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Abstract— Power of R (POR) technique has been successfully
applied to multiuser detection for a direct sequence code-division
multiple access (CDMA) system even when multipath channel is
unknown. It yields channel estimate asymptotically converged to
that of the ideal subspace approach while without request of
estimation of the noise subspace of the received data covariance
matrix. Its applicability in multiple access ultra-wideband (UWB)
systems is investigated in this paper. First, a time-hopping (TH)
UWB system using pulse position modulation (PPM) is converted
to a linear form similar to a multirate CDMA system, after
transforming modulation delays to amplitudes of pulses andthen
defining a new set of virtual inputs for each user. Based on
the new multirate model, POR technique is applied to estimate
unknown channel parameters. Performance of the proposed
channel estimator is analyzed and verified. Comparisons with
other approaches are also performed.1

Index Terms - Power of R, ultra wideband, channel
estimation, subspace.

I. I NTRODUCTION

Recently there emerges considerable interest in studying and
deploying time-hopping (TH) ultra-wideband (UWB) commu-
nication systems due to their appealing features and recent
release of the spectral mask from the Federal Communications
Commission. UWB technology is an ideal candidate for secure
low-power multiuser communications. It offers exceptional
multipath resolvability, robustness to jamming, low probability
of interception and detection [1].

In a UWB system, typically a RAKE receiver is employed
to detect the information symbols. It consists of multiple
waveform correlators [2]. This low-complexity implementation
sacrifices performance and yields a large discrepancy from the
optimal receiver. To fully capture signal energy spread over
multiple paths, the receiver needs to know channel parameters
when correlation is performed. In a dense multipath wireless
environment, channel information is not knowna priori. Chan-
nel parameters can be either measured or estimated. However,
field test is sensitive to location and time, and not feasible
for an unknown environment in general. Although maximum
likelihood (ML) channel estimation methods [3], [4] provide a
theoretical guidance for evaluation of other channel estimators,
they are computationally prohibitive. Meanwhile, multiuser
interference (MUI) is approximated as a Gaussian process
which may lead to degraded performance. Low complexity
channel estimators with explicit consideration of MUI are
thus more desirable. They are also required by either existing

1Prepared through collaborative participation in the Communications and
Networks Consortium sponsored by the U. S. Army Research Laboratory un-
der the Collaborative Technology Alliance Program, Cooperative Agreement
DAAD19-01-2-0011. The U. S. Government is authorized to reproduce and
distribute reprints for Government purposes notwithstanding any copyright
notation thereon.

RAKE receivers or other advanced detectors such as linear
multiuser receivers [5].

Since modulation delay causes non-linearity of the system,
which is not easy for signal processing, we thus first transform
the UWB channel input/output model to a linearly modulated
system following [5] at a pulse rate sampling. The new “linear”
model casts the modulation delay into amplitudes of newly
defined pulses. The TH sequence uniquely specifies a “code”
matrix for each user that only contains zeros and ones to
indicate whether contribution of the channel exists or not.Then
received data is linearly dependent on amplitude, code matrix
and channel in a tri-linear form. If we treat “code” matrix tobe
in a similar role as code matrix in a CDMA system, then the
model will be shown to be similar to a multi-code multirate
CDMA system [6], leading to possible application of Power
of R (POR) technique [7], which outperforms a minimum
variance method [8].

In this paper, we use lower case boldfaced letters for vectors,
upper case boldfaced letters for matrices. Denote transpose
by T , inverse by−1, pseudo-inverse by† and determinant by
det(· · ·). E{·} represents expectation of a random variable,Ia

an identity matrix of degreea whoseith column is denoted
by ea,i. 1a is a vector of lengtha with all elements equal to
one. δ(·) is a discrete-time unit impulse function.⌊·⌋ stands
for integer floor, while⌈·⌉ for integer ceiling,⊗ for Kronecker
product.

