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Abstract

In this paper, we study blind multiuser detection in a
CDMA system in the presence of multipath propagation. We
force the receiver to follow a minimum mean-square-error
(MMSE) type parameterized by a channel-like constraint
vector. Then we minimize the Godard’s CMA cost function
with respect to such a constraint vector in a much smaller
dimensional space. Global convergence of the proposed ap-
proach is established. Performance of the channel estima-
tor and receiver is also analyzed, together with comparisons
with existing methods. Simulation results show that the pro-
posed method performs well by both batch and adaptive im-
plementations.

1 Introduction

Multiuser interference (MUI) is a typical obstacle to be
obviated in detection of input signals in a DS/CDMA sys-
tem. Substantial efforts have focused on design of blind
linear multiuser detectors due to their low complexity, ease
of implementation and acceptable performance.

Recently, there emerges significant interest in studying
high order statistics (HOS) based multiuser detection tech-
niques which may yield better detection performance. In a
single-user system, the received signal is corrupted by inter-
symbol interference (ISI) due to multipath propagation. The
constant modulus algorithm (CMA) proposed by Godard
[2] can be implemented at the receiver to effectively sup-
press ISI. The CMA algorithm has also been successfully
applied to a multiple-input multiple-output (MIMO) system
with its convergence analyzed as well [8]. A CDMA sys-
tem is a special class of MIMO systems. When the HOS
based techniques are applied to multiuser detection, differ-
ent methods can be divided into two categories. One is to
design a bank of detectors with each one detecting one user
[1], [5]. Thus all users can be detected at the same time.
This multiuser detection scheme can be implemented in the
base station which is capable of processing large amount of
data in parallel. The other one is to consider only the de-
sired user in a flat fading channel [11] or multipath environ-

ment [4], [9], [12], such as in the mobile station. With given
spreading codes of the desired user, the detector is forced to
satisfy a linear constraint such that signals from the user of
interest are detected.

However, those algorithms have shown certain disad-
vantages. It is clear that approaches suitable for flat chan-
nels suffer from signature mismatch. Among those capa-
ble of multipath mitigation, [4] exhibits local minima and
inability to optimally combine signal components from dif-
ferent paths. The approach [9] is a batch iterative algorithm
based on a batch processing of a block of data. Their global
convergence has not been established analytically. Our pre-
viously developed CMA-based method [12] requires proper
initialization for the constraint vector.

In this paper, we propose a novel CMA-based criterion
to detect a user of interest in a CDMA system in the pres-
ence of multipath distortion. The convergence problem in
[12] motivates us to modify the constraints for the receiver.
We still adopt the Godard’s CMA cost function, but con-
strain the receiver to take a MMSE form with an unknown
channel-like vector. Therefore our cost function is indeed
parameterized by the constraint vector. Through minimiza-
tion either with or without norm constraint, the constraint
vector is shown to globally converge to the desired channel
vector within a phase ambiguity in a small noise system.

2 CDMA System Model

Consider a direct sequence (DS) CDMA system with�
users. User � is assigned a periodic spreading sequence�����
	�� ( 	�
������������������ ). Let the chip sequence be transmit-

ted through a multipath channel with unknown coefficients� � ����� . Then the received chip-rate discrete-time signal � � ���
has the form [13]
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where - ��� ��� is the � -th information symbol from user �
and assumed to take either 7B� or �C� with equal probabil-
ity, 1 � ����� is a signature sequence, and 9D����� is zero-mean
additive white Gaussian noise (AWGN). All quantities in
(1) are assumed to be real in this paper, and the maximum
channel order for all users is denoted as E . Without loss
of generality, user 1 is treated as the user of interest. The
receiver is assumed to be synchronized to this user. Af-
ter collecting F 
HGI� measurements in a vector J,K 
L � ���8���<��������� � � �8�M7 F �:�N�PORQ , the received data vector be-
comes [9]J(K 
TSVUA� ���57XW K 
TY!' - 'Z� �[7\GN]N�57\ST^ K`_ U\^ K`_ � ���57XW K �

(2)
where S#
 L Y ' �aS ^ K`_ O , Y 'cb
ed '�f ' is the signature vec-
tor of the desired symbol - 'Z� �:7gGN]N� with a time offset�ihjGN]ThkG , dl' is the code filtering matrix whose firstGN]m� rows are all zeros, f ' is the channel vector, Un�����o
L - 'Z� �?7pGN]m���@UqQ^ K`_ �����PORQ , U\^ K5_ � ��� is an interference vector
including ISI and multiuser interference (MUI), Sr^ K5_ is the
corresponding signature matrix, W K is the noise vector. The
particular structure of Ys' will be exploited to derive a blind
detector which is capable of combating multipath distortion
and suppressing both ISI and MUI. Throughout this paper,
we assume: (AS1)

L d ' �!S ^ K`_ O has full column rank, which
is also required by the subspace method [10] and the MOE
method [7].

