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Abstract

In this paper we consider a downlink CDMA system
with aperiodic spreading codes and multipath propagation.
Assisted by either multiple antennas or oversampling, mul-
tiple subchannels are created. Then subspace technique
can be directly applied to estimate all channel parameters,
based only on the channel output. The proposed method
does not require either the spreading codes of the users or
pre-processing of the received data. It is also applicable
to an overloaded system. These appealing features make
our method significantly different from existing subspace
approaches.

1 Introduction

Code division multiple access (CDMA) systems with
aperiodic spreading codes (long codes) have recently re-
ceived considerable attention. Aperiodic codes are employed
to more evenly spread transmitted signals over the available
spectrum and maximize system capacity. They help ensure
a secure communication link between communication par-
ties in a hostile environment, protecting users’ information
against intentional interception. Together with other mer-
its, long codes have been adopted in the third generation
CDMA systems and proposed for future networks as well.
However, the difficulty in multiuser detection arises from
the user’s time-varying signature. In a multipath commu-
nication environment, this signature is not known a priori,
making direct design of the detector intractable.

Because of this important challenge, a number of stud-
ies on such systems have appeared. Based on the finite al-
phabet property of the input, an iterative method to estimate
the FIR channels and the transmitted symbols is presented
in [8]. A Toeplitz displacement method for multipath chan-
nel estimation is proposed in [4]. Given the pilot symbols
of all users, the least squares (LS) fitting or iterative maxi-
mum likelihood (ML) approaches are presented in [2], [3].

A blind uplink channel estimation method using correlation
matching techniques is proposed in [10], based only on the
correlation of the channel’s output conditioned on the long
spreading codes. A computationally efficient algorithm has
been reported for downlink channel estimation in [12] and
uplink channel estimation in [11]. Low complexity in the
channel estimation and multiuser detection algorithms can
be achieved when the statistics of the spreading codes are
given [13], [14].

Besides the correlation matching approaches, subspace
concepts [1], [6] have been adopted to estimate the down-
link multipath channel with a precoding structure [7]. In a
long code CDMA system, the noise subspace usually does
not exist in the received data vector space because the aperi-
odic spreading codes virtually increase the number of sources
and make the system appear overloaded. Therefore, group-
based decorrelation is performed in [9] by first obtaining a
new data vector which generates the noise subspace. The
spreading codes of all users in the desired group are needed
to perform a computationally expensive matrix inverse op-
eration at each evaluation step. However, in downlink com-
munications, the desired user may have no knowledge of the
spreading codes of other users, rendering the direct applica-
tion of that method questionable.

In this paper, we seek a channel estimation solution based
on the channel output only. It will be revealed that to di-
rectly apply the subspace technique, spatial/temporal diver-
sity should be employed to generate multiple subchannels.
This diversity extends the dimension of the operational space
and creates more degrees of freedom for the noise subspace.
If we treat each transmitted chip sample as an input, then the
signature vector of each chip input is characterized only by
the unknown channel parameters. Thus by minimizing its
projection onto the estimated noise subspace, the channel
vector can be estimated within a scalar ambiguity. Based on
perturbation analysis [5], the covariance and mean square
error of the channel estimator are derived. Simulation ex-
amples are provided for verification.



2 CDMA Downlink with Aperiodic Spread-
ing Codes

Consider a base station communicating with � mobile
stations in a CDMA system [12]. The � th user is assigned
aperiodic spreading codes ����� 	�

��� ( ��������������������� ) of
length � to spread bit � � 
! "� at time  . After multiplexing,
the base station transmits the combined signals for all users
to each mobile station through a common multipath chan-
nel. Assume the channel is FIR and has order # ( #%$&� )
with #(')� chip rate coefficients. Also assume that at the
mobile station we either have * antenna elements for signal
reception or we oversample the channel output to generate* subchannels. If we use +-,.
! "� to represent the / th com-
posite subchannel impulse response, including the transmit-
ter, the physical channel and the receiver, then the output of
the / th subchannel due to user � is0 �1� ,2
3 "�4� 56 7 8�9 +:,.
3;<�>=��-
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where P , 
3 "� is the white Gaussian noise with variance ROST �UWVIX PQ,2
3 "� X SQY .
If we collect � chip rate samples 0 ,K
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! Z�2'�H�\�]� from each subchannel during the  th bit interval and

put samples from all * subchannels in a big vector^ 
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In (3), n is a *t�&uv
3��'b#Q� block Toeplitz matrix. It is
partitioned into � subblocks row by row with each block
row containing * rows. Its first block row is ` w�xIi
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Other successive block rows are obtained by shifting the
previous row to the right by one column. All entries in n
are zero except entries of the form w . o � 
3 "� includes the
spreading codes and bits of user � at time  and  @�d� as
followsoQ�-
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! "� can be treated as a combined input from all users with�t'v# elements. The signature of each element is the cor-
responding column vector in n . If * �&� , the model vir-
tually represents a single input multiple output (SIMO) sys-
tem [6]. In this case, n becomes a tall matrix. Then the
signal subspace is invariant and well defined. Thus the sub-
space method is readily applicable to estimate all subchan-
nels. However, it can be easily observed that if we focus
on the signature waveform of the transmitted bit which is
the channel convolved with spreading codes, then the sig-
nal subspace varies from bit to bit, rendering the subspace
method not directly applicable.

3 Subspace-Based Downlink Channel Estima-
tion

From our previous analysis, all columns of n span the
signal subspace which is time invariant. We define its columns
as �s� for ������#���[�[�[��1����[�[�[��1����� . And collect the un-
known channel parameters in a vector� � ` + N 
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Then � 9 �)` � k �1����[�[�[��1�Qi k . If we define� ���2� a�� 5F� N>�x � �
then � 9 � � � . Other columns � � also contain partial/full
copies of vector

�
together with some zeros. To explore this

relationship, we introduce a Jordan matrix � with all �Q��=
in the first sub-diagonal. For convenience, we also use the

symbol � DZN to denote � k although � is singular: � D�N���� k and define � 9 as an identity matrix. Then � � can be
obtained by shifting all elements of � 9 up or down by �F*
positions �s�O��� � a � 9 ��� � a � � � (5)

To use the subspace technique, we form a data matrix � by
concatenating � observation vectors����` ^ 
3 "� ^ 
! �'f�]��[�[�[ ^ 
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where ¡ similarly contains � vectors of o£
! "����[�[�[���o�
3 ¤'�����h� , ¢ is a noise matrix. Applying singular value de-
composition (SVD) to a noise free data matrix ¥� yields¥�¦�dnE¡~�¨§ª©\«}© 	b¬ �.­ « xx xd� ��®?¯«® ¯	 � �
It is well known that ©\« spans the signal subspace which
is the column span of n . © 	 spans the noise subspace with
dimension *t���b���b# . Therefore © ¯	 nr�°x . Hence
we obtain our channel estimation method by minimizing±�± © ¯	 n ±²± S where

±²± [ ±�± refers to the Frobenius norm of a ma-
trix. After considering (5), the channel

�
is estimated from

noisy data by³� �b´Qµ�¶r·W¸²¹º»º � º»º 8ON � ¯ y{�¼ DZN6� 8½D 5 � k � D � a ³©?	 ³© ¯	 � � a � �� �
(6)

where
³© 	 is an estimate of © 	 . Therefore

³�
is the eigen-

vector of the inner matrix corresponding to its minimum
eigenvalue.

It can be observed that it is required that *t���b�b'e#
to guarantee the existence of © 	 . If #\$)� , then we need
to choose *¿¾fÀ for multiple subchannels. As # increases,
more subchannels are needed for the channel to be identi-
fiable. The key contribution of this paper lies in the for-
mulation of the downlink channel estimation problem for
aperiodically spreading CDMA systems into one which is
solvable by the subspace method directly from the channel
output.