II. D ISCRETE-TIME UWB SYSTEM MODEL

Assume there areK users simultaneously sharing the spec-
trum in a multiple access (MA) TH-UWB system. The trans-
mitted baseband UWB signal from userk can be described by
[5]

αk(t) =
√
Pk

∞∑

i=−∞

w(t − iTf − ck(i)Tc − τIk(⌊i/Nf ⌋)) (1)

wherePk is the kth user’s transmission power,w(t) is the
baseband monopulse,Tf is the frame duration,Nf is the
number of frames over which anM -ary PPM symbol repeats,
ck(i) ∈ [0, Nc − 1] is a periodic hopping sequence with
period equal to one symbol period. Each chip has durationTc.
Ik(⌊i/Nf⌋) ∈ [0, M −1] is thekth user’s information bearing
symbol during theith frame,τIk(⌊i/Nf ⌋) = Ik(⌊i/Nf⌋)σ is the
corresponding modulation delay in a multiples ofσ seconds.
AssumeTf = NcTc andTc = Mσ. Eq. (1) shows a nonlinear
relationship betweenαk(t) and the transmitted information
symbol. However, a linear relationship can be obtained as
shown in [5]. Let us defineM virtual inputs for userk
with the mth one assk,m(⌊i/Nf⌋) = δ

(
Ik(⌊i/Nf⌋) − m

)
.

Clearly, only one of theM inputs will be nonzero each time.



Correspondingly,M pulse-rate code sequences are defined
for the M virtual inputs with themth sequence asck,m =
c̃k ⊗ eM,m, wherec̃k is the chip-rate code sequence with its

ith element defined as̃ck(i) = δ
(
⌊i/Nc⌋Nc+ck(⌊i/Nc⌋)−i

)
.

Then, (1) can be equivalently expressed as

αk(t) =
√
Pk

∞∑

i=−∞

M−1∑

m=0

uk,m(i)w(t − iσ) (2)

whereuk,m(i) =
∑∞

l=−∞ sk,m(l)ck,m(i−lP ), P
∆
= MNcNf ,

and ck,m(i) is the ith element ofck,m. If we define an
effective channel including effects from modulated pulse at
the transmitter, propagation channel and matched filter at the
receiver bygk(t) =

√
Pkw(t)⋆ ḡk(t)⋆w(−t) where⋆ denotes

convolution, then the received signal at pulse rate becomes

y(n) =
∑

k,m

q∑

i=0

uk,m(n − i − dk)gk(i) + v(n). (3)

where v(n) and dk denote additive white Gaussian noise
(AWGN) and propagation delay of userk, respectively. The
effective channel delay spread is assumed to beqσ. If we
collect P samples fromy(nP + 1), . . . , y(nP + P − 1), then
the received data vector follows [8]

yn =
∑

k,m,l

Ck,m,lgksk,m(n + l) + vn (4)

wherel takes all integers from−⌈q/P ⌉ to 0, gk is an unknown
channel vector for userk which contains channel coefficients
at the pulse rate and power factor

√
Pk, Ck,m,l is a code

filtering matrix constructed fromck,m. This model can be
compactly expressed in another form

yn =
∑

k,l

Hk,lsk,n,l + vn = Hsn + vn (5)

after collectingM inputs in a vectorsk,n,l = [sk,0(n +
l), · · · , sk,M−1(n + l)]T , defining a corresponding effective
channel matrixHk,l = [Ck,0,lgk, · · · , Ck,M−1,lgk], and
successively stack such matrices (or vectors) inH (or sn).

III. B LIND CHANNEL ESTIMATION AND SYMBOL

DETECTION

According to (5),yn has nonzero mean, which will induce
nonzero cross terms in its correlation matrix and is inconve-
nient for channel estimation. Therefore, we first obtain zero-
mean data. Noticing thatE{yn} is given by ȳ

∆
= E{yn} =

1
M

∑
k,m,l Ck,m,lgk, the zero mean data vectorzn

∆
= yn − ȳ

is given by

zn =
∑

k,l,m

Ck,lgkak,m(n + l) + vn = H, (6)

whereak,m(n + l) = sk,m(n + l) − 1
M . For shorter notation,

we denote the information symbol insk,m(n + l) simply by
I after ignoring its time and user dependence. It takes values
0, · · · , M −1 with equal probability 1

M . If we defineak,n,l =
sk,n,l − 1

M 1M , then

ak,n,l = [δ(I), · · · , δ(I − (M − 1))]T − 1

M
1

T
M . (7)

The covariance ofak,n,l, denoted byΦ = E{ak,n,la
T
k,n,l},

can be found to be [8]