3 Constrained CMA-Based Receivers

The CMA cost function [2] is adopted to obtain a re-
ceiver subject to an MMSE-form constrainttouwvxzy|{~}B� 
V�����&� � K � �[���N���`��� s.t.

x 
�� +�' d '&f (3)

where � K 
 x,� J~K , � is the autocorrelation of J~K . The
constraint on

x
aims at removing user and delay ambiguity.

Constraint vector f is a parameterized channel-like vector.
Applying the constraint of

x
directly to the output yields� K 
 f � d �' � +8' J K . In this way, (3) is transformed to the

following unconstrained onet�uwvf y � f �!
������ f � d �' � +�' J(K2J �K � +�' d�' f ���m� � ��� (4)

Once the optimal f is obtained from (4), the receiver
x

can
be constructed as (3). In practice, unconstrained optimiza-
tion w.r.t. f may suffer from slow convergence or diver-
gence in the presence of model imperfections. To enhance
the robustness of the algorithm, we introduce a norm con-
straint on f . The use of norm constraint for solving some
practical implementation problems has been discussed in
[6]. Since f is expected to converge to f ' , the norm con-
straint is naturally chosen as �w� f ����
���� f ' �w� . The new norm-
constrained optimization problem is formulated ast�uwvf y � f ��
 ����� f � d �' � +�' J(KIJ �K � +�' d�' f ���m���5�

s.t. �w� f �w�Z
g�w� f ' �w��� (5)

If �w� f ' ��� is unknown, we relax the norm constraint to a norm
bound, which results in the norm-bounded optimizationtouwvf y � f ��
 ���2� f � d �' � +8' J K J �K � +�' dl' f ���m�@�`�

s.t. � = ^ K\� �w� f ��� � � =6�<� � (6)

The bounds � = ^ K and � =6�<� should be chosen properly such
that �w� f ' ��� lies in the interval � � = ^ K � � =���� � . One choice is
given by

� = ^ K 
�� ��� Y!'5�w� �t��`�����m�
���Rd �' dl'��&� � � =6�<� 
�� �w� Y!'5�w� �touwv��0���
���Rd �' dl'��@�
when the power of the desired user is known by using power
control. Otherwise, they can be pre-selected for the inter-
val to span a certain range. Due to its loose constraint, the
norm-bounded optimization is expected to achieve a better
performance than the norm-constrained one.

Since the cost functions are all nonlinear, closed-form
solutions are impossible. Gradient descent method is thus
applied to obtain optimal f and then

x
for each approach.

Both batch iterative and adaptive implementations can be
adopted. In the batch iterative implementation, all expec-
tations are estimated by the average over a block of data,
while in the adaptive one, they are approximated by instan-
taneous values except that � +8'

is estimated using a smooth-
ing window.

4 Performance Analysis

We will establish the global convergence of the pro-
posed method for both unconstrained and norm-constrained
cases. We will also present analytical results for the channel
estimation error and output signal to interference plus ratio
(SINR) of the receivers. Their proofs are omitted due to lack
of space. Without loss of generality, we assume �w� f ' �w��
��
and consider a real system throughout our analysis.�s P¡ ¢3£~¤~¥(¦D§�¨(¦D¤ª©�¦¬«A¤ª­�®0¯!°Z±
°

To proceed, we first perform singular value decomposi-
tion (SVD) on S

S²
 L ³µ´A³ K Os¶¸· �¹ º¼» Q (7)

where · � 
V4Z�¾½��l�`¿ ' ���������(¿�ÀZ� ,
³ ´

and
³ K span the sig-

nal and noise subspaces respectively, » is a unitary matrix.
Then � has the following decomposition�e
 ³µ´ � · ´ 7MÁ��ÂZÃ � ³ Q ´ 7MÁ��Â ³ K ³ QK (8)

where · ´ 
 · �� 
�4Z�¾½��D�N¿ � ' ���������a¿ �À � .
The global convergence for both unconstrained and norm-

constrained approaches can be established based on (4) and



(5) respectively. Direct analysis of the stationary points of
(4) and (5) in a very noisy environment is very compli-
cated, since both equations contain higher order cross terms.
Therefore, we only study the convergence when Á �Â�Ä � .

