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Abstract—A closed-form linear solver is proposed to estimate
a source location based on time difference of arrivals from the
source measured by two neighboring sensors in a linear array.
Those sensors are shown to be located at different foci of paired
hyperbolas. Using a geometric representation of a hyperbola that
is defined as the locus of points whose distance from the focus
is proportional to the distance from a directrix, a set of linear
equations for the x-coordinate of the source are derived, and
subsequently the y-coordinate is solved from a set of equations
describing Cartesian coordinates of source and sensors. The
algorithm is applicable to both near-field and far-field scenar-
ios without any approximation. It also enjoys simplicity and
computational efficiency without the nonlinearity inherited from
hyperbolic equations. The estimation error is characterized by the
estimation performance of the time differences. Simulation results
show that the proposed algorithm has a similar performance with
the maximume-likelihood estimator at high signal to noise ratio.

I. INTRODUCTION

Source localization has been one of the fundamental prob-
lems in radar, sonar, navigation and acoustic tracking [1], [2].
Recent work in this area includes direction of arrival (DOA)
estimation in far-field cases and localization in near-field cases.
For far-field cases, various narrowband techniques have been
proposed [3], [4]. There has been renewed interest in locating
wideband sources in the near field, including both the range
and the DOA. Many localization methods for near-field cases
have been proposed [5], such as an maximum likelihood (ML)
method [6], covariance approximation method [7] and MUSIC
method [8], [9].

For a sensor array, localization based on the time differences
of arrival (TDOAs) was of much interest in the past [10]. A
traditional solver using TDOA involves iterative processing
[11]. An iterative method typically incurs high computational
complexity and its convergence requires initial estimate of the
position at a tolerable accuracy. Some optimum processing
techniques have been proposed [12], [13], [14]. In [I5], a
closed-form solution is given, which is an approximated ML
estimator when the TDOA measurement errors are small.

In many practical applications, low complexity is a require-
ment of high priority since sensors may be imposed significant
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power constraints. A linear location solver with a linear array
of sensors needs to be designed. Meanwhile, the absolute
clock information from the source is mostly unavailable. Thus
TDOA instead of TOA approaches must be employed. To
the best of our knowledge, only linear spherical positioning
solvers based on TOAs and nonlinear hyperbolic positioning
solvers based on TDOAs have been proposed in the literature
[16] although for the latter case it can be linearized by
Taylor series expansion [15]. Hence in this paper, a new and
close-form linear solver is proposed. Directrices of hyperbolas
determined by TDOA measurements are introduced to obtain
linear relations between the x-coordinate of the source and
TDOAs of each sensor pair in a linear array on the x-axis. Only
moderate number of scalar multiplications and additions are
involved, and no matrix inversion is required. Meanwhile, it is
applicable to both far-field and near-field setups. Localization
performance is studied. Applying a perturbation technique, lo-
calization error and bias is derived analytically to be dependent
on TDOA measurement errors.

The paper is organized as follows: In Section II, the geome-
try features of hyperbola are reviewed that are used to develop
a linear solver of the x-coordinate of the source in Section III.
Section IV provides error performance study when TDOAs
have errors. Some simulation results are given in Section VI
to evaluate the performance of the algorithm. In Section VII,
conclusions and future research topics are provided.

II. MATHEMATICAL MODEL

Consider a case of two sensors observing the signal from
the source. The difference of the arrival time denoted by T,
depends on the path difference, denoted by d. As the signal
propagates at speed v., we have d = v.7. So what we know
from the two sensors is the path difference from the source
point to the sensors. Since hyperbola is the set of points that
have the same difference in distance to two fix points, the
source is on a hyperbola whose parameters are determined
by the difference of arrival time and the distance of the two
Sensors.