Φ =
1

M

M∑

i=1

ẽM,iẽ
T
M,i, ẽM,i = eM,i −

1

M
1M (8)

which has rankM − 1. Let singular value decomposition of
Φ be Φ = BaΛ

2
aBa, then ak,n,l = ΦΛãk,n,l with ãk,n,l

denoting whitened input. As a result, the zero mean data vector
is rewritten as

zn =
∑

k,l,j

Sk,j,lgkãk,n,l + vn (9)

whereSk,j,l =
∑M

i=1 bi,jλ̃jCk,i−1,l for j = 1, . . . , M−1 with
bi,j and λ̃j denoting the(i, j)th element ofBa and thejth
diagonal element ofΛa, respectively. (9) resembles a multi-
rate CDMA system [6], whereSk,j,l can be treated as a code

matrix for thejth input in ãk,n,l. Let R
∆
= E{znzH

n } denote
the covariance matrix of the zero-mean data vector. According
to (9), R =

∑
k,l,j Sk,j,lgkgH

k SH
k,j,l + σ2

vI whereσ2
v is noise

power. Define eigen-decomposition ofR as

R =
[

U s Un

] [
Λs + σ2

vI 0

0 σ2
vI

] [
UH

s

UH
n

]
. (10)

Suppose user1 is the desired user. The subspace approach for
estimatingg1 has been shown to be [9]

ĝ1 = min
||g||=1

M−1∑

j=1

gHSH
j UnUH

n Sjg

whereSj
∆
= S1,j,0 for simple notation. In practice,Un is

not known a priori. It is usually obtained from eigenvalue
decomposition of the sample covariance matrix. Due to effects
of noise and finite samples, the dimension of the noise
subspace may be estimated incorrectly, resulting in degraded
performance of the subspace method. By contrast, power of
R (POR) technique [7] has been shown to asymptotically
estimate the noise subspace without rank estimation, since
σ2p

v R−p can be decomposed for a positive integerp as

σ2p
v R−p = UnUH

n + U sdiag{( σ2
v

λ2
i + σ2

v

)p}UH
s . (11)

Clearly, each null basis has a unity weight, while theith
signal basis has a weight of( σ2

v

(λ2

i
+σ2

v

)p, which is less than

1, irrespective of the noise power.(
σ2

v

λ2

i
+σ2

v

)p can converge to

zero for sufficiently largep. If R−p is used to replace the
noise subspace component, and noticing that scalarσ2p

v will
not affect eigenvector of a matrix, then POR based channel
estimation method is readily obtained as

ĝ1 = arg min
||g||=1

∑

j

gHSH
j R−pSjg. (12)

ĝ1 is the minimum eigenvector ofSH
j R−pSj corresponding

to minimum eigenvalueγpor. It is clear that asp → ∞, the
proposed channel estimate in (12) converges to the subspace
one. On the other hand, although asymptotic convergence is
established forp → ∞, p = 2 is sufficient for satisfactory
performance in practice, as shown by our simulation examples.



A. Symbol Detection

RAKE receiver can be readily constructed based on the
estimated channel to detect the information symbols. Note
that input symbol corresponds to the position of the only one
maximum value inak,n,l. Therefore, we need to designM
receiversf i (i = 1, · · · , M ) with each one corresponding
to each element inak,n,l. Then outputs ofM receivers
are compared and the index of the maximum element is
determined. Considering thatI takes values0, · · · , M −1, our
symbol detection criterion can be described as follows

I = arg max
i∈{1,···,M}

Re{fH
i zn} − 1.

The M RAKE receivers can be shown to beF k,RAKE =
Hk,0.

IV. PERFORMANCE OFCHANNEL ESTIMATION

Channel estimation mean-square-error will be derived in the
presence of nontrivial noise and finite data samples in this
section.

A. Noise Induced Channel Estimation Error

We first study effect of noise. Let

A =
M−1∑

j=1

SH
j R−pSj , A0 =

M−1∑

j=1

SH
j UnUH

n Sj ,

Ap =

M−1∑

j=1

SH
j U sΛ

−p
s U sSj . (13)

Since by (12) the estimated channel vector is the eigenvector
of matrix A corresponding to its minimum eigenvalue (for
convenience, we call it minimum eigenvector). Applying (11),
A can be decomposed as

σ2p
v A = A0 +

M−1∑

j=1

SH
j U sdiag{( σ2

v

λ2
i + σ2

v

)p}UH
s Sj . (14)

Note that the minimum eigenvector ofA0 is exactly the
desired channelg1. If we view the second term on the
right-hand-side of (14) as a perturbation toA0 due to noise
and denote it byδA0, then perturbation of the minimum
eigenvector, or equivalently the channel estimation erroris
given by [10]

δg1 ≈ −A
†
0δA0g1. (15)

We observe that channel estimation error is related to ratio
(

σ2

v

λ2

i
+σ2

v
)p in δA0. At low signal to noise ratio (SNR), larger

p is necessary to achieve smaller channel estimation error.
Since the ratio is a fractional number, theoretically speaking,
good channel estimation performance can be expected for
sufficiently largep, irrespective of noise power. At high SNR,
we can assume thatσ2

v ≪ [Λs]i,i, then the factional term

(
σ2

v

λ2

i
+σ2

v
)p can be expanded by Taylor series, resulting the

following channel estimation error

δg1 ≈ −σ2p
v A

†
0Apg1 + O(σ2p+2

v ) (16)

which shows thatδg1 is at the order ofO(σ2p
v ), much smaller

than that obtained in the minimum variance method [8].