Proposition 1 (Global convergence): Under (AS1) and
when Á �Â¸Ä � , the optimal f obtained by the unconstrained
optimization (4) or the norm-constrained optimization (5)
will converge to the multipath channel f ' up to Å � . The
receiver

x 
T� +�' dl' f will converge to the MMSE receiver.Æ�! �Ç ¢qÈs­(¤ª¤ª¦D®ÊÉ�°`Ë�±PÌT­�Ë�±
£(¤gÉo§�§�£�§
According to our previous proposition, the constraint

vector converges to the channel vector up to Å � at high
SNR. In this section, we analyze the noise effect on the
channel estimation if f is treated as a channel estimate. To
facilitate the analysis, we restrict our attention to the neigh-
borhood of the optimal point of f 
 f ' when the noise
power is small ( Á �Â �C� � ). For another optimal solution� f ' , perturbation due to noise can be similarly analyzed.
The estimated channel, denoted as f 
 f ' 7�Í f ' 7�Í f(Î' ,
has a small deviation from f ' where Í f ' represents the
in-space estimation error and Í f(Î' the error in the orthogo-
nal space. It can be easily verified that Í f ' is much smaller
than Í f(Î' when perturbation is small. Therefore, only Í f~Î'
will be considered in the analysis. The corresponding chan-
nel estimation results are presented in the following propo-
sition.

Proposition 2 (Channel estimation error): For small Á �Â ,
channel estimation error of the unconstrained approach is
approximated by

Í f Î '.Ï Á�ÐÂZÑ\Ò] d Q' ³µ´ · +�'´ ³ Q ´ }$ ^w% � �0Y Q ' ³µ´ · + �´ ³ Q ´ Y|^P��ÓmY|^��
(9)

For the norm-constrained approach, channel estimation er-
ror is approximated byÍ f Î ' Ï �C�Z�ÕÔ5Á;ÖÂ f Q ' Ñ � f ' Ñ\Ò] Ñ '&f ' (10)

where Y ^ is the � th column of S ,Ñ ]Ê
�d Q' ³ K ³ QK dl'N� Ñ '6
¬d Q' ³c´ · +�'´ ³ Q ´ dl'`�
Ñ � 
¬d Q' ³c´ · + �´ ³ Q ´ d�'N� Æ�!  × ØcÙsËZÚ�Ù!Ë.Û|Ü`ÝMÞ

For a linear receiver, the output SINR can be defined asß2à�á¼â 
 � x Q Y ' � �x Q � x �¬� x Q Y ' � � � (11)

Then, the asymptotic SINR ratio of the unconstrained or
norm-constrained approach compared with the ideal MMSE
receiver is presented in the following proposition.

Proposition 3 (Asymptotic SINR ratio): If the receiver isx KZã¾ä 
T� +8' d '�f , where f is obtained from (5) or (4), thenß2à�áåâ6æ�çPèß2à�áåâ6é|é|ê ç Ä � as Á �ÂCÄ ��� (12)Æ
Compared with the MOE method, the proposed methods

give much smaller channel estimation errors (at least in the
level Á ÖÂ vs. Á �Â ). Also the receivers’ performance exhibits
asymptotic superiority according to the previous proposi-
tion.

5 Comparison with TL’s Approach

TL’s approach [9] constructs the receiver by the follow-
ing optimizationt�uwvxHy {(}o� � x �<� s.t. � d Î' � Q � x 
V� (13)

where d Î' 
p��ëD/0/@�Rdl'<� . The receiver
x

is iteratively updated
by x QDì � �\7p�N�!
 x Qlì � ���|�ní�î » K » QK~ï x y|{~}o� (14)

where ï x y {(}o� is the gradient of Godard’s cost function
and » K contains all basis of the null space of ��d Î' . To
compare with TL’s approach, we first obtain the update of f
for the proposed unconstrained algorithmf � �X7p�N�!
 f � ���,�Aí�ðmd Q' � +8' ï x y|{~}o� � (15)

Since
x �����Ê
�� +�' d '&f � ��� , left multiplying � +8' d ' yields

the following equivalent update w.r.t.
xx ���\7p�N�!
 x �����~�ní ð � +�' d�'ad Q' � +�' ï x y {~}o� � (16)

