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Abstract— In a time hopping ultra-wideband (UWB) impulse
radio system, each user is assigned a unique time-hopping
sequence. If aperiodic codes are used for time-hopping sequences,
some benefits, such as smoothed spectrum and better perfor-
mance, can be achieved. Recently, a correlation matching method
is proposed to estimate channels in aperiodic time-hopping
systems. Performance of corresponding multiuser and single user
channel estimators is studied in this paper. Closed-form analytical
results are provided and verified by computer simulation.

I. I NTRODUCTION

Ultra-wideband impulse radio is shown to be an attractive
spread spectrum technique in short range wireless commu-
nications [1]. A UWB system transmits trains of ultra-short
pulses modulated by pulse position modulation (PPM) or
pulse amplitude modulation (PAM). Multiple access is enabled
by assigning each user a distinct pseudorandom (PN) time
hopping (TH) sequence, which adds an additional time shift
to each pulse in the pulse train. The sub-nanosecond pulses
can provide high multipath resolution and significantly reduce
fading effect in an indoor environment. Meanwhile, the low
power spectral density of transmitted signals and low probabil-
ity of interception make it suitable for secure communication
applications.

To achieve reliable detection performance, UWB receivers,
including single user receivers [2] and multiuser receivers
[3], [4], need to know channel parameters. However, in a
dense multipath wireless environment, channel information is
not known a priori. Single-user maximum likelihood (ML)
methods are first proposed to estimate UWB channels [5], [6].
Subsequently, several blind channel estimation methods, which
use only up to the second order statistics of channel outputsare
developed to improve estimation performance for a multiuser
communication system [7], [8]. Those methods are suitable
for UWB systems with periodic TH sequences. Recently,
aperiodic time hopping sequences generated by using symbolic
dynamics are proposed for UWB impulse radio systems to
enhance spread-spectrum characteristics [9]. Some studies on
power spectral density properties have also shown the signal
spectrum can be smoothed when the length and randomness
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of TH sequence increase [10], [11]. TH sequence of longer
period can reduce the probability of interception by unintended
parties as well. Furthermore, because performance of multiple
access UWB communication systems is dependent on specific
realization of a periodic TH sequence, aperiodic sequence can
help to improve system performance by avoiding periodic
use of bad codes or exploring channel diversity in a fading
channel. Despite these benefits, channel estimation becomes a
more complicated task if aperiodic TH codes are used since
hopping codes vary from symbol to symbol causing signature
waveforms change dramatically. Fortunately, difficultiesare
overcome by our recently proposed correlation matching meth-
ods [12] for either single-user or multiuser channel estimation.
The single-user method yields only the desired user’s channel
estimate without knowing hopping codes of interfering users
while the multiuser method provides channel estimates for
all users simultaneously given their hopping codes. It is
the purpose of this paper to analyze statistical performance
of those methods. All analytical results will be verified by
computer simulations.

Notations: Following common practice, we denote Kro-
necker product by⊗, Hadamard (element-wise) product bȳ,
transpose byT , inverse by−1. E{·} represents expectation of
a random variable,Ia an identity matrix of degreea whose
ith column is denoted byea,i. 1a is a vector of lengtha
with all elements equal to one. An estimate of a quantity
(scalar, vector or matrix) is denoted by putting â over it, and
correspondingly, the estimation error by preceding the quantity
with a δ, such aŝx andδx for vectorx respectively.

II. SYSTEM MODEL

Consider a multiple access (MA) TH UWB system withK
users. The transmitted baseband UWB signal from userk can
be described by [1]

αk(t) =
√
Pk

∞∑

i=−∞

w(t − iTf − ck(i)Tc − τIk(bi/Nfc)) (1)

where Pk is the kth user’s transmission power,w(t) is
the baseband monopulse with durationTw, Tf is the frame
duration,Nf is the number of frames over which anM -ary
PPM symbol repeats,ck(i) ∈ [0, Nc − 1] is a non-periodic



time hopping sequence. Each chip has durationTc. Ik(bi/Nfc)
∈ [0,M − 1] is the kth user’s information bearing symbol
during the ith frame, τIk(bi/Nfc) = Ik(bi/Nfc)Tw is the
corresponding modulation delay in multiples ofTw seconds.
AssumeTf = NcTc andTc = MTw. Eq. (1) shows a nonlin-
ear relationship betweenαk(t) and the transmitted information
symbol. However, a linear relationship can be obtained as
shown in [3]. Let us defineM virtual inputs for userk with
the mth one assk,m(bi/MNcNfc) = δ

