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Abstract— Subspace channel estimation technique has been
well studied. It relies on subspace decomposition on the data
covariance matrix to identify either signal subspace or noise
subspace. However, the subspace decomposition process is com-
putationally expensive. This paper applies a novel subspace
approximation (SA) idea to bypass this process for channel
estimation. It is based on a recently proposed “power of R” (POR)
multiuser detection technique that raises power of estimated data
covariance matrix to a positive integer to approximate rather
than estimate the noise subspace component. Thus complexity
is significantly reduced while satisfactory performance isstill
maintained. Channel estimation performance is studied in detail
and compared with that of the well-known subspace method
in the literature. Subspace channel estimation technique has
been well studied. It relies on subspace decomposition on the
data covariance matrix to identify either signal subspace or
noise subspace. However, the subspace decomposition process is
computationally expensive. This paper applies a novel subspace
approximation (SA) idea to bypass this process for channel
estimation. It is based on a recently proposed “power of R” (POR)
multiuser detection technique that raises power of estimated data
covariance matrix to a positive integer to approximate rather
than estimate the noise subspace component. Thus complexity
is significantly reduced while satisfactory performance isstill
maintained. Channel estimation performance is studied in detail
and compared with that of the well-known subspace method in
the literature.

I. I NTRODUCTION

A wireless communication channel usually introduces inter-
symbol interference (ISI) due to multipath propagation. At
the receiver, channel equalization is necessary to mitigate
ISI for successful symbol detection [1]. Due to unknown
channel characteristics, design of equalizers can be facili-
tated by channel estimation. Blind methods rely solely on
the channel outputs instead of requiring system to transmit
training sequences. Among all blind methods, second-order
statistics (SOS) based methods can yield fast convergence and
acceptable performance [2]. They utilize auto-covarianceof
received data samples. Subspace methods are very efficient
and widely studied. They apply subspace decomposition to
the data covariance matrix to obtain either signal subspaceor
noise subspace first [3], [4]. Then, based on an observation that
signature waveforms of transmitted symbols are orthogonal
to the noise subspace, channel parameters can be identified
under some conditions. The idea has been applied to channel
estimation in a code-division multiple access (CDMA) multi-

user system [5], [6] in order to build different multiuser
receivers.

In applying the subspace technique, subspace decomposition
such as eigenvalue decomposition (EVD) is computationally
demanding due to possibly large dimension of the objective
matrix. Therefore, low-complexity algorithms based on the
SOS are desirable. Certainly, subspace tracking techniquecan
be applied to adaptively obtain subspaces [7]. In either batch
processing or adaptive implementation, channel order needs to
be known or estimated. Performance of typical rank detection
methods depends on the signal to noise ratio (SNR) and
sample size in a practical condition [8]. It relies heavily on the
distribution of small eigenvalues of estimated data covariance
matrix. Some methods robust to order overestimation have
been recently proposed such as linear prediction method [9],
matrix outer product decomposition method [10], or a truly ro-
bust method based on shifted versions of the covariance matrix
and the properties of the associated kernel [11]. However, their
performance is inferior to the subspace method when the true
channel order is known [11].

Recently, a power of R (POR) method closely related to the
subspace method has been proposed for multiuser detection
[12], [13]. It raises power of the inverse of the data covariance
matrix R (R−1) to a positive integerm to approximate
the noise subspace component rather than estimate it from
subspace decomposition. Therefore, complexity can be signif-
icantly reduced. In this paper, we apply the subspace approxi-
mation (SA) idea to estimate multiple finite impulse response
(FIR) channels. Though inaccurate, the approximation error
decreases dramatically with increased exponentm irrespective
of channel noise. Asymptotic equivalence of the proposed
method to the subspace technique is demonstrated. Simulation
results show that smallm (m = 2 or 3) is sufficient for the
proposed method to provide satisfactory channel estimate in
practical conditions. Convergence to the subspace method is
also experimentally observed while in particular, low com-
plexity of the proposed algorithm can be easily achieved by
simple and straightforward adaptive implementation. Needless
to mention, our method requires channel order information,
similar to the subspace method.