We start from the geometry definition of hyperbola to derive
the geometry features of the directrix. Consider a hyperbola
shown in Fig. 1, where F} and F5 are two foci, whose distance
is 2c. The difference of the distance from any point on the



Fig. 1. Definition of hyperbola.
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Fig. 2. Directrix of a hyperbola.
hyperbola to the two foci is 2a. If we adopt a Cartesian

coordinate system as Fig. 1, from the definition of hyperbola
[17], we have

ViEe+e)2+y2—(z—c)2+y?=2a. (1)

Moving the second term to the right, squaring both sides and
after some manipulations, it becomes

where b = +/c2 —a2. It is the standard equation of the
hyperbola. For the general case that the center of hyperbola is
not at the origin, the standard equation is

(y B yc)2 _

(z —xc)?
a? B b2 =1

2

where (z.,y.) is the location of the center.
A hyperbola can also be defined as the locus of points
whose distance from the focus is proportional to the horizontal

distance from a vertical line known as the conic section

directrix, where the ratio is the eccentricity e = <. As shown
. . . . . . . 2
in Fig. 2, the equation of the right directrix is z = xp = <.

So for any point P(zp,yp) on the hyperbola, the distance
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Fig. 3. A linear sensor array with M sensors on X-axis. The signal source
is on the right side of the array.

D(P, F») to the right focus F(c,0) can be expressed simply
according to the x-coordinate as

D(P, Fy) =e|lxp — xg|. 3)

Fol£owing the same line and using the left directrix x = 1, =
— <, the distance D(P, F) of any point P(zp,yp) on the
hyperbola to the left focus F(—c,0) is

D(P,Fy) =e|rp — xL]|. 4)

These two equations are fundamental to our development of
a simple closed-form linear solver next.

III. LINEAR LOCALIZATION ALGORITHM

Assume a linear sensor array with M sensors, from S to
S, is placed on the x-axis of a 2-D plane as shown in Fig. 3.
The x-coordinate of S; is z; for ¢ = 1,2,--- , M. The signal
source Sy is at (2, yo). The hyperbola H; centered at the mid
point ((z; +x;41)/2,0) of two sensors with foci .S; and S; 4
is determined by the TDOA T; between these two neighbored
sensors. Thus the distance difference of arrival can be written
in terms of TDOA as

di =0Ty =1 —Tig1, 1=1,2,--- M =1, (%)

where r; is the distance from the signal source to sensor S;.
The parameters of hyperbola H; can be obtained as

d; Tit1 — T
ai:|2l|7 Ci:%,
Ci Tit1 — Ty
g =2 =Tl T 6
(3 ai ‘dl‘ ) ( )
bt G S S S
2 C; 2 2(wip1 — x;)
. T+ Tit1 a? Ti+ Tig d?
R - S ®
R 2 C; 2 2(.’['7;+1 — (El)

where e; is the eccentricity of H;, z and z%; are the x-
coordinates of intersections of the left and right directrices
of H, with the horizontal axis respectively.

Since S;41(i = 1,2,--- M — 2) is both the right focus
of hyperbola H; and the left focus of hyperbola H;, the



distance from the source Sy to the sensor S; 11 can be equally
expressed in terms of the directrices and eccentricities of both
H; and H;;; as
. i1

eilro — x'g| = €ip1|xo — a:j—j' ) 9)
As we know x% < x%"! always holds. If we introduce an
indicator of relative location of the source to sensors by v;
that takes -1 when 2%, < 2o < %™ and takes 1 otherwise,

the above equation becomes

61‘(370 — x%) = l/i(eiJrlZEO — €Z‘+1.’I,‘iL+1>. (10)
Substituting (6), (7) and (8), (10) becomes
[9C¢+1 — T Vi ($i+2 - $i+1)
- Zo
|| |dit1]
wig ] vi(ads — i) i Vildip1| + [di] (11
2|d;] 2|d;i41] 2

Notice that all quantities are known except x(. Therefore, it
can be easily solved. In order to improve estimation accuracy,
we utilize all M — 2 consecutive hyperbola pairs. Considering
i = 1,---,M — 2, the location model can be written in a
vector form

erp =g, (12)
where
To—T1 V1($3_$2)
Id1] |d2|
e = . ,
TM—_1—Tm—2  VM-2(CM—Tm_1)
[dar—2| ldar—1]

wh—z] _ wi(zi—a}) 4+ valda|+]da]

2|d | 2|da| 2
g= :

2 2
TM—1"Thm—2
2|dnr—2]|

2 2
vMm—2 (3 — T 1) + vn—2|da—1|+|dar 2|
2‘d1\4_1| 2

Eq. (12) is over-determined. By minimizing the following error

(13)

~ . 2
To = argmin ||g — e[|,
0
the least square solution is

zo = (eTe) telyg. (14)

Notice that e”'e is a scalar. No matrix inversion is required,
but vector multiplications. The length of each vector is M —2.

