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Abstract— Subspace channel estimation technique has beenuser system [5], [6] in order to build different multiuser
well studied. It relies on subspace decomposition on the dat receijvers.
covariance matrix to identify either signal subspace or ndie
subspace. However, the subspace decomposition process dsne In applying the subspace technique, subspace decompositio

putationally expensive. This paper applies a novel subspaec such as eigenvalue decomposition (EVD) is computationally
approximation (SA) idea to bypass this process for channel jemanding due to possibly large dimension of the objective

estimation. It is based on a recently proposed “power of R” (®R) - . .
multiuser detection technique that raises power of estimatd data matrix. Therefore, low-complexity algorithms based on the

covariance matrix to a positive integer to approximate ratrer SOS are desirable. Certainly, subspace tracking techmigoe
than estimate the noise subspace component. Thus complgxit be applied to adaptively obtain subspaces [7]. In eithechhat
is significantly reduced while satisfactory performance isstill processing or adaptive implementation, channel orderseed
maintained. Channel estimation performance is studied in dtail be known or estimated. Performance of typical rank detactio

and compared with that of the well-known subspace method . : .
in the literature. Subspace channel estimation technique 4s Methods depends on the signal to noise ratio (SNR) and

been well studied. It relies on subspace decomposition on ¢h Sample size in a practical condition [8]. It relies heavitythe
data covariance matrix to identify either signal subspace o distribution of small eigenvalues of estimated data cavare
noise subspace. However, the subspace decomposition pisEés matrix. Some methods robust to order overestimation have
computationally expensive. This paper applies a novel supace paen recently proposed such as linear prediction methad [9]
approximation (SA) idea to bypass this process for channel tri ¢ duct d it thod [10 tral
estimation. It is based on a recently proposed “power of R” (®R) matrix outer produc eco_mp05| |0n method [10], or. a r. yr
multiuser detection technique that raises power of estimad data PUSt method based on shifted versions of the covariancexmatr
covariance matrix to a positive integer to approximate ratter and the properties of the associated kernel [11]. Howeleir, t

than estimate the noise subspace component. Thus complexit performance is inferior to the subspace method when the true
is significantly reduced while satisfactory performance isstill channel order is known [11].

maintained. Channel estimation performance is studied in dtail
and compared with that of the well-known subspace method in  Recently, a power of R (POR) method closely related to the
the literature. subspace method has been proposed for multiuser detection
[12], [13]. It raises power of the inverse of the data covac&a
matrix R (R™') to a positive integern to approximate

A wireless communication channel usually introduces intethe noise subspace component rather than estimate it from
symbol interference (I1SI) due to multipath propagation. Agdubspace decomposition. Therefore, complexity can befsign
the receiver, channel equalization is necessary to métigatantly reduced. In this paper, we apply the subspace approx
ISI for successful symbol detection [1]. Due to unknowmation (SA) idea to estimate multiple finite impulse respons
channel characteristics, design of equalizers can bei-fac{FIR) channels. Though inaccurate, the approximationrerro
tated by channel estimation. Blind methods rely solely aecreases dramatically with increased exponeinrespective
the channel outputs instead of requiring system to transroit channel noise. Asymptotic equivalence of the proposed
training sequences. Among all blind methods, second-ordeethod to the subspace technique is demonstrated. Siorulati
statistics (SOS) based methods can yield fast convergente eesults show that smath (m = 2 or 3) is sufficient for the
acceptable performance [2]. They utilize auto-covariaote proposed method to provide satisfactory channel estinmate i
received data samples. Subspace methods are very efficattical conditions. Convergence to the subspace method i
and widely studied. They apply subspace decomposition dso experimentally observed while in particular, low com-
the data covariance matrix to obtain either signal subspaceplexity of the proposed algorithm can be easily achieved by
noise subspace first [3], [4]. Then, based on an observdtain tsimple and straightforward adaptive implementation. Nessd
signature waveforms of transmitted symbols are orthogortal mention, our method requires channel order information,
to the noise subspace, channel parameters can be identi§igdilar to the subspace method.
under some conditions. The idea has been applied to channel
estimation in a code-division multiple access (CDMA) multi