II. SYSTEM MODEL

In digital communication, if duration of transmitted symbol
w(n) is T , then received baseband signal follows a model [4]

y(t) =

∞∑

n=−∞

w(n)h(t − nT ) + v(t) (1)

where h(t) is the overall channel impulse response includ-
ing the effects of transmitter filter, propagation channel and
receiver filter,v(t) is a white Gaussian stationary process.

For diversity reception and channel estimation purposes, we
assumeP sub-channels are available. They can be obtained
from either oversampling a single sensor at a rate of multiples
of symbol rate, or employing multiple sensors sampling at the
symbol rate at the receiver [4]. In either case, all subchannels
are assumed to have finite duration support with maximum
order q. The discrete-time output of thepth subchannel can
be written by

yp(n) =

q∑

l=0

w(n − l)hp(l) + vp(n). (2)

If we collectyp(n) for p = 1, · · · , P in a vector and then stack
L such vectors corresponding toL current/past successive
symbol intervals in a vectoryn of length ν = LP , then we
obtain a vector/matrix representation [4]

yn = Hwn + vn (3)

whereH is a block Toeplitz channel matrix of sizeν×(L+q),
wn = [w(n), · · · , w(n − L − q + 1)]T is an input vector,vn

is a noise vector. Assume input and noise have zero mean and
varianceσ2

w andσ2
v respectively.

III. R EVIEW OF SUBSPACECHANNEL ESTIMATION

All channel parameters inH can be estimated by the
subspace technique. For convenience, collect allP (q + 1)
unknown parameters in a vectorgd

gd = [h1(q), · · · , hP (q), · · · , h1(0), · · · , hP (0)]T .

Also denote the(j+q+1)th column (j = −q, · · · , 0, · · · , L−1)
of H by hj . Then h0 = [gT

d , 0, · · · , 0]T . If we define a
ν × P (q + 1) matrix S = [IP (q+1),0]T where I is an
identity matrix, thenh0 = Sgd. Other columnshj also
contain partial/full copies of vectorgd together with some
possible leading/trailing zeros. To conveniently explorethis
relationship, we introduce a shift matrixJ with all 1′s in the
first sub-diagonal. We also use the symbolJ−1 to denoteJT

althoughJ is singular:J−1 ∆
= JT and defineJ0 as an identity

matrix. Thenhj can be obtained by shifting all elements of
h0 up or down by|jP | positions

hj = J jP h0 = J jP Sgd. (4)

If the data covariance matrixR = E{ynyH
n } is decomposed

by EVD as

R =
[

U s Un

] [
Λs + σ2

vI 0

0 σ2
vI

] [
UH

s

UH
n

]
(5)

whereΛs = diag{λ2
1, . . . , λ2

L+q}, Us andUn represent the
signal and noise subspaces respectively, thenUH

n hj = 0 for
all possiblej. It is easily found that the rank ofU s is equal
to the rank ofH which is L + q under some assumptions on
all subchannels [4]. Denote it byξs = L + q. Then the rank
of Un becomesξn = ν − L − q. Therefore considering (4),
the subspace channel estimation criterion can be describedas
follows [4]

ĝ = arg min
||x||=1

L−1∑

j=−q

xHSHJ−jP UnUH
n J jP Sx. (6)

Under some identifiability conditions, (6) gives a unique
channel vector up to a multiplicative scalar. In the subspace
technique,Un can be estimated from EVD of data covariance
matrix estimated fromN data vectors

R̂ =
1

N

N∑

n=1

ynyH
n . (7)

However, we will propose a subspace approximation (SA)
technique to approximate the noise subspace component
UnUH

n in (6) from whichgd can be estimated.