4 Performance Analysis

We begin by developing the perturbation to the noise
subspace due to an imperfect estimate of the received data
vector. Let the noisy data matrix be decomposed�¦� ¥�&'g¢ ��
 ³©Á« ³© 	��ÃÂ ³­ « xx ³­ 	fÄ Â ³® ¯ «³® ¯	 Ä (7)

where
³© « � © « 'bÅ © « and

³©G	 � ©G	 'bÅ ©G	 are the
perturbed signal and noise subspaces. Similarly

³­ « and
³­ 	

are the perturbed versions of ­ « and ­ 	G�Æx respectively.
It can be shown that the first order perturbation of the noise
subspace due to noise has a form [5]Å © 	ÈÇ ©¤« ­ D�N« ® ¯ « ¢ ¯ © 	È���(
 ¥�ÊÉ�� ¯ ¢ ¯ © 	 (8)

where Ë denotes the left pseudo-inverse. In the absence ofÅ © 	 , (6) will provide an exact channel vector which is the
unique null vector of the following objective matrixÌÎÍ ¼ DZN6� 8½D 5 � k � D � a © 	 © ¯	 � � a � � (9)

However, the appearance of noise introduces Å © 	 and
Ì

is perturbed. According to (9), the first order perturbation
to
Ì

can be easily found to beÅ Ì Ç ¼ D�N6� 8ED 5 
 � k � D � a Å © 	 © ¯	 � � a �' � k � D � a ©¤	 Å © ¯	 � � a � ��� (10)

When the perturbed cost function is minimized, the pertur-
bation in the channel estimate Å � can be computed asÅ � Ç�� Ì É Å Ì � � (11)

After substituting (8) in (10) and then (10) in (11), we obtainÅ � Ç ¼ D�N6� 8ED 5 Ì É � k � D � a ©¤	�© ¯	 ¢ ¥�%É�� � a � � � (12)

where the orthogonality between © ¯	 and
�

has been ap-
plied. For convenience, we define¡¤�Ï� Ì É � k � D � a ©G	�© ¯	 �ÑÐO�O� ¥�@ÉJ�Q�>�
(12) becomes Å � Ç ¼ DZN6� 8ED 5 ¡ � ¢ÒÐ � � (13)

Now the covariance can be computed in a compact formUWV Å � Å � ¯ Y Ç UÎÓÔ Õ ¼ DZN6� � � 8ED 5 ¡ � ¢?Ð � Ð ¯� ¢ ¯ ¡ ¯�¤Ö ×Ø � (14)

To gain some insight into the covariance, we will simplify
it by looking closely at the statistics of the noise matrix ¢ .
If we partition ¢ row by row, then under the assumption
that the noise is additive white with variance R ST , it can be
shown that

UWV ¢�Ð � Ð ¯� ¢ ¯ Y ��R ST Ð ¯� Ð � � a ¼ . Therefore
(14) becomesUWV Å � Å � ¯ Y Ç�R ST UÎÓÔ Õ ¼ DZN6� � � 8½D 5 Ð ¯� Ð"�j¡¤�<¡ ¯�¤Ö ×Ø � (15)

Further simplification can be achieved by making an impre-
cise assumption. Observe that only Ð � and ÐZ� are explicitly
input-dependent. If we assume Ð ¯� ÐO� and ¡\�
¡ ¯� are ap-
proximately independent, thenUWV Å � Å � ¯ Y ÇbR ST ¼ DZN6� � � 8ED 5 UbÙ Ð ¯� Ð �1Ú UWV ¡ � ¡ ¯� Y � (16)

Though this equation is not so accurate, computer simu-
lation can be used to quantify how good this assumption



is. The remaining two expectations are dependent on the
statistics of the received data vector and can be derived as
follows. Recalling the definition of ÐE� , we findU Ù Ð ¯� ÐO��Ú � � ¯� U�Û(Ü ¥� ¥� ¯ÞÝ É-ß �s� (17)� � ¯� U Û(Ü nE¡\¡ ¯ n ¯ Ý É ß � � (18)

where the final term comes from the definition of ¥� . Note
that this expression has explicitly separated the signature
elements in n from the coded source data in the ¡ matrices.
Define