B. Perturbation Error from Finite Data Length

Next we turn to effect of data lengthN on channel mean-
square-error (MSE). Perturbation arises in the estimated data
correlation matrix when it is estimated fromN data vectors
[10]

R̂ =
1

N

N∑

n=1

(yn − 1

N

N∑

n=1

yn)(yn − 1

N

N∑

n=1

yn)H . (17)

Although R̂ converges toR as N → ∞, a perturba-
tion δR due to finite N will cause A perturbed and fi-
nally our POR solution. Here, we are interested in a per-
turbed eigenvector ofA after R is perturbed, and investigate
how δR affects the performance of the channel estimator.
Let gpor denote the ideal channel estimate in the case of
N → ∞. Under small perturbation assumption (largeN )
and using Taylor’s expansion up to the first order, we have
δA = −∑M−1

j=1 SH
j

∑p
k=1 R−kδRR−(p−k)R−1Sj . Due to

δA, gpor is perturbed as̃g, resulting in a perturbation error
δg = g̃ − gpor as the following [10],

δg ≈ −(A − γporI)†δAgpor ≈
M−1∑

j=1

p∑

k=1

T j,kδRtj,k. (18)

where T j,k and tj,k are deterministic quantities given by
T j,k = (A − γporI)†SH

j R−k, tj,k = R−(p−k)R−1Sjgpor.
Therefore the covariance ofδg becomes

Covg ≈
M−1∑

j=1

p∑

k1,k2=1

T j,k1
E{δRtj,k1

tH
j,k2

δR}T H
j,k2

, (19)

and the mean-square-error is equal to the trace ofCovg. Both
are dependent on the weighted covariance ofδR for non-white
inputs, which have been derived in [9], [11].

C. Channel Estimation Error Due to Noise and Finite N

Based on the above analysis, total channel estimation error
due to both noise and finiteN can be computed as in the
following Lemma.
Lemma: For small σ2

v and large N , channel
estimation error E{||g̃ − g1||2} is approximated by
||gpor − g1||2 + E{||g̃ − gpor||2}, where the first term
is obtained from (16) and the second term by the trace of
(19).
Proof: Noticing that (g̃ − g1) = (gpor − g1) + (g̃ − gpor),
E{||g̃−g1||2} is expanded to three terms. The cross term can
be neglected becauseE{δR} = 0 leads toE{g̃ − gpor} ≈ 0

according to (18). Then the lemma immediately follows.2

V. NUMERICAL EXAMPLES

We test performance of the proposed method by simulations
in this section. Second derivative of Gaussian function with
pulse width equal to0.7ns is assumed for the received signal
[2]. All simulation results are based on100 independent
realizations, and each user’s time hopping codes are randomly
generated in each realization. We first consider a UWB system
with Nc = 10, Nf = 4, M = 2, K = 8. Fig. 1 (a) shows
effect of noise withN → ∞ and Fig. 1 (b) shows effect of
data lengthN with SNR = 15dB. As expected, experimental



results are very close to analytical ones in both figures,
verifying our analysis. On the other hand, it is observed that
the POR method withp = 2 has similiar performance as
p = 4, since perturbation error is the dominant error for the
POR receivers withp = 2, 4 when N is not very large.
Therefore, in practice it is sufficient to apply POR withp = 2
for less complexity. Comparisons with nondata aided (NDA)
and data aided (DA) methods in [4] are also performed with
channel MSE plotted in Fig. 2 and BER in Fig. 3, respectively.
The system parameters including channels are taken from
[4] without repetition here.N = 600 is used for channel
estimation. It can be observed that the proposed method,
though a blind method, converges to the DA in a single user
situation, while outperforms DA at most SNRs in the presence
of multiuser interference. Compared with NDA method [4], the
proposed method shows much better performance.2
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Fig. 1. Analysis verification.
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