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Abstract

In a long code CDMA system, subspace technique is
directly applied to downlink channel estimation when spa-
tial/temporal diversity is available. Detection of the desired
user is performed by typical linear techniques after chan-
nel is estimated. Since the method depends on eigenvalue
decomposition on the data covariance matrix which is typ-
ically estimated from finite data samples, the optimal solu-
tion is then perturbed. Therefore, statistical performance of
both the channel estimator and detectors is analyzed based
on a perturbation technique. It is further justified by numer-
ical examples.

1 Introduction

Code division multiple access (CDMA) spread spectrum
technology has been adopted in the new communication
standards [1], [2]. Direct sequence spreading employs ape-
riodic spreading sequence with period much longer than the
symbol duration. Aperiodic (Long) codes bring about var-
ious advantages, such as immunity of the system to mul-
tiuser interference (MUI) and channel fading on the aver-
age, and establishment of a secure communication link in a
hostile environment. However, they inevitably destroy cy-
clostationarity of CDMA signals and cause the system time-
varying. This situation disables applicability of many of the
existing channel estimation and detection approaches devel-
oped for short code CDMA systems.

Study on channel estimation and detection techniques
for long code CDMA systems has received considerable
attention in recent years. Without channel state informa-
tion (CSI), least squares (LS) fitting or iterative maximum
likelihood (ML) approaches are presented in [3], [4], given
transmitted pilot symbols of all users. Semi-blind channel
estimation solutions via subspace based data projection for
downlink [9] and a deterministic LS fitting channel esti-
mation and sequence detection approach [10] are also de-
rived. Based on a subspace concept, blind downlink chan-
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nel estimation methods are reported [11], [16]. A blind
uplink channel estimation method using correlation match-
ing techniques is proposed in [17]. Low complexity in the
channel estimation algorithms can be achieved when statis-
tics of the spreading codes are given or estimated on-line
[13]. A computationally efficient minimum mean-square-
error (MMSE) detection approach is correspondingly pro-
posed in [12]. Symbol-level and chip-level adaptive MMSE
interference suppression and channel equalization schemes
have also appeared [5], [6], [8].

In downlink, user specific short Hadamard codes are
combined with the base station’s long codes to spread the
signal spectrum. Their orthogonality is destroyed by mul-
tipath propagation. At the receiver, such orthogonality can
be restored after channel equalization [7]. Then the user’s
information sequence can be easily detected by despreading
based on orthogonality of different codes. However, most
existing channel equalization methods assume perfect CSI,
while only focusing on signal detection and performance
evaluation. Meanwhile, the channel estimation method [11]
requires spreading codes of other users which may not be
accessible by a particular mobile user. Our previously pro-
posed downlink channel estimation method [16] is only an-
alyzed by ignoring the particular code structure. Also the
performance of joint channel estimation and detection needs
to be investigated. Therefore in this paper, we further ana-
lyze the channel estimator and linear zero-forcing (ZF) and
MMSE detectors when the data covariance is estimated from
finite number of received data samples. Based on the results
on the second-order statistics of the sample covariance [15],
the covariance and mean-square-error (MSE) of the channel
estimate are first derived in closed forms. Then performance
of those detectors in terms of output signal to interference
plus noise ratio (SINR) is analyzed. Simulation study shows
high consistency between our analyses and numerical re-
sults.

2 CDMA Downlink with Long Codes

Consider a base station communicating with J mobile
stations in a CDMA system. The jth user’s aperiodic spread-



ing codes ¢; (k) (k = 0,..., P — 1), which is the combi-
nation of its Hadamard codes and base station’s long codes,
is used to spread bit w;(n). Let the chip sequence be trans-
mitted through M subchannels with unknown coefficients
gm (n) for the mth subchannel. Each subchannel is assumed
to be FIR and has order ¢ (¢ < P). Then the chip-rate
discrete-time signal due to the mth subchannel is a super-
position of signals from J users corrupted by noise [16]

sj(n) = Y wj(k)eju(n —kP),
k=—c0

where v,,, (n) is the white Gaussian noise with variance o2.

If we collect P chip rate samples [y, (nP), - - -, ym(nP +
P — 1)] from each subchannel and collect samples from all
M subchannels in a big vector, then the received data be-
comes

J
y(n) = Gb(n) + =) bin) @

Jj=1

where G is a M P x (P + q) block Toeplitz matrix whose
first block row is [G, 0] with G given by

gi(g) - 91(0)
G=| N
gm(q) gm(0)
b](n) = [wj(n - 1)0_?:7171(13 —-q:P- 1)7wj(n)c‘¥:n]T7
(3

and ¢, = [¢jn(0),-- -, ¢jn(P=1)]". b
from all users and has P + ¢ elements.