³à�á
as the sample correlation matrix of the spread

input sequence. Then we haveU Ù Ð ¯� Ð � ÚK��� ¯� 

n É � ¯ UWV ³à DZNá Y n É � � � (19)

From the statistics of input sequences, the central term re-
duces to [5] UÈV ³à D�Ná Y � ��Z�\R Sâ R Sã � ¼ �O5 (20)

where factor � results from the variance of a typical element
in op
3 "� which is superimposed by � independent variables
(see eq. (3)). Substituting (20) in (19) and then (19) in (16),
a final form for the covariance is approximated byUWV Å � Å � ¯ Y Ç R ST�Z�\R Sâ R Sã ¼ DZN6� � � 8½D 5� ¯� 

n É � ¯ n É � � UWV ¡ � ¡ ¯� Y �

(21)
This form has desirable characteristics as � becomes large.
It also shows how the system load, the power of the noise,
code, and input sequences effect the channel coefficient es-
timate. With more users in the system, lower noise power
or higher signal power, the performance of our estimator
improves.

From
UWV Å � Å � ¯ Y either given by (15) or approximated

by (21), the total mean square error of all estimated ele-
ments in

�
becomes the trace of this variance*�ä U �båçæ]è���é Ü UWV Å � Å � ¯ Y Ý �

This quantity can be used to justify the performance of our
channel estimator.

5 Simulations

We simulate a CDMA system and test several channel
estimators based on our proposed method (solid lines), the
method of Weiss and Friedlander (WF) [9] modified for
multiple channels (dashed lines), and the high and low fi-
delity analytical approximations presented in (15) ( ê ’s) and
(21) ( u ’s). The transmitted sequences and spreading codes

are drawn from a binary constellation `²�ë�:����i and two real
subchannels ( *¿��À ) of order #.��ì are created randomly
for each simulation. Figures 1-3 are obtained based on the
average of 100 Monte Carlo simulations. The mean square
error is adopted as a performance metric*�ä UÃí�á �)���î;3ïh+�
 X �X � X � ³� X S �J�
We compare estimator convergence as a function of trans-
mitted bit period in Fig. 1. The WF method converges
quickly to a low error level, but this is achieved at the high
cost of having to know all user spreading codes. It requires
moderate system load as in the current situation with only 5
users. It is also observed that both of our analytical results
match well with each other. The proposed method tends to
approach the analytical performance as � becomes large.
Fig. 2 shows the performance of the estimators across a
large range of signal to noise ratios (SNRs). The proposed
method performs more closely to the analytical approxima-
tion with increasing SNR. Fig. 3 shows the estimator per-
formance under a variety of user loading conditions. The
WF method suffers severely with increased number of users.
However, increasing the system load can significantly im-
prove the proposed channel estimator.

6 Conclusions

We have presented a method for blind estimation of a
downlink CDMA communication channel with aperiodic
spreading codes. The orthogonality of the noise subspace
and virtual channel signatures proves to be a reliable basis
for estimating the coefficients of the dispersive channel. The
proposed method demonstrated good performance even for
a heavily loaded system, agreeing with our first order per-
turbation analysis for large � and/or high SNR levels. It
requires no knowledge of the user spreading codes and no
pre-processing of the received data. Adaptive methods for
tracking the noise subspace and more efficiently obtaining
the channel estimate are under investigation to reduce com-
putations.
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Fig. 1. Estimator convergence over time with
SNR=15 dB and five users.
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Fig. 2. Impact of SNR on estimator performance
with five users after 1000 bit periods.
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Fig. 3. Impact of system load on estimator perfor-
mance with SNR=15dB after 1000 bit periods.