From x, the location model for yy can be obtained from
M — 1 hyperbola equations following a form of (2) as

fvs = h, (15)
in which A
f= : ; (16)
4
(zm—wpar—1)?—d3,
2x9—x1—x
( 0 d11 2)2
h = 1, (17)

( 210*2]1\\;.:11*13»1 )2

that suggests
yo =\ (T H)fh

By replacing x( by its estimate 2y in h, an estimate of yq is
found from (18).

The polarity of yy and the value of v; depend on the
source location relative to sensors. In a practical system, some
prior information can be acquired through network or other
measurements. For example, to determine v;, compare r;, 711
and 7r;40. If 7,41 < r; and 7,41 < 749, equivalently d; > 0
and d;4+1 < 0, then v; = —1. Otherwise v; = 1. In the
following development, we restrict our attention to the case
where the source sensor is located to the right of the sensor
array, leading to v; =1 foralli=1,--- , M —2and d; > 0
foralli =1,---, M —1. However, subsequent discussions are
directly applicable to other scenarios. We also assume yo > 0
to further resolve the ambiguity in estimating the source y-
coordinate later on.

To summarize, (14) and (18) are the proposed linear solver
for the source location.

For comparison purposes, the ML estimator (MLE) can be
derived assuming all noise samples from measuring d; are
jointly Gaussian. Denote noise covariance matrix by C';. Then
the MLE can be described by

ML , ML
(o' ™ Yo

(18)

) = arg min m’ C;'m,
(z0,%0)

19)

where the ¢-th ¢ = 1,--- .M — 1) entry of m is
Vi(wo = 2:)2 +y3 — /(w0 — 2i1)? + 43 — di-

IV. ERROR ANALYSIS

The estimation error of the source location may be from
the errors of distance difference (or equivalently TDOA) mea-
surements or inaccurate coordinates of sensors. Here we only
consider the distance difference measurement errors denoted
by 6d = [§dy, - ,ddp—1]T. For simplicity, assume these
errors have zero means. However, the following analyses can
easily incorporate non-zero means. If they are independent,
then C; becomes diagonal

Cd = E{((Sd)(6d)T} = diag{o_%) o aO-JQW—l}' (20)

These errors will introduce errors to e and g in (14). Denoting
the square error vector as € = [(6dy1)?,- , (ddpr—1)?]" and
using second order perturbation analysis, their errors can be
directly found to be

de ~ Péd + Re, 21
5g ~ Qod + Se, (22)
where
pr —p2 O 0
P= 0 p2 —p3 ’
- 0
0 0 pym—2 —pPv-1



q1+1 —q2+1
L= 5= 0 0
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R= ,
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whose entries are related to p;, q;, 7; and s; defined as
Ti — Ti41
bi=—7%m
d;
2 2
g = Ti — Tip
T 2 b)
d;
Tit1 — T
T, = 3 ;
d;
2 2
i —
1+1 7
§; = ——— 24)
7 2d§ I’

fore=1,--- , M — 1.

These errors lead to an error dz( in estimating . It can
be derived from (14). Replace e by e + de and g by g + dg
respectively, and substitute (21) and (22). The estimation error
up to the second order of dd can be easily found to be

Sz ~ uldd +6d" Vid + w'e, (25)
where
" (eTe)PTg —2(eTg)PTe+ (eTe)Q”e
- (eTe)? ’
v — PTQ 4(eTg)PTee” P
 eTe (eTe)?
2PTeg" P +2P"ee’Q + (eTg)P' P
(eTe)? ’
T T _ T T T T
w:(e e)R'g—2(e'g)R e+ (e'e)S e 26)

(eTe)?

The second order terms in (25) helps to obtain the
mean error E{dzo} of the estimate. Expressing € as

diag{(6d1)?, -+, (6dpr—1)?}1 where 1 = [1,---,1]T, the
mean error is found to be
E{dxo} = tr{VC4} +w’ (Cy o I1, (27)

where © represents Hadamard product, I is an identity matrix
of dimension M — 1.