(
Ik(bi/MNcNfc) −

m
)

. Here i is the pulse rate index. Clearly, only one of
the M inputs will be nonzero each time. Also, we can
define a new pulse-rate code sequence with theith element
c̃k(i) = δ

(
bi/MNccMNc + ck(bi/MNcc)M − i

)
. The mth

delayed version of this sequencec̃k,m (m = 0, · · · ,M − 1)
corresponding to themth virtual input can be generated by
c̃k,m(i) = c̃k(i−m). Then, (1) can be equivalently expressed
as

αk(t) =
√

Pk

∞∑

i=−∞

M−1∑

m=0

uk,m(i)w(t − iTw) (2)

whereuk,m(i) = sk,m(bi/MNcNfc)c̃k,m(i), and c̃k,m(i) is
the ith element ofc̃k,m. If we define an effective channel
including effects from modulated pulse at the transmitter,
propagation channel and matched filter at the receiver by
gk(t) =

√
Pkw(t)?ḡk(t)?w(−t) where? denotes convolution.

Assume each effective channel spans(q − 1) pulse durations.
Considering additive white Gaussian noise (AWGN) and prop-
agation delaydk for user k, the discrete-time output of the
matched filter sampled at pulse-rate becomes

y(n) =
∑

k,m

q∑

i=1

uk,m(n − i − dk)gk(i) + v(n). (3)

If we collect ν = MNcNf samples from y(nν +
1), . . . , y(nν + ν) in a vector, then the received data vector
follows

yn =
∑

k,m,l

Cn,k,m,lgksk,m(n + l) + vn (4)

where l takes all integers−dq/νe, · · · , 0, gk is an unknown
channel vector for userk which contains channel coefficients
at the pulse rate and power factor

√
Pk. Cn,k,m,l is a code

filtering matrix constructed from̃ck,m and is uniquely deter-
mined by the original TH sequence. Because TH sequence is
aperiodic,Cn,k,m,l is dependent on symbol indexn.

This model can be compactly expressed in another form

yn =
∑

k,l

Hn,k,lsn,k,l + vn = Hnsn + vn (5)

after collectingM inputs in a vector

sn,k,l = [sk,0(n + l), · · · , sk,M−1(n + l)]T ,

defining a corresponding effective channel matrixHn,k,l =
[Cn,k,0,lgk, · · · ,Cn,k,M−1,lgk], and successively stacking
such matrices (or vectors) inHn (or sn). By employing data
model (4), all channels can be estimated based on correlation
of yn.

III. B LIND CHANNEL ESTIMATION

It is observed that allgk are embedded in the statistics of the
data vector. However, because TH sequence is aperiodic and
Cn,k,m,l is dependent onn, the received signal (5) is not cyclo-
stationary. Its correlation cannot be easily estimated. But if
we treatynyT

n as an instantaneous estimate of the correlation
matrix and choose a proper cost function, channel estimate
can still be obtained. If all users’ hopping codes are known,
then their channel parameters can be estimated simultaneously,
yielding a multiuser correlation matching (MU-CM) channel
estimator. In a case that only the desired user’s hopping codes
are given, its channel can still be estimated, resulting in a
single user correlation matching (SU-CM) channel estimator.
Both estimators have been proposed in [12]. They are reviewed
next in order to study their statistical performance.

A. MU-CM Channel Estimator

Sincesk,n,l has non-zero mean, the time-dependent autocor-
relation matrix ofyn includes cross termsGk1,k2

= gk1
gT

k2

of two generic usersk1 andk2:

Rn=
∑

Ck1,n,m1,l1Gk1,k2
CT

k2,n,m2,l2γk1,k2,m1,m2,l1,l2+σ2
vI.
(6)

Here, summation is over k1, k2,m1,m2, l1, l2 and
γk1,k2,m1,m2,l1,l2 is the correlation of inputssk1,m1

(n + l1)
andsk2,m2

(n + l2)

γk1,k2,m1,m2,l1,l2 =
1

M
δ(m1 − m2)δ(l1 − l2)δ(k1 − k2)

+
1

M2
[1 − δ(l1 − l2)δ(k1 − k2)] .