I. INTRODUCTION



Il. SYSTEM MODEL whereA, = diag{\?, ... ,A%Jrq}, U, andU,, represent the

In digital communication, if duration of transmitted synibosignal and noise subspaces respectively, #ighh; = 0 for
w(n) is T, then received baseband signal follows a model [l possible;. It is easily found that the rank d¥, is equal
- to the rank ofH which is L 4+ ¢ under some assumptions on
y(t) = Z w(n)h(t — nT) + v(t) 1) all subchannels [4]. Denote it b§, = L + ¢. Then the rank
of U,, becomes,, = v — L — q. Therefore considering (4),
he subspace channel estimation criterion can be descaibed
ollows [4]

n=—oo

where h(t) is the overall channel impulse response inclu

ing the effects of transmitter filter, propagation channad a

receiver filter,u(t) is a white Gaussian stationary process. R ) H oH 7—iP H 4P
For diversity reception and channel estimation purposes,w 9 = a8 Jht, 2 STITUNU, I Sz (6)

assumeP sub-channels are available. They can be obtained J=—a

from either oversampling a single sensor at a rate of mekiplUnder some identifiability conditions, (6) gives a unique

of symbol rate, or employing multiple sensors sampling at titchannel vector up to a multiplicative scalar. In the subspac

symbol rate at the receiver [4]. In either case, all subchEnntechniquelU,, can be estimated from EVD of data covariance

are assumed to have finite duration support with maximumatrix estimated fronlV data vectors

orderg. The discrete-time output of theth subchannel can

L-1

N
: =~ 1
be written b R=— o 7
y q N ; Ynln (7
yp(n) = w(n —Dhy(1) + vp(n). (2)  However, we will propose a subspace approximation (SA)
=0 technique to approximate the noise subspace component
If we collecty,(n) for p = 1,---, P in a vector and then stack U, U’ in (6) from whichg, can be estimated.

L such vectors corresponding tb current/past successive
symbol intervals in a vectog,, of lengthv = LP, then we
obtain a vector/matrix representation [4] If (6) is examined once more, it is found that orl, U
instead ofU,, itself is required. This quantity is clearly related
to R~! according to (5)

IV. PROPOSEDSA CHANNEL ESTIMATION

vy, = Hw, + v,

whereH is a block Toeplitz channel matrix of size< (L+q), S o . o2 .

w, = [w(n),---,w(n — L — ¢+ 1)]7 is an input vectorp,, o =UnU, + Usdiag{(55="5)US . (8)

is a noise vector. Assume input and noise have zero mean and ¢ Y

variances? ando? respectively. If we raise the power o52R~" to a positive integern (m =
1,2,3,--)

IIl. REVIEW OF SUBSPACECHANNEL ESTIMATION )

All channel parameters i can be estimated by the o?mR™™ = U, U + U, diag{( Tu ymyuH 9)

subspace technique. For convenience, collectPilf + 1) A+ 03 °
unknown parameters in a vectgy then the second term on the right hand side of (8) will reduce
. o, : H 2
g, = [hl(q),"',hP(q),"',hl(O),"',hP(O)]T. weight because&%f‘3 < 1 for arbitrary noise powew;.

Theoretically,
Also denote th€j+¢+1)th column = —¢,---,0,---, L—1)

of H by hj. Thenhy = [g7,0,---,0]T. If we define a A@mang*m =U, U] (10)

v x P(qg+ 1) matrix § = [Ipg1),0]" whereI is an . _ . u
identity matrix, thenhy = Sg,. Other columnsh; also Irespective of the noise power. Therefore, estimalingl/;,
contain partial/full copies of vectog, together with some from R™™ has an obvious advantage. It eliminates a need to
possible leading/trailing zeros. To conveniently explthes €stimate the subspz_;\ce rank an_d thus mitigates the effects of
relationship, we introduce a shift matrik with all 1’s in the Noise and sample s%e by certain degree.

first sub-diagonal. We also use the symbjol' to denoteJ” ~ To concludeU,,U, can be approximated bjg™"" after
althoughl is singular:.J ! A T and define7® as an identity ignoring a scalaw2™ which is unimportant to channel esti-

matrix. Thenh; can be obtained by shifting all elements Ofnation. Therefore, considering (6), our SA criterion beesm

hy up or down by|;j P| positions L—1 ‘ ‘
| P T gsa = arg min wHAw7 A - Z SHJ_JPR_WJJPS.
hj =J"hy=J""Sg,. (4) 12]|=1 =

(11)
Channel estimatg,, is the eigenvector ofA corresponding
to its minimum eigenvaluey,,. R~ can be obtained from
R— [ U. U } As+0%2I 0 5 ®) direct inversion onR™, or by recursive least-squares (RLS)
s " 0 o | estimation of R~' from data vectors and raising its power