Keeping the first order term in (25), the mean-square error
(MSE) in estimating x¢, defined as E[(Zy — x¢)?], is obtained
as

E{(620)*} ~ uT C4u. (28)

Eq. (28) shows that the MSE is approximately proportional to
the variance of d;. This trend will also be observed from the
simulation results in the next section.

To obtain the estimation error for vy, we consider y3 first
for convenience. Notice that the square of (18) has a similar
form as (14). The errors in measuring all d; bring errors to f
and h up to the second order of dd as

5f ~ Add + Je, (29)
6h ~ Béd + 16d" Vid + Kidod u + lwTe,  (30)
where
A = diag{ay, - ,ap—1},
J = diag{ja, - ,im-1},
L=, - ,ZM—l]Ta
B = diag{by,--- ,byr_1} + lu”,

K = diag{ky, - k1) + [ =2 TuT, (1)

g2 > 72
dy dpry

whose entries are related to a;, b;, j;, k; and [; defined as
8d;

a; = )
(i1 —23)? = d7)?

by — —2(2:170 — Ti41 — 1'7;)2

i = d3 )
L 4(.’L};+1 — xi)Q + 12d$

T @i — 20)? — 2P
- 8($7‘,+1 — X — 2330)

3 )
di,

4(2x0 — ip1 — T4)
d2 ’

li =

fori=1,---, M — 1.

Applying the similar perturbation analysis technique as
before, the error in estimating y2 up to the second order of
dd can be derived from as

5(yd) =~ nTod + od" Tod + N e. (32)
where
_(FTHATR—2(fTh)ATS + (fTf)B" f
(7 F)? ’
T o ATB+ fllv+uf"K  4(fTh)ATffTA

rr (f7f)?
24T fFRT A+ 2AT FFTB + (FTh)AT A
(7 f)?

)



FTHOTR—2("R) T + (f fwl’ f
(f7 1)

Since §(y2) = 2yodyo, using (32), the mean error and MSE

in estimating yo can be found in terms of §(y2) as follows

N

(33)

E{5(y? tr{TC \(c,o1
E{dyo} ~ {2;?10)}: { d}+2y0( (O (aa
oy _ E{0w3)’} _ n"Cuan
o)t e =5 =g (9

These analytical results will be verified by simulations.

The advantage of the proposed estimator is that it is a linear
solver in a closed-form and thus has a much lower computation
complexity compared to the MLE or other iterative algorithms.
If the MLE is implemented using a gradient method, the
number of multiplications is at the order of 6(M —1)N, where
N is the number of iterations. The proposed estimator is at
the order of 6/. When the required precision is high, N for
MLE could be a very large number. Moreover the proposed
linear estimator does not have a slow convergence problem
since it does not need an iterating process.

V. IMPROVED LINEAR LOCALIZATION ALGORITHM

In the above proposed algorithm, linear localization equa-
tions (12) and (15) are solved by a standard least squares
(LS) technique. To improve the localization performance, it
is possible to use instead a weighted LS procedure. Then the
covariance matrices of the error vectors on both x- and y-
coordinates need to be found firstly. In practice, the covariance
matrices can be obtained by using previous estimated location
through an iterative process. The following derivation is based
on the theoretical error analysis in the previous section. The
error vector in estimating X-coordinate is

¢, = 6g —xpde ~ (Q — xoP)dd + (S — xzoR)e, (36)
and the mean vector of ¢, is
E{¢,} = E{ég} —xoE{de} =~ (S—z20R)(CqI)1, (37)

because E{dd} = 0. In practice the second-order item is
small. When ignoring the second-order item in (36), ¢,
becomes a Gaussian random vector, and the the covariance
matrix is

o, = E{¢,¢,} ~ (Q ~ 20P)Ca(Q — w0 P)"
Similarly, the error vector in estimating y-coordinate is
¢, = Sh—yidf ~ (B —ysA)dd+ (lw” —yiJ)e

+ 186d"Véd + 6dTuKéd. (39)

(38)

The mean vector of ¢, is

E{¢,} = E{0h} —yiB{of}~ (lw" —y5J)(Ca® D)1
+ Ur{vC.} + KC,u, (40)

and the covariance matrix when ignoring the second-order

items is

B, = B{ppdlh) ~ (B 13 A)Ca(B —13A)"  (4D)

With the covariance matrix, the x-coordinate estimation in
(13) and (14) is optimized as

~

Zo

arg min{(g — xoe)T‘I'gl(g —xzpe)}
('@ le) e, (g + E{o,)),

(42)

which can be recognized as the weighted LS solution of (12).
Also the improved y-coordinate estimation can be found as

Go ==/ (7@ 1)1 178, (h+ B, ).