As in [13], vectored form is convenient to handle in the
CM context. Define a new vectorx which has entries of all
possiblexk1,k2

= vec(Gk1,k2
) andσ2

v as follows

x = [xT
1,1,x

T
1,2, · · · ,xT

K,K , σ2
v ]T . (7)

Using the property ofvec [14], we obtain vectorized correla-
tion rn = vec(Rn)

rn = Snx, Sn = [Sn,1,1,Sn,1,2, · · · ,Sn,K,K , vec(Iν)],

Sn,k1,k2
=

∑

m1,m2,l1,l2

γk1,k2,m1,m2,l1,l2Cn,k2,m2,l2⊗Cn,k1,m1,l1 .

(8)
Therefore, the following matching errors betweenrn and its
instantaneous estimatêrn = vec(ynyT

n ) for N symbol periods
can be minimized to obtain an estimate ofx

J =
1

N

∑

n

||rn − r̂n||2. (9)

Considering (8), the solution to this optimization problem
becomes

x̂ = (
1

N

∑

n

ST
nSn)−1(

1

N

∑

n

ST
n r̂n). (10)

Once x is estimated, entries corresponding toGk,k can be
extracted. ThenGk,k is reconstructed by the reversevec
operation. These operations can be described by

Ĝk,k = [(eT
q,1 ⊗ Iq)x̂k,k, · · · , (eT

q,q ⊗ Iq)x̂k,k],



x̂k,k = [eT
K2,(k−1)K+k ⊗ Iq2 ,0q2×1]x̂. (11)

Using (10), we can relatêGk,k to r̂n,

Ĝk,k =

[
Φk,1(

1

N

∑

n

ST
n r̂n), · · · ,Φk,q(

1

N

∑

n

ST
n r̂n)

]

(12)
where

Φk,i = (eT
q,i⊗Iq)[e

T
K2,(k−1)K+k⊗Iq2 ,0q2×1](

∑
n ST

nSn

N
)−1

for i = 1, · · · , q.
OnceĜk,k is obtained, channel vectorgk can be estimated

from its singular value decomposition (SVD) by finding the
singular vector corresponding to its maximum singular value.
That singular vector becomes an estimate ofgk up to a
multiplicative scalar.

B. SU-CM Channel Estimator

During the above process for obtaining channel parameters,
we have to know all users’ TH codes. When only the desired
user’s TH codes are available, a single user channel estimator
is desirable. Because more unknowns (cross-products of chan-
nel vectors) are introduced in the MU-CM method, significant
complexity reduction occurs in the single-user solution.

Without loss of generality, we assume user one is the desired
user. Then we can break down the received signal (4) into the
desired signal, interference signal and noise:

yn =
∑

1,m,l

Cn,1,m,lg1s1,m(n + l) + yint,n + vn. (13)

Here, the total effect of multiple access interference fromall
otherK − 1 users is lumped intoyint,n and approximated as
a stationary process with unknown meanbint and unknown
autocorrelationRint. Then we can rewrite the time-varying
autocorrelation matrix (6) as

Rn =
∑

m1,m2,l1,l2

C1,n,m1,l1G1,1C
T
1,n,m2,l2γ1,1,m1,m2,l1,l2

+
1

M

∑

m,l

(C1,n,m,lQ1 + QT
1 CT

1,n,m,l) + Rtot (14)

where Q1 = g1b
T
int, Rtot = Rint + σ2

vI. Let us define
nuisance quantitiesz1 = vec(Q1), and rtot = vec(Rtot).
After taking vec operation, (14) becomes

rn = Sn,1,1x1 + D̃1,nz1 + rtot (15)

Here, D̃1,n = D1,n + ΓD1,n, D1,n = 1/MIν ⊗ Cn,1,m,l,
Γ = [Iν ⊗ eν,1, · · · , Iν ⊗ eν,ν ]T and we use the property of
vec operation that for any matrixA, vec(AT ) = Γvec(A).
Invoking cost function (9), unknownsx1,z1, rtot can be
estimated. For example, we can solvertot first

r̂tot = − 1

N

∑

n

(Sn,1,1x1 + D̃1,nz1 − r̂n). (16)

After back substitution and optimizing (9), we obtain the
estimate of all entries inx1 andz1

̂̃x =

(
1

N

∑

n

W T
nW n

)−1 (
1

N

∑

n

W T
n
̂̃rn

)
(17)

where ̂̃x and ̂̃r are estimates of

x̃ = [xT
1 ,zT

1 ]T , r̃n = rn − 1

N

∑

n

rn

respectively,

W n = [∆Sn,1,1,∆D̃1,n],

∆Sn,1,1 = Sn,1,1 −
1

N

∑

n

Sn,1,1,

∆D̃1,n = D̃1,n − 1

N

∑

n

D̃1,n.