If the data covariance matriR = E{y,y} is decomposed
by EVD as



to m. Parametern can be properly chosen. Next, we will Theorem 1. For smalls2, the channel estimation error is
analyze effects of noise, parameterand sample sizéV on given by

the proposed SA estimator.
prop AG =g, —ga=—0,"AfAngg+o0(0)""?),  (17)
V. PERFORMANCE OFSA CHANNEL ESTIMATOR and the convergence can be established
It is clear that the SA channel estimator is affected by

additive noise ¢2). It also depends on parametet. In su = 9a @5 0, = 0. (18)
addition, since estimatg,, depends orR which can only be |
estimated from finite received data samples, effect of sampl The previous results are based on a small noise assumption,
size N will also be studied in this section. However, theé.e. 02 << A\? for i = 1,...,£, which may be violated for a

analysis will be much involved with arbitrary? and N. For system with large eigenvalue spread. In that situation) (17
analytical convenience, we assume thtis small andN is does not predict the channel estimation error satisfdgtaki
large, leading to small perturbation . Then the perturbation more accurate expression fdyg is thus desirable. According
technique is readily applicable. A brief discussion will beo (9), we obtain

carried out whery?2 can not be assumed small.
v aEmA = Ag+ AAy, (29)

A. Effect of Noise here AA SHJIPU diag{( oy ym\UH JiF s
where =>. s )™ :
We begin with examination of our channel estimator o 0= 2 9 -

- A +o?
. . : . l1:orsufficientl largen, A Ay can be viewed as a perturbation.
tained from (11).g,, is the eigenvector ofA corresponding ylarg 0 P
to its minimum eigenvalue. Under a small noise assumpti

Ol\rll;)tice thatg, is the minimum eigenvector ofd,. When
} L S channel is estimated from the minimum eigenvectorofits
a perturbation by noise iR causes a perturbation iA. 9 o

Thus a perturbation irg,, occurs. For convenience, assum

grst-order perturbation is then given by [14]
llg4ll = 1. The following two lemmas show dependence of Ag~—AlAAyg,. (20)
the objective matrix in our criterion and its eigen-pairghe
noise. They can be easily proven using Taylor expansion.
Lemma 1. Under a small noise assumptiodl can be
expressed as a power seriesogfas follows

According to (20) and\ Ay, the channel estimation error can
still be very small for largen even in the case of? > \?

for somei. On the other hand, for sma#?, (20) can be
easily shown to reduce to (17) after further invoking Taylor

0?MA X Ag+ 02" A, — 02 PmAL (12) expansion.
where B. Effect of Parameter m
L-1 _ _ The SA channel estimation method dependsnenAfter
A=Y S"TTPUNUTITS, Al =1 noticing (19) andg, is the minimum eigenvector of,, a
j=—q theorem similar torheorem 1 can be proved.
fOri =01 mm-tl. 0 Theorem 2: (18) holds for any fixedr? asm — oo. O

This theorem shows that the proposed method converges to

Lemma 2: Under channel identifiability conditions [4], the o
the subspace one for sufficiently large

eigen-pair(vy, v) of matrix 0™ A has different power series
expansions for differentr. If m = 1, it is given by C. Effect of Sample Sze

Yea = 02gH Argy — ot (gl AV Al A1g, + gl Asg,) (13) As observed frpm _(11), _the estimated channell vegtor
depends onR which is typically estimated from finite data
g ~ gd—05A$A1gd+03A$A1A$A1gd samp_les by (7)_. Perturb_at_lon arises in the estimated data
3(Al Asg, — g Avg, A2 Arg,) (14) covariance matrix when it is estimated frow data vectors
+ 0y(AgA294 — ga Ar19440" A194 [15]. We will denote a perturbation due to this effect by
wheret represents pseudo-inversentf > 1, it has a form preceding the corresponding quantity by and perturbed
quantity with ™

09 =G50 — Gsu> SR=R—-R.

Ysa X0, gd Amga — 0y Pmgd Apyiga,  (15)
~gy— oAl A gy + 0 PP mAl A g, (16 .
920 % 91 = 0" Lo Ama + 7 oAmt1s- (10) Although R converges taR as N — oo, a perturbations R
) . 0 due to finite N will cause A perturbed and finally our SA
In these lemmas, terms with order higher thej?"** are gojution. Here, we investigate haWR affects the performance
omitted. Although the eigen-paiiry, v) of o2™ A has different of the SA channel estimator.
expansions for differentr, it is observed that corresponding  According to (11),A depends onR~'. Under small per-

terms with lowest order (except order ZeI‘O)anSti" Obey the turbation assumption (|argy) and using Taylor's expansion
same form. Difference arises only in those terms with high@p, to the first order, we have

order. Based ohemma 2, the channel estimation error can be m
easily obtained. For convenience, denote the error dueeto th (R+6R)™™ ~R ™ — Z R *SRR-("t1-F  (21)
effect of noise by preceding the corresponding quantity\by 1



update ofR,, for { =1,---,m — 1. Starting fromR,, as in

(27), we can successively updd®;?, - - -, up to R, based

on either a power operation or multiplication tﬂ;k (with
appropriatek) on both sides of (27). With an initial value of
Ry!, all other initial valuesR," follow. Each time, matrix

