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ABSTRACT

Channel estimation is studied for a multicode (MC) or mul-
tiple processing gain (MPG) multirate CDMA system based
on correlation matching. All users are partitioned into groups
in terms of their raw data rates. Since a communication
channel may span several symbol intervals especially for
a high rate user, severe intersymbol interference (ISI) ex-
ists in the received data. However, signature waveforms of
various symbols from a user are convolutions of spreading
codes with a common channel. This structure is beneficial
to channel estimation due to multiple contributions to the
output correlation. By properly selecting a weighting ma-
trix in the matching cost function, significant improvement
is observed. The optimal weighting matrix and covariance
of the channel estimate are further derived in closed forms.

1. INTRODUCTION

The increasing demand for integrated wideband services has
accelerated research activities in developing new wireless
communication technologies. Due to its inherent merits, di-
rect sequence (DS) CDMA technique becomes one of the
best candidates to satisfy the multirate service requirement.

There exists two multirate access schemes potentially
suitable for a multirate DS/CDMA system [1, 3, 5]: mul-
ticode (MC) access where each high rate user is assigned
multiple codes to spread different bits and multiple process-
ing gain (MPG) access where each user is assigned one peri-
odic code sequence with period determined by its data rate.
As explained in [5], the variable chip rate (VCR) access
introduces extra difficulty to chip synchronization and fre-
quency planning. We only focus on MC and MPG schemes.

These two access schemes use different strategy in code
assignment. For a MC-based system, data stream from a
high-rate (HR) user is converted into a series of parallel
low-rate (LR) streams spread by different code sequences.
Therefore, a MC multirate system is well translated into a
single-rate system with additional virtual users entering the
system. Many existing single-rate receivers are directly ap-
plicable to detect the user, such as conventional RAKE re-
ceiver, decorrelating receiver or maximum-likelihood (ML)
receiver. However, channel capacity may decrease since
each HR user occupies several code channels. It is thus
preferable to adopt the MPG access scheme if the spectrum

efficiency is of particular concern. Each user’s data rate can
be easily adjusted by changing the length of the code se-
quence [3, 5]. The major obstacle arising from such a MPG-
based system is that interference characteristic changes from
symbol to symbol for a HR user and thus creates challenges
in multiuser detection.

In this paper, we study channel estimation by correlation
matching. Since the channel of each user could span sev-
eral symbol intervals, severe intersymbol interference (ISI)
exists in the received data. However, exploitation of signa-
tures of all interfering symbols is beneficial to channel es-
timation. Because those signatures share information about
a common channel, they enhance contributions to the data
correlation. It is well known that performance of a correla-
tion matching estimator highly depends on the choice of the
weighting matrix. An optimal matrix exists in principle, but
is not a priori-known since it is parameterized by parame-
ters to be estimated. Fortunately, the asymptotically optimal
performance is still achievable if this matrix is directly esti-
mated from samples. We will show by simulations that the
performance of such a estimator is comparable to the opti-
mal estimator even for a finite number of received samples.

2. MULTIRATE DS/CDMA MODEL

Consider a multirate synchronous DS/CDMA system [3].
We partition total � users into � groups based on their data
rates. In group � , assume there are � � users with data rate� � . Then � � 
 �� � � � � . For notational convenience,
we denote the � th user in the � th group by ( � � � ). Multirate
access can be achieved by either MC access or MPG access
which will be discussed in detail next.

2.1. Multirate system with MPG access

For MPG access, code sequences have different lengths for
users in different groups. Assume the lowest data rate is� � with correspondingly largest spreading length � � . Then� � � � � � and � � � � � � . User ( � � � ) is assigned

spreading codes � � � � �  " $ , & & & , � � � �  � � ( * $ - / 1� 2 � � � of
length � � . Corresponding to one symbol interval of the
rate-

� � users, it has � symbols transmitted. For conve-
nience, we partition its symbol stream 4 � � �  5 $ into blocks
with each block � symbols. Denote the 8 th symbol in the
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5 th block by 4 � � � � 9  8 $ 1� 4 � � �  � 5 > 8 $ . After spreading,
the spread signal passes through a multipath channel with
finite impulse response. Assume the channel has order ? � � �
and impulse response is described by chip rate coefficientsA � � �  5 $ . Then the received signal due to user ( � � � ) is [8]

C � � �  E $ � FGH � I F
K L N PG Q

� R 4 � � �  T $ � � � �  E ( W ( T � � $ A � � �  W $
(1)