Similar as (11), we can extractx1 from x̃ and constructG1,1

as following

Ĝ1,1 =

[
Φ̃1,1(

1

N

∑

n

W T
n
̂̃rn), · · · , Φ̃1,q(

1

N

∑

n

W T
n
̂̃rn)

]
,

Φ̃1,i = (eT
q,i ⊗ Iq)[Iq2 ,0q2×qν ]

(
1

N

∑

n

W T
nW n

)−1

(18)

for i = 1, · · · , q. Then we can apply SVD on̂G1,1 to obtain
ĝ1.

C. Complexity

From (12) and (18), we can see matrix inversion and cor-
responding multiplication involved in obtainingΦk,i or Φ̃1,i

constitute major computational complexity of our proposed
estimators. In the MU-CM method, matrixSn has dimen-
sionality ν2 × (q2K2 + 1). Multiplication in ST

nSn is thus
aboutν2q4K4 and matrix inverse has complexityO(q6K6).
Total complexity isO(Nν2q4K4). Similarly, the dimension
of W n in SU-CM method isν2 × (νq + q2) and computation
of ( 1

N

∑
n W T

nW n)−1 requires complexityO(Nν4q2). Then
we can conclude SU-CM method has less complexity than
MU-CM method if ν < qK2 is satisfied, which is usually the
case in a multiuser system.

We want to mention there are several different approaches
to estimatex1 from (15) in the SU-CM method and each
approach will result in different complexity. If we estimate
z1 using x1 first and then solvex1, instead of estimating
bothx1 andz1 simultaneously as we did above, we can show
the complexity can be reduced toO(Nν3q3). Due to limited
space, we will discuss this in detail elsewhere.

IV. PERFORMANCEANALYSIS

For both MU-CM and SU-CM methods, a major source of
channel estimation error is due to an estimation error in the
data correlationRn or equivalentlyrn. This error is highly
dependent on the number of data vectors used in our estimation
process. Thus, we analyze the statistical performance of both
methods in this section.



A. MU-CM estimator

From our previous discussion,gk is an eigenvector ofGk,k

corresponding to its unique non-zero eigenvalue. Because there
is an estimation errorδr betweenrn and its instantaneous
estimater̂n, an error is introduced tôGk,k. From (10) and
(11), Gk,k is perturbed byδGk,k as

δGk,k =

[
Φk,1(

1

N

∑

n

ST
n δrn), · · · ,Φk,q(

1

N

∑

n

ST
n δrn)

]
.

(19)
Then the first-order perturbation in its eigenvectorgk becomes
[15]

δgk ≈ Π
⊥
g

k
δGk,kgk, Π

⊥
g

k
= ΣkΣ

T
k (20)

where Σk is in size of q × (q − 1) and spans a(q − 1)-
dimensional subspace orthogonal togk. Substituting (19) into
(20), we obtain

δgk ≈ Ψk(
1

N

∑

n

ST
n δrn), Ψk = Π

⊥
g

k

q∑

i=1

gk(i)Φk,i. (21)

Then the auto-covariance of channel estimate becomes

Cov(δgk) ≈ 1

N2
Ψk

(
∑

n1,n2

ST
n1

E{δrn1
δrT

n2
}Sn2

)
Ψ

T
k

=
1

N2
Ψk

(
∑

n

ST
nE{δrnδrT

n}Sn

)
Ψ

T
k , (22)

where the last equation follows from our assumption that
output vectors at different time are independent. This can
be always achieved by collecting data free of inter-symbol
interference. The termE{δrnδrT

n} depends on the data model
(5) and estimation method ofrn. To facilitate evaluating it,
we will define some new variables first.

Notice that the mean of data vectorȳn is not zero. But it
is easier to acquire different statistics of zero-mean random
vector. Therefore, we introduce a new data vectorzn by
subtractingȳn from yn

zn = yn − ȳn =
∑

k,l

Hn,k,lan,k,l + vn, (23)

wherean,k,l = sn,k,l− 1
M 1M . The correlation matrix ofan,k,l

is A = E{an,k,la
T
n,k,l} and that ofzn is R̃n = E{znzT

n}.
Now, we give the result ofE{δrnδrT

n} in the following
proposition with proof provided elsewhere.