IV. PROPOSEDSA CHANNEL ESTIMATION

If (6) is examined once more, it is found that onlyUnUH
n

instead ofUn itself is required. This quantity is clearly related
to R−1 according to (5)

σ2
vR−1 = UnUH

n + U sdiag{(
σ2

v

λ2
i + σ2

v

)}UH
s . (8)

If we raise the power ofσ2
vR−1 to a positive integerm (m =

1, 2, 3, · · ·)

σ2m
v R−m = UnUH

n + U sdiag{(
σ2

v

λ2
i + σ2

v

)m}UH
s , (9)

then the second term on the right hand side of (8) will reduce
weight because σ2

v

λ2

i
+σ2

v

< 1 for arbitrary noise powerσ2
v.

Theoretically,

lim
m→∞

σ2m
v R−m = UnUH

n (10)

irrespective of the noise power. Therefore, estimatingUnUH
n

from R−m has an obvious advantage. It eliminates a need to
estimate the subspace rank and thus mitigates the effects of
noise and sample size by certain degree.

To conclude,UnUH
n can be approximated byR−m after

ignoring a scalarσ2m
v which is unimportant to channel esti-

mation. Therefore, considering (6), our SA criterion becomes

gsa = arg min
||x||=1

xHAx, A =

L−1∑

j=−q

SHJ−jP R−mJjP S.

(11)
Channel estimategsa is the eigenvector ofA corresponding
to its minimum eigenvalueγsa. R−m can be obtained from
direct inversion onRm, or by recursive least-squares (RLS)
estimation ofR−1 from data vectors and raising its power



to m. Parameterm can be properly chosen. Next, we will
analyze effects of noise, parameterm and sample sizeN on
the proposed SA estimator.

V. PERFORMANCE OFSA CHANNEL ESTIMATOR

It is clear that the SA channel estimator is affected by
additive noise (σ2

v). It also depends on parameterm. In
addition, since estimategsa depends onR which can only be
estimated from finite received data samples, effect of sample
size N will also be studied in this section. However, the
analysis will be much involved with arbitraryσ2

v andN . For
analytical convenience, we assume thatσ2

v is small andN is
large, leading to small perturbation toR. Then the perturbation
technique is readily applicable. A brief discussion will be
carried out whenσ2

v can not be assumed small.

A. Effect of Noise

We begin with examination of our channel estimator ob-
tained from (11).gsa is the eigenvector ofA corresponding
to its minimum eigenvalue. Under a small noise assumption,
a perturbation by noise inR causes a perturbation inA.
Thus a perturbation ingsa occurs. For convenience, assume
‖gd‖ = 1. The following two lemmas show dependence of
the objective matrix in our criterion and its eigen-pairs tothe
noise. They can be easily proven using Taylor expansion.

Lemma 1: Under a small noise assumption,A can be
expressed as a power series ofσ2

v as follows

σ2m
v A ≈ A0 + σ2m

v Am − σ2m+2
v mAm+1 (12)

where

Al =

L−1∑

j=−q

SHJ−jP U sΛ
−l
s UH

s JjP S, Λ
0
s = I

for l = 0, 1, · · · , m, m + 1, · · ·. 2

Lemma 2: Under channel identifiability conditions [4], the
eigen-pair(γ, v) of matrix σ2m

v A has different power series
expansions for differentm. If m = 1, it is given by

γsa ≈ σ2
vgH

d A1gd − σ4
v(gH

d A1A
†
0A1gd + gH

d A2gd) (13)

gsa ≈ gd − σ2
vA

†
0A1gd + σ4

vA
†
0A1A

†
0A1gd

+ σ4
v(A†

0A2gd − gH
d A1gdA

†2
0 A1gd) (14)

where† represents pseudo-inverse. Ifm > 1, it has a form

γsa ≈ σ2m
v gH

d Amgd − σ2m+2
v mgH

d Am+1gd, (15)

gsa ≈ gd − σ2m
v A

†
0Amgd + σ2m+2

v mA
†
0Am+1gd. (16)

2

In these lemmas, terms with order higher thanσ2m+2
v are

omitted. Although the eigen-pair(γ, v) of σ2m
v A has different

expansions for differentm, it is observed that corresponding
terms with lowest order (except order zero) ofσv still obey the
same form. Difference arises only in those terms with higher
order. Based onLemma 2, the channel estimation error can be
easily obtained. For convenience, denote the error due to the
effect of noise by preceding the corresponding quantity by∆.