(n) is a sum signal

3 Multiuser Detection in CDMA Downlink

According to [16], G is a tall matrix when M > 2 and
q < P. If all subchannels have no common zeros, then sub-
space technique is directly applicable to estimate all sub-
channels up to a scalar ambiguity. Denote the transmission
power of each user’s symbol as o2, and the covariance of
the base station’s random codes as a . According to (2), the
data covariance matrix is derived as

R = E{y(n)y(n)"} = pGG" + 721, 4)

where p = Jo202. The columns of G span the signal

subspace of R, and are orthogonal to the noise subspace:
Ufg = 0. Let h; (¢ = —q,...P — 1) denote columns of
G, and h as

h = [91(0)7"'7gM(0)7gl(1)7"'7gM(]-)7"'7

91(q), -+, gm(q)]”. Q)

Then h; = J*™ Ah, where A = [T rr(g+1),0]" and J is a
Jordan matrix with all 1's in the first sub-diagonal. Hence,
h can be estimated by [16]

h—argllmlllnlaHXa (6)

where X = Y7 ! AU, UT A, A; 2 TV A,
Once channel vector h is estimated, an MMSE equalizer
or a ZF equalizer can be applied to the received data vectors,
yielding an approximated sum signal. The desired symbol
wy (n) is then detected by despreading sum signal using the
desired user’s codes. These equalizers obey the following
forms
fmmse = B Ah, @

fzf = g(gHg)—le, (8)

where e is a unitary vector with its (¢ + 1)th element as
1. Applying each equalizer to P consecutive data vectors
Y (n) = [y(n),...,y(n + P — 1)] and despreading the
equalized data by the desired user’s code vector ¢y 5, the
symbol wy (n) is estimated respectively as

al,mmse (n) = fgmseY(n)cl,na ©)

W1,27(n) = FELY (n)er n. (10)

Their performance will be evaluated next.

4 Performance Analysis

As observed from (6), (7) and (8), both channel estima-
tor and equalizers depend on R. They Will be perturbed if R
is estimated from N vectors as R = & En Ly(m)yf(n).
In this section, we will study the statistical performance of
the channel estimator and equalizers in terms of channel
MSE and output SINRs.

4.1 Perturbation in channel estimate

This perturbation has been investigated in [16] in terms
of the perturbation of y(n) by noise. Here we will derive a
more accurate form in terms of the perturbation of R. De-
note the perturbation by preceding the corresponding quan-
tity by 8, and the perturbed quantity with 7, i.e., 6h = h—h.
Since R is perturbed by d R, its null space U, is perturbed
by [14]

U, ~ —%(ggH)faRUn,

which results in a perturbation to X

P
§X ~ Y A (U,0UY + 65U U A,;. (11)

i=—q



Due to 6 X, h obtained from (6) is perturbed with perturba-
tion dh [14]
Sh ~ -X'6Xh. (12)

After substituting (11) in (12), applying dU ,, and noticing
that UX h; = 0, we obtain the perturbation of channel esti-

mate
P-1

1
Sh~ = § T U5 Rt; (13)
i=—q

where T'; and ¢; are deterministic quantities
T; = X1APU,, t;=(GG")A;h.

Therefore, the covariance of §h becomes

1
Covi m — Y T UNE{SRt;t] SRYU,TJ, (14)
P
and the mean-square-error is equal to the trace of Covy,.

Both quantities depend on the term E{§ Rt;t}' R}. Hence,
it suffices to determine a matrix in a form

¥ = E{RDSR}, (15)

where D can be replaced by corresponding deterministic
quantities. It is shown in [15] that if all quantities are real,
then

K4p T T 1 1 T
¥ = WQ[I(D(Q DG)\g +Ntr(RD)R+ NRD R,
(16)
where @ represents element-wise multiplication, k4p is the
fourth-order cumulant of the sum signal b(n). For a com-
plex system,

K 1
T = %”g[r © (G"DG)G" + tr(RD)R.  (17)
Therefore, for a given data model, statistical properties of
the inputs and additive noise, ¥ can always be evaluated.
Applying (16) or (17), one can verify that in both cases (14)
further reduces to

2
a.
Covy, = N—;;Z > (¢t Rt)T;T}. (18)
%)
It is interesting to note from (18) that better performance of

channel estimation can be achieved when there are more ac-
tive users in the system.

4.2 Perturbation in SINR

Since both equalizers filter the data vector Y (n)c1,,
by (9) and (10), it is essential to express the data vector
explicitly in terms of desired symbol, interfering symbols
and noise in order to evaluate SINR. If we define B,, =

[b(n),...,b(n+P—-1)]and V,, = [v(n),...,v(n+ P —
1)], then
Yncl,n = ancl,n + Vncl,n-

After substituting b(n), ..., b(n + p — 1) with (2) and (3),
By, c1,, canbe splitas Bpey , = s1wi(n)+Hipgwing(n),
where 81 and H ;,; have particular structures of users’ codes.
Applying the random property of both the base station’s
codes and noise, and invoking the orthogonality of Hadamard
codes, one can verify that

E{Vneinel VI =11,

E{s1s/"} = o*diag{(P —q): (P —1),P?,(P-1):1},
(19)

E{H,H{)} = (J-1)diag{P,...,P,0,P,...,P})
+ o(diag{q:1,0: P -1}, (20)

where v = Po202, . represents succession of integers, 0
is in the (¢ + 1)th position of each of the last two diagonal
matrices.