Total \ � ^ � � chip samples of C � � �  E $ can be collected
in a vector a � � �  5 $ from E � 5 � � to E � 5 � � > \ ( * .
Due to the channel spread, the number of symbols involved
in this vector depends on ? � � � . We thus factorize it by � �
as follows ? � � � � d � � � � � > g � � � (2)

with g � � � i � � . Here channel order can be arbitrarily
large for a general discussion, making it distinguished from
conventional CDMA systems. If we define a code filtering
matrix l � � � and a Jordan matrix m with all * n o in the first
diagonal below the main diagonal, then we obtain a data
vector due to user ( � � � ) [8]

a � � �  5 $ � � q I �Gs � I s L N P N t u � � � � s v � � � 4 � � �  � 5 > 8 $ (3)

where

u � � � � s � m s y P l � � � �
m I �

is defined as m / and m R
as an identity matrix. In (3),

the total number of symbols depends on the channel order
given in (2)z � � � � � ^ > 8 � � � � R � 8 � � � � R � d � � � > * ( |  g � � � $ (4)

where |  & $ is the Dirac delta function taking values either
zero or one. Pre-multiplying the signature waveform l � � � v � � �
by a matrix m s y P

will shift its elements up (8 i " ) or down
(8 � " ) by multiples of � � positions. After considering all� active users in the system and the additive white Gaus-
sian noise �  5 $ , the received data has the form

a  5 $ � G
� � � � s u � � � � s v � � � 4 � � �  � 5 > 8 $ > �  5 $ (5)

where 8 � � � � take all integers in � ( 8 � � � � R , � ^ ( * - , � * � � � -
and � * � � - respectively. It can be easily observed that sig-
nificant ISI comes from not only intra-block symbols, but
also inter-block ones. The situation becomes worse if the
channel has a long delay spread. However, signature wave-
forms of interfering symbols share common channel infor-
mation v � � � . This structure will be helpful to performance
improvement of the correlation based channel estimator. Be-
fore detailed discussion on the method, let us briefly de-
scribe the MC access scheme.

2.2. Multirate system with MC access

In the MC access scheme, corresponding to one symbol in-
terval of a LR user, � symbols from user ( � � � ) are multi-
plexed by � spreading sequences which are periodic with
period � � . To differentiate this case with the previous one,
we add a � & and an additional subscript to the corresponding
quantities. Then the code vector for symbol � 4 � � �  � 5 > W $
is � 2 � � � �

Q
where W � " � & & & � � ( * and 5 is still the block

index. In particular, � 2 � � � �
Q

� � � � � � � �
Q

 " $ � & & & � � � � � � �
Q

 � � (* $ - / . Now we factorize the channel order by � � : ? � � � ��d � � � � � > �g � � � with �g � � � i � � . The received data vector
of length \ � ^ � � has a form [8]

�a � � �  5 $ � � I �G Q
� R

q I �G
s � I � s L N P N t �u � � � � s �

Q v � � � � 4 � � �  � 5 > 8 5 > W $
(6)

where �u � � � � s �
Q

� m s y � �l � � � �
Q �

and �l � � � �
Q

is similarly constructed as l � � � by replacing� � � � with � � � � � �
Q
. The total number of symbols from user

( � � � ) can be calculated as�z � � � � �  ^ > � 8 � � � � R $ � � 8 � � � � R � �d � � � > * ( |  �g � � � $ (7)

Finally, the received data vector becomes

�a  5 $ � GQ
� s � � � � �u � � � � s �

Q v � � � � 4 � � �  � 5 > 8 5 > W $ > ��  5 $ (8)

where W � 8 � � � � take all integers in � * � � - , � ( � 8 � � � � R � ^ ( * - ,� * � � � - and � * � � - respectively. Structured signature wave-
forms of various symbols from user ( � � � ) will be utilized
in our channel estimation.

3. BLIND CHANNEL ESTIMATION

Our channel estimator will be derived based on the data cor-
relation matrix. Corresponding to different multirate access
schemes, these methods will be described in the next two
subsections respectively.

3.1. Channel estimation for MPG CDMA

According to the data model (5), the correlation matrix is
easily found to be� � G

� � � � s � �� u � � � � s v � � � v � � � � u � � � � � s > � �� � (9)

where � �� is the input power, � �� is the noise power. It is
clear that

�
is linearly parameterized by v � � � v � � � � and � �� .