Theorem 1: For small σ2
v, the channel estimation error is

given by

∆g = gsa − gd = −σ2m
v A

†
0Amgd + o(σ2m+2

v ), (17)

and the convergence can be established

gsa → gd as σ2
v → 0. (18)

2

The previous results are based on a small noise assumption,
i.e. σ2

v << λ2
i for i = 1, . . . , ξ, which may be violated for a

system with large eigenvalue spread. In that situation, (17)
does not predict the channel estimation error satisfactorily. A
more accurate expression for∆g is thus desirable. According
to (9), we obtain

σ2m
v A = A0 + ∆A0, (19)

where ∆A0 =
∑

j SHJ−jP U sdiag{(
σ2

v

λ2

i
+σ2

v

)m}UH
s J jP S.

For sufficiently largem, ∆A0 can be viewed as a perturbation.
Notice that gd is the minimum eigenvector ofA0. When
channel is estimated from the minimum eigenvector ofA, its
first-order perturbation is then given by [14]

∆g ≈ −A
†
0∆A0gd. (20)

According to (20) and∆A0, the channel estimation error can
still be very small for largem even in the case ofσ2

v > λ2
i

for some i. On the other hand, for smallσ2
v , (20) can be

easily shown to reduce to (17) after further invoking Taylor
expansion.

B. Effect of Parameter m

The SA channel estimation method depends onm. After
noticing (19) andgd is the minimum eigenvector ofA0, a
theorem similar toTheorem 1 can be proved.

Theorem 2: (18) holds for any fixedσ2
v asm → ∞. 2

This theorem shows that the proposed method converges to
the subspace one for sufficiently largem.

C. Effect of Sample Size

As observed from (11), the estimated channel vectorgsa

depends onR which is typically estimated from finite data
samples by (7). Perturbation arises in the estimated data
covariance matrix when it is estimated fromN data vectors
[15]. We will denote a perturbation due to this effect by
preceding the corresponding quantity byδ, and perturbed
quantity with ̂

δg = ĝsa − gsa, δR = R̂ − R.

Although R̂ converges toR as N → ∞, a perturbationδR
due to finiteN will cause A perturbed and finally our SA
solution. Here, we investigate howδR affects the performance
of the SA channel estimator.

According to (11),A depends onR−1. Under small per-
turbation assumption (largeN ) and using Taylor’s expansion
up to the first order, we have

(R + δR)−m ≈ R−m −

m∑

k=1

R−kδRR−(m+1−k) (21)



Then the first order perturbation ofA is

δA = −

L−1∑

j=−q

m∑

k=1

SHJ−jP R−kδRR−(m+1−k)J jP S. (22)

Due toδA, gsa corresponding to eigenvalueγsa is perturbed
with perturbationδg. It can be found that [14], [15]

δg ≈ −(A − γsaI)†δAgsa. (23)

After substituting (22) in (23), we obtain

δg ≈

L−1∑

j=−q

m∑

k=1

T j,kδRtj,k (24)

whereT j,k andtj,k are deterministic quantities

T j,k = (A − γsaI)†SHJ−jP R−k,

tj,k = R−(m+1−k)J jP Sgsa.

It can be proved that due to concurrence ofT j,k andtj,k, the
channel estimation error will not be significantly amplified
by noise althoughR−k for k = 1, . . . , m are involved. The
covariance ofδg can be found from (24)

Covg ≈
∑

j1,j2,k1,k2

T j1,k1
E{δRtj1,k1

tH
j2,k2

δR}T H
j2,k2

, (25)

and the mean-square-error is equal to the trace ofCovg.
Both are dependent on the weighted covariance ofδR in
a form Ψ = E{δRDδR} where D can be replaced by
quantitiestj1,k1

tH
j2,k2

. Its closed form has been derived in [16]
if covariance matrixR is estimated fromN independent data
vectors by (7) for given data model (3).