Based on the above results, SINR is then computed as

H
SINR = - Tuf @
f R'm,tf
where
R, = 02GE{s1s7}GH, (22)
Ry = 02GE{H ;,, HIL 1 G + 1. (23)

Obviously, the perturbation of R will cause perturbations of
equalizers and finally the SINR perturbed to be

FTRf + E{5f"RiS £}
FIRf + E{5fHRint5f} '

Since perturbations of MMSE and ZF receivers are rather
distinct, we will study the corresponding SINRs separately
in the following. For shorter notations, we will drop sub-
scripts for both receivers later.

SINR ~

(24)

4.2.1 MMSE receiver

Using (7) and noticing that R= R+ R, the perturba-
tion in the receiver can be found to be 6f ~ R~ Adh —
R'SRR™ Ah. After substituting (13), it is related to 6 R

by
P-1

5f~ Y QiRt;— R 'SRf, (25)
i=—q
where Q,; = R AT, U f . Two quantities in (24) follow
the same form E{df" ®§ f} with corresponding substitu-
tion of a deterministic matrix ®. Using (25), we have

> tIE{SRQ ®Q,iR}t;

12

E{6fH®sf} =~



+ fYE{SRR'®R7'SR}f
- > t'E{SRQ®R 'SR} f

— ") E{SRR™'®Q, R}t

where each term in the form of E{d RDJ R} can be directly
obtained from (15) or (16).

4.2.2 7ZF receiver

Using (8) and noticing that the perturbed term (5 Hg )t
can be obtained by applying Taylor expansion, the perturba-
tion of the ZF equalizer is derived as

of ~II+6G(GHG) e — (GHHsGH (G e

where IT™ £ T — gGt, gt 2 (GH#G)"'GH. Similarly,

we need to evaluate E{6f” R0} and E{6f" Rini0f}
to obtain SINR.

Because HLQ = 0 and R; in (22) has a particular
structure, it can be found that

E{6fPRi6f} ~ e GtE{6GGT R, (GH)H 66T} (G e.
Thus, to obtain this quantity, it suffices to evaluate a typical
form E{5G®,5G"} and then replace ®; by Gt R, (GT)H.

Noticing the definition of G, &G is related to dh as the fol-
lowing

(26)

G = [A_,0h, ..., Ap_15h).

Then
P+q o

E{6G®:0G"} = 3 @) A;_y_,CovnAT,_,, 27)
i,5=1

where @gi’j ) is the (4, 7)th element of @, and Covy, has
been derived in (18).
To simplify E{d FER;. O f }, let us define the first term
of R;n: in (23) as X
Y =02GE{H;,H:1G".
It can be verified that
E{0f"Rinidf} ~ e"G'E{5GG'2 (G166 }(Gt) e
+ vefIGTE{6G(GHG)~ 166} (G e
+ e (G7G) T E{6GT T 5G}(GTG)e.
The first and second terms can be derived by following (27).
To obtain the third term, we need E{6G”TI*6G}. Con-
sidering the ith column of 6G is A;_1_,0h, the (i,j)th
element of this matrix is E{0h"” ®; ;6h} where ©; ; =
A, TIYA; | ,. Substituting (13) for §h, we have

i—1l—q

(28)
The expectation on the right hand side is readily obtained
according to (15) and (16). Therefore, SIN R follows.

5 Simulation Examples

In this section, we show the performance of the pro-
posed channel estimator, receivers, and also verify our anal-
ysis presented in the previous section. The transmitted se-
quences are drawn from a binary constellation [—1, 1]. Each
user’s short codes are Hadamard codes, which are then mul-
tiplied by base station’s binary random codes. Spreading
factor is set to be 16, the number of active users is assumed
to be 10 and M = 2 is set for the simulated system. To-
tally 100 Monte Carlo simulations are performed to obtain
the average results. Fig. 1 shows the MSEs of the proposed
channel estimator over different V. Fig. 2 and Fig. 3 com-
pare experimental SINRs of the MMSE and ZF receivers
with their corresponding analytical ones respectively. Sat-
isfactory performance can be observed for both channel es-
timation, and SINRs of the two different receivers accord-
ing to these figures. Meanwhile, the experimental results of
both the MSE and SINRs are highly consistent with their
analytical values for large NV, which verifies our analysis.
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Fig. 1. MSE of channel estimation.
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Fig. 2. Output SINR for the MMSE receiver.
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Fig. 3. Output SINR for the ZF receiver.