From (14) and (16), it is observed that the difference be-
tween the proposed unconstrained method and TL’s method
lies in the transformation matrix � +�' dl'�d8Q' � +�'

and » K » QK .
From the subsequent analysis, we shall see that the two
matrices are related to each other in the sense that they
share the same basis and differ in singular values. Since� d Î' ��Q,�3� +�' d�'6
 ¹

and d8Q' � +�' dl' has rank E 7:� , � +�' d�'
contains E 7ñ� independent null vectors of ��d~Î' . On the
other hand, the null space of ��d Î' has rank E 7i� , which
implies that � +8' dl' constitutes a null span of �Xd Î' , that is» K 
Tò&ól½��,�N� +�' d�'N� . Therefore� +�' d ' d Q' � +8' 
 » K�ô {�õ » QK (17)

where ô {�õ is a diagonal matrix with the singular values
of � +�' dl'ad Q' � +8'

on the diagonal. From (14), (16) and



(17), it is clear that, during the update of the receiver, TL’s
method tries to project CMA’s gradient onto the null space
of �Xd Î' , while the proposed one projects CMA’s gradient
to the weighted null space. Although simulation results in
the following section show very close performance between
these two approaches under batch implementation, the pro-
posed approach has been shown to have global convergence
in the case of Á �ÂnÄ � . The analytical channel estimation
error and asymptotic output SINR ratio are also derived for
the proposed approach. In addition, the proposed method
can be adaptively implemented to track system variations
due to channel fading and dynamic loading.

6 Simulations

Several simulation examples are presented to demon-
strate the applicability and performance of the proposed ap-
proaches. Each user’s spreading codes, delay and multi-
path channel parameters are randomly generated in each of
100 realizations except that the desired user is synchronized.Gn
öÔ and G ] 
ø÷ in all simulations. f is initialized to beL �Z� ¹ ORQ for both the proposed and the MOE methods.

First, we adopt an ideal cost function which is equiv-
alent to ù 
ûú data vectors and test our analysis. Con-
sider �ü
öý and ÷ equal power users. Each channel has þ
paths. The first path has zero delay and unit power. The
remaining paths are Gaussian distributed of variance ��� ÷
with delays uniformly distributed from � to �e�g� . Fig.
1 shows the experimental normalized channel estimation
mean square errors (NMSEs) of the proposed and the MOE
methods in solid lines. The corresponding analytical NM-
SEs are also plotted in dashed lines for comparison. It can
be observed that the experimental NMSE of the proposed
norm-constrained method converges to its analytical result
as SNR increases. Due to the accuracy limitation of Mat-
lab, the results of the unconstrained and norm-bounded ap-
proaches are only tested up to ÿ �Z4�� SNR. For the uncon-
strained approach, similar convergence is observed. As ex-
pected, the experimental NMSE of the norm-bounded ap-
proach, better than that of the norm-constrained one, con-
verges to the NMSE of the unconstrained one at high SNR.
In addition, all proposed approaches have much lower NMSE
levels than the MOE method. Fig. 2 illustrates the SINR ra-
tio. The ratio of the MOE method converges to a constant
smaller than � , while the counterparts of all the three pro-
posed approaches converge to 1 as �|ù�� Ä ú .

We also compare our methods with TL’s method [9] and
the MOE method [7] in a batch iterative way. þ ��� data
symbols are used for constructing receivers for all meth-
ods, then � ���Z� independent symbols are used to calculate
BERs. ��
 � ÿ . Fig. 3 shows the BERs w.r.t. vari-
able active user numbers from ÿ to � ÿ . The proposed and
TL’s methods have very similar BERs when there are fewer
than ý users. As the number of active users increases toý and up, (AS1) is hard to satisfy. As a result, the BERs
of the proposed and the MOE algorithms increase appar-

ently. TL’s approach, though having less restrictive identi-
fiability conditions, shows larger performance degradation
than the proposed ones for the current simulation setup.
The last experiment shows the performance of the proposed
method implemented adaptively in a channel fading envi-
ronment, and compares it with the ideal MMSE receiver,
the adaptive MOE method [13], the CLS receiver [3] which
assumes perfect channel knowledge. Each user’s channel is
assumed to be two-ray Raleigh fading [13] with the same
power for different paths. The delay of the second path is
set to 3 chip periods. A square pulse shaping function is
employed. ���
	 
 ÿ�� ��� + Ó , where ��� represents the max-
imum Doppler shift and 	 denotes the symbol period. Fig.
4 demonstrates the steady state BERs over various SNRs
from ÔZ4
� to �mÔZ4
� . It is seen that the BER level of the pro-
posed approach converge to that of the CLS method as SNR
increases, and the proposed method exhibits better tracking
ability than the MOE method.
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