Considering both noise and sample size, we further obtain
the channel estimation error.

Theorem 3: For smallσ2
v and largeN , channel estimation

mean-square-error (MSE) is given byMSE ≈ ||∆g||2 +
tr(Covg) where the first term is obtained from either (17)
or (20) and the second term by (25). 2

So far, we have studied channel estimation performance due
to noise, design parameterm and sample sizeN . The proposed
method requiresR−m. If inversion of R is directly invoked,
then it is computationally complex. We consider update of
R−m next to reduce complexity.

VI. U PDATE OFR−m

Update of matrixR−m can be derived by applying the
matrix inversion lemma. If the covariance matrix is updated
from its previous value and received data vector as follows
[17]

Rn = βRn−1 + ynyH
n (26)

whereβ is a forgetting factor, thenR−1
n can be updated by

R−1
n = β−1R−1

n−1 −
β−2R−1

n−1ynyH
n R−1

n−1

1 + β−1yH
n R−1

n−1yn

(27)

from which R−m
n can be found to be determined byR−l

n−1

for l = m, m − 1, · · · , 1. Therefore, update ofR−m
n requires

update ofR−l
n for l = 1, · · · , m− 1. Starting fromR−1

n as in
(27), we can successively updateR−2

n , · · ·, up toR−m
n based

on either a power operation or multiplication byR−k
n (with

appropriatek) on both sides of (27). With an initial value of
R−1

0 , all other initial valuesR−l
0 follow. Each time, matrix

A can then be constructed and the desired eigenvector can
be obtained from its EVD. For a moderate channel order, this
process is not demanding. However, one may still consider
subspace tracking to reduce computations at this step but is
beyond the scope of the paper.

VII. S IMULATION RESULTS

We test channel estimation performance based on the
channel parameters used in [4] which form a set of four
subchannels with five coefficients each. Transmitted signals
are taken from 4-QAM constellations.L is set to be10. A
normalized mean-square-error (MSE) forgd is adopted as a
performance measure.

The effect of design parameterm is studied for different
SNRs with results presented in Fig. 1 whenN = ∞. m

varies from1 to 6 corresponding to lines from top to bottom.
It is found that there is significant improvement for small
m, for example fromm = 1 to m = 2, or m = 2 to
m = 3, all monotonically with increasedm. After certain
point, slight performance improvement results. For a finite
number of symbol intervals however, monotonic improvement
with increasedm does not always hold due to additional
error from effect of sample size, as predicted byTheorem
3 and shown in Fig. 2 withN = 1000 and averaged from
100 independent realizations. There are totally10 solid lines
corresponding tom = 1 to m = 10 and a dashed line for
the subspace method. It is found that all solid lines form

larger than3 are close to each other except for smallm.
Three upper lines in the region of10 ∼ 15dB correspond
to m = 1, 2, 3. m = 1 gives the worst performance while
m = 3 gives MSEs very close to the subspace method. It can
thus be concluded that the proposed method with smallm

can provide performance as sufficiently good as the subspace
method.

To verify Theorem 3, we use up to105 independent data
vectors (no overlapping in time) and considerm = 3 and
SNR = 20dB only. The solid line in Fig. 3 is obtained from
simulation, and dashed line from analysis. Convergence of the
solid line to the dashed line is observed for largeN . We
also test the proposed adaptive algorithm usingβ = 0.995,
m = 2, and SNR = 20dB. Data covariance matrix is
initialized as 0.01I. One iteration corresponds to one data
vector successively collected. It can be observed from Fig.
4 that after1000 iterations, the MSE reaches about10−2.
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