up to
the fourth order statistics of the input and the noise. Its
closed form expression is derived in Appendix, following
similar procedures as used in a correlation matching con-
text [10]. Once By, m., 1,5, 1S derived, the MSE of the
estimated channel vector becomes

E{dg{légl } ~ Z tr(WTM \J1 Bml ,m2,j1,52 ng,jZ) (16)
f

with ¢r denoting the trace of a matrix. According to the ex-

pression of By, m,,j1,j. iN (26) in Appendix, it is clear that

the MSE is proportional to % which is similar to the results

in[1]. Thereforeas N — oo, the estimator will give exact

channel information. Thisis not surprising since R will ap-
proach R. The MSE will decreaseif o2 decreases (or SNR
increases). However, it is not obvious that the MSE de-
creases when the power of the transmitted signal increases
although this holds for Gaussian sources[9].

Various simulations have been conducted to test our an-
alytical results and the performance of the blind MM SE de-
tector constructed from the estimated channel parameters.
Unfortunately, we are unable to detail them due to lack of
space. They will be reported el sawhere in the future. How-
ever, it has been observed that those results are highly con-
sistent with our analytical results.

Appendix: Derivation of Matrix B, .., i

For notational convenience, wetemporarily denoted,,, ,;,
by di, dm%]’2 by ds, and Bm1,mz,j1,j2 by B1,2. Also de-
notey(n) in (2) by y,,, b(n) by b,, and v(n) by v,,. Sub-
gtituting dR by R — R, we obtain

Bi, = E{Rd,dR} — Rd,dR.

Assume N data vectors are mutually independent for our
derivation purpose. It can always be made possible by tak-
ing only those N vectorswhich are not contributed by com-
mon inputs, although data vectors consecutive in time may
be dependent on each other due to channel span. Then

- ~ 1 1
E{Rd,d? R} = O +(- N)Rdlde

where C; £ E{y, y#d,dy, yH}. Therefore

1
By =+(Ci - Rd,dJR). (17)

According to (2), y,,¥X can be expanded to four terms
vyl = Hb,b" HY + Hb, v + v, b HY + v, v,

Suppose the noise v, is zero mean and white Gaussian. It
is independent of the input sequence which is independent
and identically distributed (i.i.d.) with zero mean, variance
T and finite fourth-order moment. Since E{v,, v} = ¢21,

E{b,b"} = T'. Then only following terms survivein C

C, = HC,H” +C;
+ HE{b, b YH  dsd] E{v} v
+ E{v,vl}dyd] H*E{b: b YH"
+ oX(dfd)HTH" + o2(d HTH" d))I
+ o2HTHYd,d} +o2d,dy HTH?  (18)

where superscript x denotes complex conjugate
C, = E{b,b" H"d,d Hb,b"},

C; = E{v, vl d dv, v}

For a given system, the last form terms can be easily eval-
uated. However, the first four terms are dependent on the
statistical properties of the transmitted signal and the noise.
Asan example, werestrict our attention to a scenario where
al quantities real valued. For all other scenarios, one can
follow the similar procedures detailed next. However, we
will not enumerate them for our concise presentation.

Assume the variance of the input is o7 and the fourth
order moment ismy;. Then

E{b,b } = 021, E{v,vl}=0"I. (19)
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To easily evaluate C'; and C'3, we perform “vec” operations
[10] first to combine corresponding terms and then reverse
operations “unwvec” 10 obtain these matrices

Cs = unvec [Cec(H d,di H)), (20)
C3 = unvec [Csvec(didy)] (22)
where the property of “vec” has been applied [2], and
Ci £ B{(bab)@(bab})}, Cs 2 E{(vnv])®(vav)}
Then it can be verified that [10]
Cy= (myp —303) X1 + 03 Xo+0p 1 (22)

where
X = diag{alaf, .- ,aLaf}
OflT:[O,"',O, . 1 , 507"';0]1><L
1—th element

v e _ T T
Xz = [Xi,j]LxLa Xi,j = aiaj + ;0

and L isthe length of the input vector b,,. Similarly
Cs=02X3+000 (23)

where

X3 =[Xijloxw, Xij =B8] +8,8],

ﬁlT:[Oa"'aoa \]-’_/ 305"'30]1><V
1—th element

and v has been previoudy defined as the length of the data
vector (or the noise vector v,,). Substituting (22) in (20) and
(23) in (21) respectively, we obtain

Cy=Cs+orH"dd] H, (24)
C3 = unvec [aijgvec(dldf) +otdydf (25)

where

C¢ = unvec {[(m4b—30§)X1 +U§X2]vec(HHd1d§IH)}.

Observe that
R=0lHH" +¢2I, T =721
Substituting (19), (24), (25) in (18) first, then (18) in (17)

we obtain

oio?
N

0’%0

+ [(df d)HH! + (d! HHHdl)I]

B, = (HHTd;le + d;leH*HH)

SN

4
+ % unvec [X 3 vec(didy)]

1
+ NHCgHH (26)

which is our desired result after replacing dq by dp,, j,, d2
by dm27j2’ and Bl,2 by Bm17m2vj1 Jar O
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