Assume ��
is an estimate of

�
. By matching ��

with
�

,
one could minimize the matching error and obtain those un-
knowns. To achieve this goal, we take a � � � operation on

�
to obtain a long vector. After defining� � � � �  � $ � � � � � � � �� v � � � v � � � � �

III - 2582



¡ � � � � � � �  � � � � $ � ¢ � � � � G s u ¥� � � � s ¦ u � � � � s �
we can find � � § ¡ where ¦ denotes the Kronecker prod-
uct [2], ¡ is a long vector including all ¡ � � � and � �� as its
entries, and correspondingly § has entries ¢ � � � and � � �  � $
stacked row-wise. Since

�
is a Hermitian matrix, we in-

troduce a selection matrix ¨ to remove some redundant
elements in � by picking up only elements of the lower tri-
angular part of

�
(including the diagonal elements) [7]

¨ � © W ª A « � ­ � © W ª A « ¨ � � & & & � ¨ ­ I � ® ® �
¨

Q
� � ¯ ° ­ I

Q ± ³ Q � � ­ I
Q

- � W � * � & & & � \ ( * �
We thus can build the following matching cost function with
a positive weighting matrix ´µ �  � � ( § ¡ $ � ¨ / ´ ¨  � � ( § ¡ $ (10)

It is observed that
µ

is a quadratic function of ¡ . Minimiz-
ing

µ
leads to a unique solution

�¡ � · � � � � · � �  § � ¨ / ´ ¨ § $ I � § � ¨ / ´ ¨ �
(11)

Since � � � � can be reconstructed from ¡ by extracting cor-
responding ? � � � > * consecutive sub-vectors each of which
is of length ? � � � > * , and stacking into a matrix

� � � � � º � � �  � ¦ ¡ $ � (12)

an estimate of � � � � can be similarly obtained from �¡ . After
eigenvalue decomposition (EVD) on � � � � , the estimate ofv � � � is the eigenvector associated with its maximum eigen-
value » � � � � � with a scalar ambiguity.

3.2. Channel estimation for MC CDMA

Following the same line and starting from (8), one can de-
rive a vectorized correlation � � � �§ ¡ where �§ has entries
as �¢ � � � and � � �  � $ , and

�¢ � � � � G s �
Q �u ¥� � � � s �

Q ¦ �u � � � � s �
Q �

The cost function to estimate the channel has a similar form
as (10). Due to this similarity, it suffices to discuss the MPG
access scheme in detail while obtaining results for the MC
access scheme by slight modification. Next we will analyze
the performance of the proposed estimator.

4. PERFORMANCE ANALYSIS

In this section, we will derive the covariance of the chan-
nel estimate. In our estimation,

�
is estimated from ¼ data

sample vectors �� � �½ 
 ½9 � � a  5 $ a �  5 $ � This estimate
is deviated from

�
due to insufficient (finite) data sam-

ples. Denote the perturbed quantity by preceding it with| : | � � �� ( �
and correspondingly | � � � � ( � . Ac-

cording to (11), | � results in an error in ¡ : | ¡ � · � | � �

Consequently, | � � � � � º � � �  � ¦ | ¡ $ � Denote the bias
of channel estimate by | v � � � . Since v � � � is an eigenvector
of � � � � corresponding to its maximum eigenvalue » � � � � � ,
then | v � � � has the following form [6]

| v � � � ¿ (  � � � � ( » � � � � � � $ À | � � � � v � � � (13)

where Á represents pseudo-inverse. After substituting | � � � �
and using the property of ¦ for any vectors Â and Ã :  � ¦Â $ Ã � Ã ¦ Â � we obtain | v � � � from | ¡

| v � � � ¿ · � � v � � � ¦  · � | � $ - (14)
where · � � (  � � � � ( » � � � � � � $ À º � � � �
It shows that | v � � � is affected by | � - an indicator of ac-
curacy of correlation estimation. According to (14), the co-
variance of | v � � � can be derived from the covariance of | �Å Æ ¿ · � � � � � � ¦  · � Å È · � � $ - · �� (15)
where Å Æ � É « | v � � � | v � � � � ® � Å È � É « | � | � � ® �
It is worth to emphasize that

Å È
is also essential for the

optimality of the estimator. If ´ �  ¨ Å È ¨ / $ I � , then�v � � � is an asymptotically optimal estimator [4]. Therefore,
we will derive a closed form for

Å È
next.