Proposition: If channel model follows (5) and data corre-
lation is estimated from its instantaneous estimate asr̂n =
vec(ynyT

n ), then for a binary system (M = 2)

E{δrnδrT
n} = Kz + R̃n ⊗ R̃n + B1 ¯ B1 + B2, (24)

where
B1 = (Iν ⊗ 1ν)R̃n(1T

ν ⊗ Iν),

B2 = ȳnȳT
n⊗R̃n+R̃n⊗ȳnȳT

n+ȳn⊗R̃n⊗ȳT
n+ȳT

n⊗R̃n⊗ȳn,

Kz is the cumulant matrix ofzn and related to the cumulant
matrix Ka of input vectoran,k,l as

Kz =
∑

k,l

(Hn,k,l ⊗ Hn,k,l)Ka(Hn,k,l ⊗ Hn,k,l)
T ,

Ka =
1

M

M∑

i=1

(ẽM,iẽ
T
M,i) ⊗ (ẽM,iẽ

T
M,i)

− vec(A)vec(A)T − A ⊗ A − B3 ¯ BT
3

whereẽM,i = eM,i − 1
M 1M

B3 = (IM ⊗ 1M )A(1T
M ⊗ IM ).

2

In (24),B2 accounts for the non-zero mean of output signal
yn in UWB systems. With (22) and (24), channel mean-
square-error (MSE) can be found as the trace ofCov(δgk).
We can see the MSE is dependent on the fourth order statistics
of input because CM method uses the second-order statistics
of the channel output. Moreover, MSE is roughly inversely
proportional to data lengthN .

B. SU-CM estimator

From (18), channel estimation error is introduced by inac-
curate instantaneous estimate ofr̃n:

δg1 ≈ Π
⊥
g

1

δG1,1g1 = Ω(
1

N

∑

n

W T
n δr̃n),

Ω = Π
⊥
g

1

q∑

i=1

g1(i)Φ̃1,i. (25)

Then we can obtain the auto-covariance matrix for the user of
interest

Cov(δg1) =
1

N2
Ω

∑

n1,n2

(
W T

n1
E{δr̃n1

δr̃T
n2
}W n2

)
Ω

T .

(26)
Under the assumption thatyn at differentn are independent,
it reduces to:

Cov(δg1) =
1

N2
Ω

∑

n

(
W T

nE{δrnδrT
n}W n

)
Ω

T . (27)

Here, we have used the fact that
∑

n W n = 0. Comparing (27)
to (26), we only need to evaluate the correlation ofδrn instead
of δr̃n. As a result, we can directly apply the result in the
above proposition forE{δrnδrT

n} and evaluate the covariance
matrix Cov(δg1). Channel MSE for the user of interest is then
the trace of this matrix.

It is worth to point out that the interfering signal plus
noise has been assumed as stationary process with unknown
constant mean and constant correlation in obtaining our SU-
CM channel estimator. This approximation is not accurate in
aperiodic TH systems, yielding additional modelling errorin
channel estimates compared with MU-CM estimator, but is
not included in the above analysis. We will address its effect
later by simulation.

V. SIMULATION

In this section, we present numerical results for our previous
analysis. The system in our simulation adopts binary PPM
modulation with Nc = 4, Nf = 2. The monocycle pulse
is chosen as normalized second derivative of the Gaussian
pulse with pulse durationTw = 0.7ns. Four users in the
system have equal transmitting power. A randomly generated



4-path channel has time delay resolution ofTw. Path gains for
different users are modelled as independent Gaussian random
variables and weighted by linearly decreasing weights [8].

We randomly generate30 sets of TH codes and perform
20 independent realizations for each set. Averaged channel
estimation errors with respect to data lengthN are illustrated
in Fig. 1. Experimental and analytical results for both MU-CM
and SU-CM methods are plotted for comparison. Clearly the
MU-CM estimator outperforms the SU-CM one due to accu-
rate modeling of the system. All MSEs decrease with increase
of N . WhenN is above300, MSEs from both estimators are
less than10−2. For the MU-CM estimator, the analytical curve
matches with the experimental curve very well. However, an
obvious gap occurs for the SU-CM estimator mainly attributed
to possible violation of our stationary assumption for the
interference signal. For verification, we intentionally assign
short-codes to all interfering users and plot the MSE from
the SU-CM estimator in Fig. 2. Satisfactory agreement is
observed. In Fig. 3, we study the effect of SNR on MSE with
N = 500. Similar conclusions regarding closeness between
analytical and experimental results for both estimators can
be made. All MSEs decrease monotonically with increase of
SNR. MSE floors at high SNR are due to finite data length.
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Fig. 1. Channel estimation error under SNR=15dB.
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Fig. 2. Performance of SU-CM in a hypothetical system where interfering
users use short TH codes.
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Fig. 3. Channel estimation error with respect to SNR.