(43)
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Fig. 4. Comparison of normalized MSE on both x- and y-coordinate between
the proposed and the proposed improved algorithms.
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Fig. 5. Comparison of normalized MSE on both x- and y-coordinate between
the proposed improved algorithm, MLE and CRLB.

VI. SIMULATION RESULTS

We verify our theoretical development by simulation and
compare the proposed and improved localization algorithms
with the MLE and CRLB. For simplicity, the additive noises in
distance difference measurements are assumed white Gaussian
distributed and the SNR of all sensor pairs are identical as
1/02. Those measurements are generated by adding random
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Fig. 4 compares the normalized MSE of the original pro-
posed least square algorithm with the improved weighted one
for a linear array with M = 10 sensors. The sensor positions
are (z; = i — 1,y; = 0),¢ = 1,2,---,10. The source is
at (xg = 17,yo = 22). The SNR range is [0,80]dB. The
normalized MSEs of E{(Zo—z0)%}/x3 and E{(J0o—v0)*}/v2
are obtained from the average of 50,000 independent real-
izations. In the high SNR region each MSE of the proposed
and improved algorithms decrease linearly with the increase of
SNR, and the performance of the original proposed algorithm
approaches the improved solution. While in the low SNR
region, the MSEs of the original algorithm do not have a linear
relation with SNR. But thanks to the weighting covariance
matrices, the MSE of improved weighted least-square solver
still varies linearly and has a 5dB gain compared to the original
algorithm.

Fig. 5 compares the normalized MSE of the improved
proposed algorithm with MLE and CRLB. The linear sensor
array is configured the same as previous and the simulation
condition is also the same. Each MSE of the improved
algorithm approaches the MLE at high SNR at much lower
complexity. The simulated MSE is observed to converge to the
analytical MSE starting from about SNR=30dB. The outlier at
low SNR regime appears to be similar to typical time delay
estimation performance [18]. Fig. 6 plots the normalized mean
errors of the original proposed algorithm for both x-coordinate
and y-coordinate of the source and compares them with the
analytical results.

Fig. 7 shows a scatter plot of the source location es-
timated for 200 realizations at SNR=40dB. The uncertain
ellipse [19],[20] is also plotted on this figure for comparison.
The estimated source locations obviously have an average
bias on both x and y directions about -1.7 and -2.6 units
respectively. That means the proposed location estimator is
a biased estimator. This bias can be compensated by a mean
error estimator. The bias in estimating x-coordinate is smaller
than that in y-coordinate.

The effect of the number of sensors M is demonstrated by

Fig. 8. In this simulation the ratio of 10 loglo(i—z) of each
sensor pair is set to 40dB. The positions of S and Sy, are
fixed and the spacing between uniform sensors decreases with
the increased M. It can be seen that the MSE decreases quickly
when M increases from 3 to 6 while slowly when M is larger

than 7.

VII. CONCLUSIONS AND FUTURE WORK

This paper presented a non-iterative linear algorithm to
locate the source on a 2-D plane based on the TDOA
measurements of a linear sensor array on the x-axis. The
directrices of a set of paired hyperbolas were exploited to
obtain linear relations between the x-coordinate of the source
and source’s distances to sensors. Therefore the problem of
localization was solved by a LS estimation technique. The
analytical results showed the mean estimation error and MSE



linearly decrease with increased SNR. Compared with the
MLE, the algorithm shows some performance loss at low
SNR, while approaching the MLE at high SNR at much
lower computational complexity. However, the improved LS
algorithm shows similar performance as the MLE.

In practical environments, the bias of the estimator can be
compensated through mean and SNR estimation. The result-
ing estimator performance will be compared with currently
proposed LS and weighted LS algorithms in the future. The
ranging and angle estimation errors will be derived from
current coordinate estimation errors. The effects of sensor
calibration errors and the mobility of the signal source will
be studied.
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