It can be observed that
Å È

depends on the fourth order
statistics of the channel output. To simplify our notations,
we rewrite (5) differentlya 9 � Ê Ã 9 > � 9 (16)

where all inputs are collected in a vector Ã 9 with total Ë
elements, Ê includes signature vectors of those inputs. The
following can be easily verified firstÅ È � *¼  É « � 9 � �9 ® ( � � � $ � � 9 � � � �  a 9 a �9 $ � (17)

Assume inputs are i.i.d. with � �� 1� É « Í 4 � � �  5 $ Í � ® , Î � 1�É « 4 �� � �  5 $ ® , � Ï � 1� É « Í 4 � � �  5 $ Í Ï ® . Their third order mo-

ments are assumed to be zero. Similarly we define � �� 1�É « Í �  5 $ Í � ® , Î � 1� É « � �  5 $ ® , � Ï � 1� É « Í �  5 $ Í Ï ® . Then
after some manipulations, it can be shown that [7]É « � 9 � �9 ® �  Ê ¥ ¦ Ê $ Ð �  Ê / ¦ Ê � $ > Ð �> � �� � �� �  Ê Ê � $ ¥ ¦ � ­ > � ­ ¦  Ê Ê � $ -> � �� � �� � � �  Ê Ê � $ � � � /  � ­ $> � �� � �� � � �  � ­ $ � � � �  Ê Ê � $> Î ¥� Î �  Ê ¥ ¦ � ­ $ Ð �  � ­ ¦ Ê � $> Î � Î ¥�  � ­ ¦ Ê $ Ð / �  Ê / ¦ � ­ $ (18)

where Ð � and Ð � depend on the high order statisticsÐ � � É «  Ã 9 Ã �9 $ ¥ ¦  Ã 9 Ã �9 $ ®�  � Ï � ( Ò � Ï� ( Í Î � Í � $ Ó Ô > � Ï� � Ô Õ> � Ï� � � �  � Ô $ � � � /  � Ô $ > Í Î � Í � Ö Ô (19)
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Ð � � É «  � 9 � �9 $ ¥ ¦  � 9 � �9 $ ®�  � Ï � ( Ò � Ï� ( Í Î � Í � $ Ó ­ > � Ï� � ­ Õ> � Ï� � � �  � ­ $ � � � /  � ­ $ > Í Î � Í � Ö ­ (20)

Ó
Q

� © W ª A « × � �
Q × / � �

Q
� & & & � × Q

�
Q × /Q �

Q ® � W � Ë or \ (21)

Ö
Q

� � �
Q ¦ × � �

Q
� & & & � �

Q ¦ × Q
�

Q
- / � W � Ë or \ (22)Ð � � � Ð

Q
� s - Ô ³ ­ � Ð

Q
� s � × s � ­ × /Q � Ô (23)× � � � � Õ is a unitary vector of length � � with only the � � -th

element unity, �
Q

is an identity matrix of dimension W .
Once É « � 9 � �9 ® is obtained,

Å È
can be evaluated from

(17) thus
Å Æ

according to (15). Asymptotically optimal per-
formance can be achieved by setting ´ �  ¨ �Å È ¨ / $ I �
where �Å È

can be directly estimated from data

�Å È � *¼
½G

9 � �  � � 9 � � �9 $ ( *¼ �
½G

9 � � � � � 9 � ½G
9 Õ � � � � �9 Õ (24)

Simulation examples will be provided for verification next.

5. SIMULATION

We simulate a dual rate MC CDMA system with random
spreading codes and multipath effect. The mean square
channel estimation error (MSE) estimated from Ú " realiza-
tions is adopted as the performance measure. Parameters
are set as follows: \ � � � � * Þ , � � � Ò , � � � Ò ,�

� � Ò � � , ? � ß . Fig. 1 shows results with respect
to different ¼ for a low-rate user. Stars, solid line, cir-
cles, dashed-dotted line and dashed line are obtained based
on ´ � � , estimated ´ ( ´ �  ¨ �Å È ¨ / $ I � ), opti-
mal ´ ( ´ �  ¨ Å È ¨ / $ I � ), theoretical analysis with´ � � and theoretical analysis with optimal ´ . It can be
observed that the weighting matrix significantly affects the
performance. The estimators based on the optimal weight-
ing matrix performs better than those based on ´ � � . It
is also seen that the solid line agrees with the circles after
a few hundred symbol periods. This indicates that the data
sample based estimator performs as well as the optimal es-
timator. Additionally, our simulation results are consistent
with the corresponding analytical results. Similar conclu-
sions can be made based on the results for a high-rate user
in Fig. 2. However, the overall errors are smaller than those
for the LR user.
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