A can then be constructed and the desired eigenvector can
be obtained from its EVD. For a moderate channel order, this

Then the first order perturbation of is
L-1 m
JA==>"> SHJ PR RR "N JITS. (22)
j=—qk=1
Due tod A, g,, corresponding to eigenvalug, is perturbed
with perturbationdg. It can be found that [14], [15]

sg~ —(A—.I)6Ag,,. (23) process is not demanding. However, one may still consider
o . ) subspace tracking to reduce computations at this step but is
L—-1 m
sg~ > > T;r0Rt; (24) VIl. SIMULATION RESULTS
j=—q k=1 We test channel estimation performance based on the

channel parameters used in [4] which form a set of four
subchannels with five coefficients each. Transmitted sggnal
are taken from 4-QAM constellationd. is set to bel0. A
normalized mean-square-error (MSE) f@f is adopted as a
performance measure.
It can be proved that due to concurrenceltf, andt; ., the  The effect of design parameter is studied for different
channel estimation error will not be significantly amplifie®SNRs with results presented in Fig. 1 whéh = co. m
by noise althoughR ™" for k = 1,...,m are involved. The varies from1 to 6 corresponding to lines from top to bottom.
covariance obg can be found from (24) It is found that there is significant improvement for small
" u m, for example fromm = 1tom = 2, orm = 2 to
Z Tji s EYOREjy i, 1, ORYT g, 1y m = 3, all monotonically with increased». After certain
point, slight performance improvement results. For a finite
and the mean-square-error is equal to the traceCof,. number of symbol intervals however, monotonic improvement
Both are dependent on the weighted covarianceBf in  with increasedm does not always hold due to additional
a form ¢ = E{0RDJ/R} where D can be replaced by error from effect of sample size, as predicted Byeorem
quantitiestjhkltg’kz. Its closed form has been derived in [16B and shown in Fig. 2 withV = 1000 and averaged from
if covariance matrixR is estimated fromV independent data 100 independent realizations. There are totdllysolid lines
vectors by (7) for given data model (3). corresponding tan = 1 to m = 10 and a dashed line for
Considering both noise and sample size, we further obtalre subspace method. It is found that all solid lines feor
the channel estimation error. larger than3 are close to each other except for smail
Theorem 3: For smallo2 and largeN, channel estimation Three upper lines in the region df) ~ 15dB correspond
mean-square-error (MSE) is given bW SE ~ |[|Ag||> + tom = 1,2,3. m = 1 gives the worst performance while
tr(Cov,) where the first term is obtained from either (17)n = 3 gives MSEs very close to the subspace method. It can
or (20) and the second term by (25). O thus be concluded that the proposed method with small
So far, we have studied channel estimation performance dian provide performance as sufficiently good as the subspace
to noise, design parameterand sample siz&/. The proposed method.
method requiresd®~"™. If inversion of R is directly invoked,  To verify Theorem 3, we use up tol0® independent data
then it is computationally complex. We consider update ekctors (no overlapping in time) and consider = 3 and
R™™ next to reduce complexity. SNR = 20dB only. The solid line in Fig. 3 is obtained from
—m simulation, and dashed line from analysis. Convergenckef t
VI. UPDATE OF R solid line to the dashed line is observed for larfye We
Update of matrixR™™ can be derived by applying thealso test the proposed adaptive algorithm usihg= 0.995,
matrix inversion lemma. If the covariance matrix is updated, — 2, and SNR = 20d4B. Data covariance matrix is

from its previous value and received data vector as follovifitialized as0.011. One iteration corresponds to one data

whereT'; ;, andt; ; are deterministic quantities
Tir=(A— D) STT TR
t]k — Rf(m+17k)JjPSg .

(25)

Covgy =

J1,J2,k1,k2

[17]
R, =R, +y,y

where is a forgetting factor, theiR,,* can be updated by

Rfl — ﬁflRfl _ ﬁiQR;ilynnggil
" U1+ R Ly

n—19n

(26)

(27)

from which R,,™ can be found to be determined @',
forl =m,m —1,---,1. Therefore, update aRR,,"" requires

vector successively collected. It can be observed from Fig.
4 that after1000 iterations, the MSE reaches abadit2.
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